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Parameter Counting

It is always interesting to figure out how rare a rare thing is.
If we look at points in Rn, most will have unequal
coordinates. We can ask the codimension of the set of
points, {x | xi = xj for some i 6= j}, with not all distinct
coordinates, clearly codimension 1 as a finite union of
hyperplanes. We could quickly figure out what the answer is
by looking at the simplest case, n = 2 where it is a single
line and arguing that coincidence happens a pair at time so
that should be the general case.

Harder, but not a lot more, is looking at self-adjoint
matrices and asking for the codimension of those with a
degenerate eigenvalue. Again we start with the simplest
case, 2× 2 matrices.
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Parameter Counting

If we write the general 2× 2 self-adjoint matrix as(
a+ b c
c̄ a− b

)
with a, b ∈ R, c ∈ C, we see the set of such matrices has
real dimension 4 and those with only one eigenvalue (so
b = c = 0) dimension 1 so real codimension 3. If we only
look at real matrices, c is real so the real codimension is 2.
Again, eigenvalue coincidences occur in pairs, so we expect
those are the right codimensions in general.
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Wigner-von Neumann and Weyl

That this expectation is correct is a famous theorem of
Wigner and von-Neumann published in 1929. They went to
the same high school and were lifelong friends and, while
postdocs, published two back-to-back papers in
Physikalische Zeitschrift (the first on embedded eigenvalues
is perhaps more famous among spectral theorists; the
second with the theorem below is much more quoted in the
physics community at large).

Theorem In the n(n+1)
2 dimensional space of self-adjoint

real n× n matrices, those with a degenerate eigenvalue are
a variety of dimension n(n+1)

2 − 2. In the n2 dimensional
space of self-adjoint complex n× n matrices, those with a
degenerate eigenvalue are a variety of dimension n2 − 3.
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Wigner-von Neumann and Weyl

The argument that WvN use is simple. They counted
dimension by looking at the eigenvalues and at the fact that
given the eigenvalues, you have to pick frames of
eigenvectors (i.e. orthonormal eigenvectors up to phase).
For example, one dimension of the lost two in the real case
comes from the lower dimension of the set of distinct
eigenvalues and the other one comes from the fact that if
the last two eigenvalues are the equal ones, their eigenspace
is determined as the space orthogonal to the first n− 2
whereas if those last two are unequal, one has to choose a
unit vector in a two dimensional space, an extra real
parameter.
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Wigner-von Neumann and Weyl

One can argue that while this result is attributed to
Wigner-von Neumann in 1929, it is in essence in a 1926
work of Weyl (or even earlier work of Szegő). For it is easy
to argue we must get the same answer for U(n) as for
n× n complex matrices and for O(n) and real matrices.
That the Weyl formula for the Haar measure projected onto
the sets of eigenvectors has factors of |λi − λj |m with
m = 2 for U(n) and m = 1 for O(n) (as made famous by
random matrix theory) is precisely an expression of the extra
lower codimensions.
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Perturbation Theory

Rather than the WvN picture of direct dimension counting,
one can use eigenvalue perturbation theory to understand
where codimension 2 comes from. To see if a degenerate
eigenvalue splits to first order, one looks at the projection,
P , onto the unperturbed eigenspace and then at PV P
where V is the perturbation. If this has distinct eigenvalues,
there is splitting to first order. We saw above in this
effective 2D case the codimensions were 2 and 3.

A final remark before leaving this subject. In quantum
mechanics without magnetic fields, Hamiltonians commute
with a complex conjugation (essentially by time reversal
invariance) so the relevant codimension is 2. Once there is a
magnetic field, things are effectively complex, so
codimension 3.
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Generic Continuum Schrödinger

Related to this theme is the following theorem that I proved
in 1976:
Theorem Let Y be the Frèchet space of C∞ period 1
functions on R with the seminorms ‖V ‖n ≡ sup |V (n)(x)|.
Then the set of V ’s so that h = − d2

dx2
+ V (x) has all gaps

open is a dense open set.
We recall that these periodic Hamiltonians have an
integrated density of states, k(E) (one definition is that
k(E) is the limit as m→∞ of m−1 times the number of
eigenvalues less than E of h restricted to [0,m] with
periodic boundary conditions). In the periodic case, k is
strictly monotone precisely on the spectrum of h with gaps
in the spectrum where k is constant and that there is a
potential gap at the energies where k(E) = n for
n = 1, 2, . . ..
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Generic Continuum Schrödinger

The proof is easy if one uses band theory. A closed gap
corresponds to a degenerate periodic or antiperiodic
eigenvalue and an explicit calculation shows such a
degeneracy is removed in perturbation theory for some
perturbations, so the set where a given gap is open is a
dense open set. The magic of the Baire category theorem
then completes the proof.
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Generic Discrete Jacobi

Much more can be understood easily in the period p Jacobi
case. In that case, the space of 2p Jacobi parameters
supports the Toda dynamical system which is completely
integrable. The parameter space foliates into isospectral tori
of dimension 2`, where ` is the number of gaps. This is a
precise expression that one looses two dimensions each time
a gap closes. In the Schrödinger case, there is also the KdV
dynamical systems but since all dimensions are infinite, it is
more complicated to discuss codimensions.
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The Three Martini Problem

The same theme occurs in a more famous story, what is
called the Ten Martini Problem. This concerns one of the
most famous examples in mathematical physics which I
named the almost Mathieu operator (acting on `2(Z))

Hλ,α,θu(n) = u(n+ 1) + u(n− 1) + 2λ cos(παn+ θ)u(n)

This is periodic if α is rational but only almost periodic if α
is irrational. If α = p/q, then there is a possible gap when
k(E) = j/q; j = 1, . . . , q− 1 and so the spectrum has q (or
fewer) bands. If α is irrational, one can prove
(Johnson-Moser & Bellisard) that on any potential gap
k(E) = {mα}, the fractional part of mα. If all gaps are
open, the spectrum is a Cantor set (i.e. closed and nowhere
dense).
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The Three Martini Problem

Mark Kac and I discussed this situation at lunch one day in
1981 and agreed that it was an interesting conjecture to
prove that Hλ,α,θ had a Cantor spectrum for all irrational α
and λ 6= 0 (if α is irrational, it is known (Avron-Simon) that
the spectrum is θ independent). “That’s a grand
conjecture”, said Mark, “I’ll offer ten Martinis for its
solution.” He later repeated this offer at an AMS meeting
and I popularized it as the ten Martini problem. Solved in
full in 2004 by Avila-Jitomirskaya after an important partial
result by Puig. This is weaker than the result that all gaps
are open, something known as the dry form of the ten
Martini problem.
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The Three Martini Problem

A year after my lunch with Kac, Bellisard and I used the
strategy of my periodic result. We first proved that if
α = p/q is rational and qθ is not a multiple of π, then all
gaps were open (i.e. the spectrum had q − 1 gaps). This
non-trivial analytic fact was proven using ideas motivated by
the classical result of Ince that the continuum Mathieu
operator (− d2

dx2
+ λ cos(x)) has all gaps open. But once we

knew that and had some continuity results on k(E) of
Avron-Simon, the magic of the Baire category theorem
showed that for a Baire generic set of (α, λ), the spectrum
is a Cantor set! It is remarkable that with one’s Baire hands
one can learn something about the irrational case (Cantor
spectrum) by knowing something about the rational case
even though, of course, in the rational case the spectrum is
never Cantor.
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The Three Martini Problem

When I told Mark about this on the phone admitting it
wasn’t the full result, he remarked “But it is still interesting!
I’ll give you three martinis for it.” So I always think of this
as the three Martini result. Alas, before we met again, Mark
was dead of pancreatic cancer (the same disease that felled
the other half of the Feynman-Kac formula).
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Continuum Schrödinger

Related to these themes is the following 1946 theorem of
Borg:

Theorem Let V be a periodic function on R so that
− d2

dx2
+ V (x) on L2(R, dx) has spectrum [Σ,∞). Then V

is constant.

In other words, if V is not constant, at least one gap is
open.
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Jacobi Matrices

In 1975, Hochstadt proved the analog for Jacobi matrices

Theorem Let {an, bn}n∈Z be periodic in n so that the
corresponding two sided Jacobi matrix on `2(Z) has
spectrum [a, b]. Then a and b are each constant.
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Hochstadt’s Theorem

We recall, that if V is a function on R with period L, then
gaps occur at energies where k(E) = n/L. So if we
thought V had period L but really had a shorter period
L/p, then the only gaps will be at n’s divisible by p. In
1984, Hochstadt proved the following converse:

Theorem Let V be a periodic function on R with period L
so that, for some integer p, − d2

dx2
+ V (x) on L2(R, dx) has

gaps in its spectrum only at some subset of the points
where k(E) = pn/L, n = 1, 2, . . .. Then V has period L/p

This is a strengthening of Borg in that it implies a Borg’s
theorem (since no gaps means the hypothesis holds for all p,
so V (x+m/p) = V (x) for all rational m/p). There is a
Jacobi matrix version of this theorem.
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The Bethe Sommerfeld Conjecture

Before leaving the discussion of results for gaps in the
spectrum of periodic Schrödinger operators, I should
mention

Theorem If V is a smooth, periodic function on Rν , ν ≥ 2,
then −∆ + V has only finitely many gaps in its spectrum

By periodic, we mean invariant under a ν-dimension lattice
of translations. This result is generally called the
Bethe-Sommerfeld conjecture after its occurrence in a 1933
monograph of those authors (Bethe was Sommerfeld’s
student). It has a long involved literature. The definitive
general result was proven by Parnovski in 2008. It says that
1D (which generically has infinitely many gaps) is very
different from higher dimensions.
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Regular Trees

The rest of this talk focuses on Jacobi matrices on infinite
trees. We will mainly consider the fixed degree tree like the
following degree 3 regular tree

Among spectral theorists, about the only literature on such
operators is a lot on the random case (Klein,
Aizenman-Warzel,...) and some results on rooted trees by
Breuer and by Keller, Lenz and S. Warzel.
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Graph Theory Formalism

A graph is a collection of points, aka vertices, and
connectors, aka edges. Each edge has two ends which are
vertices. There is a natural topological space associated to
a graph and we always suppose it is connected. We want to
allow edges that start and end at the same vertex (aka
self–loops) and definitely want to allow multiple edges
between a given pair of vertices.

A graph which is simply connected is called a tree. The
degree of a vertex is the number of edges with that vertex
as an end. A leaf is a vertex of degree one and we will
normally only consider graphs with no leaves. Thus, our
trees are always infinite. Of course, trees have no self loops
and at most one edge between two vertices. A graph with
constant degree is called regular.

We will most often consider regular graphs.



Wigner von
Neumann

Generic Periodic
1D

Borg’s Theorem

Periodic Jacobi
Matrices on Trees

Examples

Big 3 Theorems

Borg Conjectures

Figà-Talamanca
Steger Model

Possible
Conjectures

Green’s Functions
and m-functions

Proof of
Figà-Talamanca
Steger Result

Jacobi Matrices

A Jacobi matrix on a graph, G, is associated to a set of real
numbers {bj}j∈V assigned to each vertex and strictly
positive reals {aα}α∈E assigned to each edge. Because we
will only consider finite graphs or infinite trees with periodic
parameters, the a’s and b’s are bounded sets. The Jacobi
matrix acts on `2(V ) ≡ H(G), the vector space of square
summable sequences indexed by the vertices of the graph. It
has matrix elements

Hjk =


bj , if j = k;∑

α aα, if j 6= k are ends of one or more edges,
α, which we sum over;

0, if no edges have i and j as ends.

If there are self–loops, one needs to modify this.
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Covering Space Formalism

Let G be a finite graph (with no leaves). Its universal cover,
T is a tree and if G has constant degree, so does T , i.e. it
is a regular tree.

Now let J be a Jacobi matrix on G. There is a unique
Jacobi matrix, H, on T so that if Ξ : T → G is the
covering map and Bj , Aα the Jacobi parameters of J and
bj , aα of H, then bj = BΞ(j), aα = AΞ(α). Any deck
transformation, G ∈ Γ, the set of deck transformations on
T , induces a unitary on H(T ) and these unitaries all
commute with H. We call H a periodic Jacobi matrix and
set p, the number of vertices of G to be its period,
although, as I’ll explain, there is some question if this is the
right definition of period! We let q be the number of edges.
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Free Groups

If G has m independent loops (equivalently, one can drop m
edges and turn G into a connected finite tree), then the
fundamental group of G is the free nonabelian group with m
generators, Fm. So that is the natural symmetry of our
periodic trees.

The free Jacobi matrix on a tree is the one with all b’s 0
and all a’s 1. In this regard, there is a strange distinction
between regular trees of constant degree d depending on
whether d is even or odd! The graph with one vertex and k
self loops has degree d = 2k. Its universal cover is the
regular graph of degree d = 2k and its free Laplacian is a
period 1 Jacobi matrix. But there is no graph with a single
vertex of odd degree, so, with our definition, the free Jacobi
matrix on an odd degree homogenous tree is of period 2!!!
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Free Groups

The point is the free group with k generators acts freely
(i.e. no fixed point for non-identity elements) and
transitively on the degree 2k regular tree. There is no such
symmetry group on any odd degree regular tree although by
looking at the cover of the two vertex, no self loop, d edge
graph, one sees that Fd−1 acts freely on the degree d
regular tree but with two orbits rather than transitively. One
can add an extra generator to get a transitive symmetry
group but the action is no longer free.

As we’ll see later, there is a transitive action on the vertices
which will allow us to view the regular tree Td as the points
of a group.
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Example 1: Free Jacobi Matrix on a
Homogeneous Tree

It is illuminating to consider those few cases where we can
compute the Green’s function (Gjk(z) = 〈δj , (H − z)−1δk〉)
especially the diagonal case which is the Stieltjes transform
of the spectral measure, dµj . The IDS, k(E), is defined by
averaging the spectral measures over a unit cell (one point
from each orbit) and integrating it from −∞ to E. The
simplest example is the d regular tree with all a = 1 and all
b = 0. It has been extensively studied. Here is the
underlying graph when d = 3 (set a1 = a2 = a3 = 1)

a=1

a=1

a=1

There are related m-functions which we will discuss later
and explain how to compute G from m.
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Example 1: Free Jacobi Matrix on a
Homogeneous Tree

The equation for m, which is independent of vertex and
edge, is

m =
1

−z − (d− 1)m
⇒ m =

−z +
√
z2 − 4(d− 1)

2(d− 1)

We take the plus sign on the square root to go to zero at
∞. Thus spec(H) = [−2

√
d− 1, 2

√
d− 1]. The formula

for G, which is independent of vertex, is (q ≡ d− 1)

G(z) =
−(d− 2)z + d

√
z2 − 4q

2(d2 − z2)
⇒ dk

dE
=

d
√

4q − E2

2π(d2 − E2)

the famed Kesten–McKay distribution, which arose first in
random graph models, as the DOS for a large random
degree d graph.
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Example 2: Bipartite Degree 3

Consider a graph with two vertices and three edges between
them. All the a = 1 and the two b’s are b and −b as shown
here

a

a

a

b -b

There are two m-functions, m±. A direct calculation gets
equations they each obey which are quadratic in the m and
quartic in z and one finds that

m±(z) = −
(z2 − b2)−

√
(z2 − b2)2 − 8(z2 − b2)

4(z ∓ b)
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Example 2: Bipartite Degree 3

If P (z) is the polynomial in the square root, one find that
P vanishes at z = ±b, z = ±

√
b2 + 8 so

spec(H) =
[
−
√
b2 + 8,−b

]
∪
[
b,
√
b2 + 8

]
If b 6= 0, there is a single gap which is always open. This is a
strong hint that something like Borg’s Theorem might hold.
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Example 3: The rg Model

Aomoto found a very interesting example which we have
dubbed the rg model. r and g are two positive integers.
The underlying finite graph has r + g vertices which we
think of as r red vertices and g green. There are rg edges
one between each pair of vertices of different colors, so the
red vertices have degree g and the green degree r. b ≡ 0
and a = 1 on all edges. Here is the graph if r = 2, g = 3.

Aomoto showed that if r 6= g, this model always has an
eigenvalue at E = 0. He analyzed some Green’s function
equations he had, to prove there must be a pole at z = 0.
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Example 3: The rg Model

Avni, Breuer and I wrote down an explicit eigenfunction that
is illuminating. One needs to display an explicit `2 function
with the property that for each vertex, the sum of the values
at all the neighbors is 0. In the above case, here is the tree

The function is zero at all red vertices so the eigenfunction
equation holds trivially at every green vertex. The value at
the green vertices depends only on the distance from the
central vertex.
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Example 3: The rg Model

It has the value 1 at the center and must have the value
−1/2 are the vertices a distance 2 away and inductively
(−1/2)k are vertices a distance 2k from the center. The
number of such vertices is 2(2)k so the `2 norm is
1 +

∑∞
k=1 2k+1(1/2)2k <∞. Avni-Breuer-Simon found

explicit formulae for the Green’s function and showed that 0
is an isolated point of the spectrum which if r < g has DOS
weight g − r/g + r. There are two symmetric bands each of
whose DOS weight is r/r + g.

Christiansen-Simon-Zinchenko (in prep) have analyzed this
further and showed that the function I described and its
translates span the eigenspace.
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Sunda’s Theorem

So far there are three big theorems known for these families
of interesting operators

Theorem 1 (Sunada, 1992) For a period p periodic Jacobi
matrix on a tree, k(E) in any gap has a value which is a
multiple of 1/p. This implies the spectrum has at most p
bands.

Sunada doesn’t discuss discrete models explicitly but
instead discusss continuum models on hyperbolic manifolds
and remarks A discrete (graph-theoretical) analogue of
periodic Schrödinger operators can be treated in much the
same way. Recently (2020 preprint), Garza-Vargas and
Kulkarni found an alternate proof of Sunada’s theorem
using free probability.
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Aomoto’s Theorem

Theorem 2 (Aomoto, 1991) A period p periodic Jacobi
matrix on a homogeneous tree has no eigenvalues

This is, of course, of especial interest because in the same
paper, Aomoto described what we call the rg model and
proved that it did have eigenvalues. We find Aomoto’s
proof extremely mysterious. He has several strange looking
calculations which in the end lead to an equality that
implies the result.
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No Singular Continuous Spectrum

Theorem 3 (Avni-Breuer-Simon, 2020) All period p
periodic Jacobi matrices on trees have no singular
continuous spectrum

We prove this by showing that the Green’s functions are
algebraic functions (i.e. near infinity they solve
P (G(z), z) = 0 for a polynomial in two variables). It follows
that as they approach the real axis, the only possible
singular points are finitely many poles and/or branch points.
While he makes no mention of singular continuous
spectrum, in several papers, Aomoto claims that the Green’s
functions are algebraic because he finds a series of p linked
algebraic equations in z and the p diagonal Green’s
functions (with square roots) that they obey. But there is a
gap in the proof in that he never proves that they are
independent.
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First Guess

There is an obvious first guess of how one might guess
Borg’s Theorem extends to trees.

Conjecture If a periodic Jacobi matrix has no gaps in its
spectrum, then a and b are each constant

We’ve been working on these problems for about 5 years
and for a while we thought this was a reasonable conjecture,
but then we realized that

a c

has period 1!
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First Guess

So the tree

which definitely has non-constant a also has period 1 and so
no gap. Clearly, a similar phenomenon works on any
homogeneous tree with even degree. If b = 0 and the 2k
values of a are equal in pairs, we have period 1 and no gap!
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The Conjectures

After thinking about this, we decided it was a decent guess
that this was the only counterexample so our published
paper has the following
Conjecture 1. Let T be a regular tree of odd degree. If
H(T ) is a periodic Jacobi matrix with no gaps in its
spectrum, then b is constant and a is constant.
Conjecture 2. Let T be a regular tree of even degree. If
H(T ) is a periodic Jacobi matrix with no gaps in its
spectrum, then the period is 1.
That means, G has a single b and deg(T )/2 self loops.
Conjecture 3. Let T be a tree which is not regular. If
H(T ) is a periodic Jacobi matrix, then it must have gaps in
its spectrum.
Actually, these are a single conjecture that no gaps implies
period 1!
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The Conjectures

But we wish to emphasize the different forms and the
proofs may be different. As for all gaps open, we made two
conjectures. Let G be a finite graph. Let P(G) be the set of
allowed Jacobi parameters. It is an open orthant of Rp+q
since p+ q is the number of vertices plus the number of
edges. We say a period p Jacobi matrix has all gaps open if
the spectrum has p bands. It is easy to see the set of Jacobi
parameters for which all gaps are open is an open set.
Conjecture 4. The set of parameters with all gaps open is
a dense open set in the set of allowed parameters.
We at least know the set is non-empty, for if all b are
different and

∑
a < mini 6=j |bi − bj |, then all gaps are

open. Thinking Wigner-von Neumann, we conjectured
Conjecture 5 The set of parameters where all gaps are not
open is a variety of codimension 2.
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An interesting email

I’m sure you’ve heard lots of complaints about it taking too
long from acceptance of a paper to publication. But I doubt
you’ve heard a complaint about it taking too little time. It
was literally 11 days between submission of the final version
of our accepted paper for Advances in Math and the
appearance of proofs in our mailbox. Not surprisingly, there
were no changes in our paper so we returned proofs rapidly
and 2 days after we received proofs, the paper appeared
“published” online. And 16 days after that, we received an
email from two graduate students at Berkeley, Jorge Garza
Vargas and Achit Kulkarni, with counter examples to several
of our recently published conjectures!!!!
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An interesting email

Their manuscript was a second version of a preprint that
they posted in the arXiv, a few weeks after our paper
(about 7 months before). That original version didn’t know
of our work nor of Sunada’s much earlier work. They had
rediscovered Sunada’s gap labelling theorem with a new
proof using free probability theory. They found our preprint
in the meantime, realized their main result wasn’t new and
found our Borg conjectures which they determined were
false!
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FTS Model

For counterexamples to Conjectures 1 and 2, the heavy
lifting had been done earlier. Jacobi matrices on the degree
d homogeneous tree with b = 0 and the each vertex with
the same three a values are connected to random walks on
certain groups if the a’s from a single vertex sum to 1. In
1985, Tim Steeger proved the main result we’ll need in his
PhD thesis and the thesis only appeared in print in a 1994
AMS Memoir jointly with his thesis advisor Alessandro
Figà-Talamanca. First their model when d = 3
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FTS Model

This model is the lift of the 2 point
a1

a2

a3

so the period is 2 and there is at most one gap open. Their
important result (which we will prove later)
Theorem (Figà-Talamanca-Steger, 1985/1994) Let H be
the Jacobi matrix on the degree d homogeneous tree with
b = 0 and a1 ≥ a2 . . . ≥ ad at each vertex. Then
0 ∈ spec(H) if and only if

a2
1 ≤

d∑
j=2

a2
j
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FTS Model

GVK realized that because the unitary, U , that flips signs at
odd vertices obeys UHU−1 = −H, if there is a gap, then 0
must be in the gap, so not in the spectrum and conversely,
if there is no gap, then the spectrum is [−c, c], so
0 ∈ spec(H) so the last equation gives a necessary and
sufficient condition for there to be no gap. Thus the gap is
closed, for example, if d− 1 a’s have the value 1 and the
other a has the value β with 0 < β ≤

√
d− 1 providing lots

of examples where there is no gap for a period 2 model with
a not constant. Moreover, one has p = 2 and q = d, so
noting that the gap remains closed if the equation holds and
b1 = b2, we get a set with no gap of codimension 1
contradicting Conjecture 5!
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GVK Model

GVK also showed that the model with p = 2, q = 3 with
graph

a

c

a

has no gap providing a counter example to Conjecture 3
(since one vertex has degree 2 and one has degree 4).
Here is the tree
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GVK Model

To see that 0 ∈ spec(H) for this model for any values of a
and c, consider ϕ be the function on the vertices that
vanishes at all vertices off the central axis and at the black
vertices on the central axis and alternates signs ±1 at the
yellow vertices on that line. Formally Hϕ = 0 and if one
truncates to n consecutive yellow vertices and normalizes,
unit vectors, ϕn, with ‖Hϕn‖ =

√
2/n→ 0. So, H is not

invertible and the gap is closed.
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Latest Borg Attempt

All the counterexamples we know have constant b. The
most conservative conjecture to make is

Conjecture 6 Let H be a periodic Jacobi matrix on the
degree d homogeneous tree with all a = 1. If H has no
gaps in its spectrum, then b is constant

Braver is to conjecture a stronger result

Conjecture 7 Let H be a periodic Jacobi matrix on some
tree. If H has no gaps in its spectrum, then b is constant

Note that Borg only considered the potential whose analog
is b so one can claim that all along this is the correct analog
of Borg.
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What about Wigner-von Neumann

Once we accept the fact that gap opening depends on b and
a’s don’t help, one can understand why Conjecture 5 failed
for p = 2. Given that adding a constant to all b′s doesn’t
change which gaps are open, when p = 2, there are only
two b’s and one free parameter so, of course, only
codimension 1. So we can be really brave and

Conjecture 8 If the period p ≥ 3, the set of parameters
where all gaps are not open is a variety of codimension 2.

The viewer should decide if this like grasping at straws or
random walking towards successful conjectures!
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G and M

Let H be a bounded Jacobi matrix on a tree, T . If α is an
edge with ends j, k, then removing the edge α disconnects
T into two components, T αj and T αk , containing j and k
respectively. They are also trees although if either vertex
has degree 2, they may have a leaf. We let H(T αj ) be the
obvious Jacobi matrix acting on `2(T αj ) and similar for
H(T αk ). Define

Gj(z) = 〈δj , (H−z)−1δj〉 mα
j = 〈δj , (H(T αj )−z)−1δj〉

and similarly for mα
k . These are defined as analytic

functions on C \ (A,B) if A and B are the bottom and top
of spec(H). They are also analytic at infinity and in the
gaps of the suitable spectra. One can show that the three
operators have the same essential spectra, so all are
meromorphic on C \ ess spec(H).
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Schur Complements

We want to derive the equations for G and m. These have
often appeared in the literature on trees, especially on
random discrete Schrödinger operators on trees, albeit many
times with incorrect signs! A particularly clean method
involves Banachiewicz’ formula from the theory of Schur
complements. One has a Hilbert space that is a direct sum
H = H1 ⊕H2 so that any N ∈ L(H) can be written

N =

(
X Z
Z∗ Y

)
where, for example, X ∈ L(H1). Given such an N with Y
invertible, we define the Schur complement of Y as
S = X − ZY −1Z∗. Let

L =

(
1 0

−Y −1Z∗ 1

)
so L−1 =

(
1 0

Y −1Z∗ 1

)
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Schur Complements

A simple calculation shows that

L∗NL =

(
S 0
0 Y

)
so

N−1 = L

(
S−1 0

0 Y −1

)
L∗

=

(
S−1 −S−1ZY −1

−Y −1Z∗S−1 Y −1 + Y −1Z∗S−1ZY −1

)
which proves Banachiewicz’ formula (N−1)11 = S−1. We’ll
also need the off-diagonal (N−1)12 = −S−1ZY −1 below.
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Formulae for G and M

For a tree, we fix j ∈ T and can write
`2(T ) = C⊕ `2(∪α=(jk)T αk ) corresponding to singling out
the site j. Then (N−1)11 is a number, X is bj ,
Y = ⊕α=(jk)H(T αk ) and Z is the various aα. The result is

Gj(z) =
1

−z + bj −
∑

α=(jk) a
2
αm

α
k (z)

Similarly, if β = (rj) is an edge in T , we have that

mβ
j (z) =

1

−z + bj −
∑

α=(jk); k 6=r a
2
αm

α
k (z)

Note that if q is the number of edges in the underlying
graph, G, then there are 2q m–functions.
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Formulae for G

For vertices, x, y ∈ T , let Gx,y(z) be the matrix element of
(H − z)−1. Suppose that the last edge in the simple path
from x to y is α from y to w. From the off-diagonal
formula above, we get that

Gxw(z) = −aαmα
w(z)Gxy(z)

which let’s one inductively compute all off-diagonal
elements of G from the m’s and diagonal elements of G.
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Z2 ∗ . . . ∗ Z2 - d fold

Recall that we are studying the homogeneous tree of degree
d with b ≡ 0 and each vertex having d edges with values
a1 ≥ a2 ≥ . . . ≥ ad. It is notationally useful to think of this
as a d-fold free product of Z2, that is a group Gd with d
generators, x1, . . . , xd whose only relations are
x2

1 = x2
2 = . . . = e. Thus Gd consists of all words yj1 . . . yjm

where each yj is one of the generators with yj` 6= yj`+1 for
all ` and the obvious product. We can thus view our Hilbert
space as `2(Gd)

e x

xy

xz

xyx
z

y

xyz

xzy

xzx
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Z2 ∗ . . . ∗ Z2 - d fold

The group acts on the Hilbert space via the left regular
representation (U(y)f)w = fy−1w and since Hy,yxj = aj ,
we have that U commutes with H. U defines a free
transitive action on the vertices of Gd, even for odd d (but
not freely on the edges). By the transitive action, we see
that there is a single diagonal Green’s function
G(z) = Gyy(z) and d m-functions where are vertex
independent, {mα}dα=1. The basic equations are

G(z) =
1

−z −
∑d

α=1 a
2
αmα(z)

mα(z) =
1

−z −
∑

β 6=α a
2
βmβ(z)

Ge,yxj (z) = −ajmj(z)Ge,y(z)



Wigner von
Neumann

Generic Periodic
1D

Borg’s Theorem

Periodic Jacobi
Matrices on Trees

Examples

Big 3 Theorems

Borg Conjectures

Figà-Talamanca
Steger Model

Possible
Conjectures

Green’s Functions
and m-functions

Proof of
Figà-Talamanca
Steger Result

When 0 /∈ spec(H)

We will need special subsets, Sj , j = 1, . . . , d, of the group
G of all words of odd length the form
xjxk1xj . . . xjxkmxj , kq 6= j (a word of length 2m+ 1).
We claim that when 0 /∈ spec(H)

1 G(0) = 0, indeed, Gey(0) = 0 whenever ρ(y) is even
2 All the mj functions have meromorphic continuations

across a real neighborhood of z = 0

3 There is a single j so that mj has a pole at z=0. All
the other mk’s obey mk(0) = 0

4 mj(z)G(z) has a removable singularity at z = 0 with
value −1/a2

j

5 For k 6= j, mj(z)mk(z) has a removable singularity at
z = 0 with value −1/a2

j
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When 0 /∈ spec(H)

Thus

Gey(0) =

{
1
aj

∏m
i −

(
aki
aj

)
, if y = xjxk1xj . . . xkmxj ∈ Sj

0, if y /∈ Sj

Therefore

∑
y | ρ(y)=2M+1

|Gey(0)|2 = a−2
j

a−2
j

∑
k 6=j

a2
k

M

Since
∑

y |Gey|2 <∞, we see that
a−2
j

∑
k 6=j a

2
k < 1⇒ j = 1 and a2

1 >
∑d

j=2 a
2
j . So,

0 /∈ spec(H)⇒ a2
1 >

∑d
j=2 a

2
j .
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When a2
1 >

∑d
j=2 a

2
j

For the converse, we need the following result of Haagerup
about convolution operators on `2(Gd):
Theorem For f, g ∈ `2, define
f ∗ g(x) =

∑
y∈G f(xy−1)g(y). Then

‖f ∗ g‖2 ≤ ‖g‖2
∞∑
r=0

|n+ 1|

 ∑
ρ(y)=r

|f(y)|2
1/2

Conversely suppose that a2
1 >

∑d
j=2 a

2
j . Let fj be the

function we wrote down that included fj(y) = Gey(0) =
1
aj

∏m
i −

(
aki
aj

)
, if y = xjxk1xj . . . xjxkmxj ∈ Sj . Then an

easy calculation shows that

d∑
k=1

akfj(yxk) = δye
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When a2
1 >

∑d
j=2 a

2
j

that is fj is a formal Green’s function of H at energy 0. To
see this, note that if yxj ∈ Sj with y 6= e, the sum has two
terms which cancel and if yxj /∈ Sj , all terms in the sum are
zero. Finally, if y = e, there is only one term in the sum
which is aj(1/aj) = 1. If a2

1 >
∑d

j=2 a
2
j , then by

Haagerup’s Theorem, convolution with f1 is bounded on `2.
By the last relation, H(f1 ∗ h) = h for any h of finite
support. It follows that 0 /∈ spec(H).

Thus we have shown that 0 /∈ spec(H) ⇐⇒ a2
1 >

∑d
j=2 a

2
j

which is the contrapositive of the result I called the theorem
of Figà-Talamanca-Steger.
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And Now a Word from Our Sponsor

SIMON/1
AMS on the Web  
www.ams.org

816 pages on 50lb stock  •  Backspace: 2 5/16''  4-color process

For additional information
and updates on this book, visit

www.ams.org/bookpages/simon

A Comprehensive Course in Analysis by Poincaré Prize 
winner Barry Simon is a fi ve-volume set that can serve as 
a graduate-level analysis textbook with a lot of additional 
bonus information, including hundreds of problems and 
numerous notes that extend the text and provide important 
historical background. Depth and breadth of exposition 
make this set a valuable reference source for almost all 
areas of classical analysis.

Part 1 is devoted to real analysis. From one point of view, 
it presents the infi nitesimal calculus of the twentieth century with the ultimate 
integral calculus (measure theory) and the ultimate differential calculus (distribu-
tion theory). From another, it shows the triumph of abstract spaces: topological 
spaces, Banach and Hilbert spaces, measure spaces, Riesz spaces, Polish spaces, 
locally convex spaces, Fréchet spaces, Schwartz space, and Lp  spaces. Finally it 
is the study of big techniques, including the Fourier series and transform, dual 
spaces, the Baire category, fi xed point theorems, probability ideas, and Hausdorff 
dimension. Applications include the constructions of nowhere differentiable func-
tions, Brownian motion, space-fi lling curves, solutions of the moment problem, 
Haar measure, and equilibrium measures in potential theory.
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A Comprehensive Course in Analysis by Poincaré Prize 
winner Barry Simon is a fi ve-volume set that can serve as 
a graduate-level analysis textbook with a lot of additional 
bonus information, including hundreds of problems and 
numerous notes that extend the text and provide important 
historical background. Depth and breadth of exposition 
make this set a valuable reference source for almost all 
areas of classical analysis.

Part 2A is devoted to basic complex analysis. It inter-
weaves three analytic threads associated with Cauchy, Riemann, and Weierstrass, 
respectively. Cauchy’s view focuses on the differential and integral calculus of 
functions of a complex variable, with the key topics being the Cauchy integral 
formula and contour integration. For Riemann, the geometry of the complex plane 
is central, with key topics being fractional linear transformations and conformal 
mapping. For Weierstrass, the power series is king, with key topics being spaces 
of analytic functions, the product formulas of Weierstrass and Hadamard, and 
the Weierstrass theory of elliptic functions. Subjects in this volume that are often 
missing in other texts include the Cauchy integral theorem when the contour is 
the boundary of a Jordan region, continued fractions, two proofs of the big Picard 
theorem, the uniformization theorem, Ahlfors’s function, the sheaf of analytic 
germs, and Jacobi, as well as Weierstrass, elliptic functions.
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A Comprehensive Course in Analysis by Poincaré Prize 
winner Barry Simon is a fi ve-volume set that can serve as 
a graduate-level analysis textbook with a lot of additional 
bonus information, including hundreds of problems and 
numerous notes that extend the text and provide important 
historical background. Depth and breadth of exposition 
make this set a valuable reference source for almost all 
areas of classical analysis.

Part 2B provides a comprehensive look at a number of 
subjects of complex analysis not included in Part 2A. Presented in this volume 
are the theory of conformal metrics (including the Poincaré metric, the Ahlfors-
Robinson proof of Picard’s theorem, and Bell’s proof of the Painlevé smoothness 
theorem), topics in analytic number theory (including Jacobi’s two- and four-
square theorems, the Dirichlet prime progression theorem, the prime number 
theorem, and the Hardy-Littlewood asymptotics for the number of partitions), the 
theory of Fuschian differential equations, asymptotic methods (including Euler’s 
method, stationary phase, the saddle-point method, and the WKB method), univa-
lent functions (including an introduction to SLE), and Nevanlinna theory. The 
chapters on Fuschian differential equations and on asymptotic methods can be 
viewed as a minicourse on the theory of special functions.
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A Comprehensive Course in Analysis by Poincaré Prize 
winner Barry Simon is a fi ve-volume set that can serve as 
a graduate-level analysis textbook with a lot of additional 
bonus information, including hundreds of problems and 
numerous notes that extend the text and provide important 
historical background. Depth and breadth of exposition 
make this set a valuable reference source for almost all 
areas of classical analysis.

Part 3 returns to the themes of Part 1 by discussing point-
wise limits (going beyond the usual focus on the Hardy-Littlewood maximal 
function by including ergodic theorems and martingale convergence), harmonic 
functions and potential theory, frames and wavelets, H p  spaces (including bounded 
mean oscillation (BMO)) and, in the fi nal chapter, lots of inequalities, including 
Sobolev spaces, Calderon-Zygmund estimates, and hypercontractive semigroups.
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A Comprehensive Course in Analysis by Poincaré Prize 
winner Barry Simon is a fi ve-volume set that can serve as 
a graduate-level analysis textbook with a lot of additional 
bonus information, including hundreds of problems and 
numerous notes that extend the text and provide important 
historical background. Depth and breadth of exposition 
make this set a valuable reference source for almost all 
areas of classical analysis.

Part 4 focuses on operator theory, especially on a Hilbert 
space. Central topics are the spectral theorem, the theory of trace class and 
Fredholm determinants, and the study of unbounded self-adjoint operators. There 
is also an introduction to the theory of orthogonal polynomials and a long chapter 
on Banach algebras, including the commutative and non-commutative Gel’fand-
Naimark theorems and Fourier analysis on general locally compact abelian groups.
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