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Notation

We consider the following Dirichlet series:

ψ(s) :=
∞∑
n=1

an
ns

for which we assume that the coefficients an ≥ 0 for n ≥ 1 and the series
is uniformly convergent for s > 1.
In this class we can find the Riemann zeta-function

ζ(s) :=
∞∑
n=1

1

ns
,

and the Lambda function

λ(s) :=
∞∑
n=0

1

(2n + 1)s
.
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Notation: Convexity and Concavity of f

Definition

A function f is convex if

f (αx + βy) ≤ αf (x) + βf (y)

holds for all x , y in the domain of f and for all non-negative α, β with
α + β = 1.

The function f is concave if

f (αx + βy) ≥ αf (x) + βf (y).

Also f is strictly convex (or strictly concave) if equality is possible
only when α = 0, β = 0 or x = y .
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Concavity of the function 1/ψ(s)

Cerone and Dragomir (2009)

Find Dirichlet series ψ with non-negative coefficients which has the
property that the function 1/ψ is concave where it is defined.

Cerone and Dragomir (2009)

Consider the Dirichlet series ψ(s) =
∑

n≥1 an/n
s , the following statements

are equivalent:

the function 1/ψ is a concave on (1,∞),

for any s1, s2 > 1, and α, β ≥ 0 with α + β = 1, we have

ψ(αs1 + βs2) ≤ ψ(s1)ψ(s2)

αψ(s1) + βψ(s2)
.

for any s > 1, we have

ψ
′′

(s)ψ(s) ≥ 2(ψ
′
(s))2.
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Concavity of the function 1/ζ(s)

Cerone and Dragomir (2009)

The function 1/ζ(s) is concave on the interval [ζ−1(e),∞), where ζ−1

denotes the inverse function of ζ and

ζ−1(e) ' 1.474464287.

Conjecture: Cerone and Dragomir (2009)

The function 1/ζ(s) is concave on the whole interval (1,∞),
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Concavity of the function 1/ζ(s)

Alkan (2019)

The function 1/ζ(s) is strictly concave on the interval (1,∞).

Alkan (2020)

The function 1/ζ(s) is strictly concave for s ≥ 0.22.

Remark

The strict concavity of 1/ζ is seen to be consequence of

ζ
′′

(s)ζ(s)− 2(ζ
′
(s))2 > 0, on the interval (1,∞).

The function 1/ζ is strict concave if and only if d2

ds2

(
1

ζ(s)

)
< 0.

We have

ζ
′′

(s)ζ(s)− 2(ζ
′
(s))2 =

2γ

(s − 1)3
+ O

(
1

(s − 1)2

)
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Our suggestion

Our suggestion

Find the best value of c such that the function 1/ζ is strictly concave for
s ≥ c .
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