
Finite sequence 𝑥1, 𝑥2, … , 𝑥𝑁 in  [0 ,1)

0 1

dispersion 𝑑𝑁 ≔ sup
𝑥

min
𝑖=1,2,…𝑁

𝑥 − 𝑥𝑖

2. 𝑑𝑁

( essentially )              inf
𝑥1,𝑥2,…,𝑥𝑁

𝑑𝑁 ≈ 0,5 ∗
1

𝑁



Infinite sequence 𝑥1, 𝑥2, … , 𝑥𝑁, … in  [0 ,1)

dispersion 𝑑𝑁 ≔ sup
𝑥

min
𝑖=1,2,…𝑁

𝑥 − 𝑥𝑖

𝑑𝑁 ≥ 0,5 ∗
1

𝑁
always (every sequence, every N)

e.g.:            van der Corput sequence in base 2       ?

𝑑𝑁 ≤ 1 ∗
1

𝑁
for every N

c   :=   inf
𝑥1,𝑥2,…

sup
𝑁

𝑁 ∗𝑑𝑁
0.5   ≤ 𝑐 ≤ 1



Indeed:                     c   =   
𝟏

𝐥𝐨𝐠 𝟒
= 𝟎, 𝟕𝟐𝟏

Proof:     Assume 𝑑𝑁 ≤ 𝑐 ∗
1

𝑁
for every N

Consider first N  elements 𝑥1, 𝑥2, … , 𝑥𝑁 in  [0 ,1)

0 1

𝑢0𝑢1 𝑢2𝑢3 𝑢4𝑢5𝑢6

𝑑𝑁 =  
𝑢0

2
𝑑𝑁+1 ≥

𝑢1

2
𝑑𝑁+2 ≥

𝑢2

2
...      𝑑2𝑁 ≥

𝑢𝑁

2
hence

𝑢𝑁

1

2
=    

𝑢0

2
+ 
𝑢1

2
+ ... + 

𝑢𝑁

2
≤ 𝑑𝑁 + 𝑑𝑁+1 + ... + 𝑑2𝑁 ≤ 𝑐 ∗ (

1

𝑁
+  

1

𝑁+1
+ ... + 

1

2𝑁
)   ≈ 𝑐 ∗ log 2

Can achieve equality ...   if choose 𝑥𝑛 :=   
log(2𝑛−3)

log 2



dimension  2:              finite sequence 𝑥1, 𝑥2, … , 𝑥𝑁 in  [0 ,1)2

dispersion with respect to maximum norm        𝑑𝑁 ≔ sup
𝑥

min
𝑖=1,2,…𝑁

𝑥 − 𝑥𝑖 ∞

( essentially )              inf
𝑥1,𝑥2,…,𝑥𝑁

𝑑𝑁 ≈ 0,5 ∗
1

𝑁

Infinite sequence 𝑥1, 𝑥2, … , 𝑥𝑁, … in  [0 ,1)

c   :=   inf
𝑥1,𝑥2,…

sup
𝑁

𝑁 ∗𝑑𝑁

Easy:           0.5   ≤ 𝑐 ≤ 1

Best we know:           0.5493  =  
1

2

1

2( 2 −1)
≤ 𝑐 ≤

1

log 4
= 0,721



Problem: improve estimates for dimension 2, 

higher dimensions ?     (especially:   does c  tend to 0.5  for growing dimension ? )
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