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INTRODUCTION

Joint work with Dimitris Koukoulopoulos and Kevin Ford. Equal sums in
random sets and the concentration of divisors, arXiv:1908.00378.

Let n be a “typical” integer (say selected at random from [1, X], for large
X).

What do the divisors of n look like?

We will be interested in the particular question of how concentrated they
are.
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HoOOLEY’S A-FUNCTION

Obituary of Hooley by Roger Heath-Brown:
https://royalsocietypublishing.org/doi/10.1098 /rsbm.2020.0027

Define . .
A(n) ;= max#{d|n: e < d <e T}
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HoOOLEY’S A-FUNCTION

What do we expect? Trivially A(n) > 1, but nothing else is obvious, even
heuristically.

Classical: let n < X be a random integer. n has ~ (log X)'°g2+o(1)
divisors.

Thus, on the log scale, there are D := log X “bins" (intervals [e’, e'T1])
and typically (log X)'°g2+o(1) ~ D0-693 “ba|ls” (divisors) to put in them.

If these balls were distributed uniformly and independently then (“birthday
paradox”) we would expect two in the same box, but not three.

Maier and Tenenbaum (1985, resolving a 1948 conjecture of Erdds):
A(n) > 2 as.
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HEURISTICS ON HOOLEY’S A-FUNCTION

The logs of the divisors of n have a lot of additive structure.

For example, if n = p; - - px is squarefree (which is the generic case) then
the log d are the grid {e1logp; + -+ + exlog px : €; € {0,1}}.

This leads to far more bunching of the divisors than the naive heuristic
suggests.

Maier and Tenenbaum already obtained in 1985 the bound

log 2

A(n) > (loglog n)a°() a5 where ¢; = -

~ 0.288.

In 2009, with a much more elaborate argument, they improved this to

log 2

A(n) > (loglog n)2™°(1) | a5 where ¢, = ~ 0.338.

They conjectured that this is optimal.
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A NEW LOWER BOUND

THEOREM (FGK 2019)
We have A(n) > (loglog n)=t°(1) as., where c3 = n ~ 0.353. J

We conjecture that this is optimal.

7 is given by n = |o|gcé/2p), where p = 0.281 is given in terms of a rather
complicated recurrence: p satisfies the equation

o
1 aj+1 +a
=log2 + — | ( J )
1-— /2 ;21 aj+1—ajp
where the sequence a; is defined by
ag =2, a=2+2" aj = 12_1 + af_l - 31262 (_I = 3)
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A RANDOM MODEL FOR THE PROBLEM

A logarithmic random set A is a subset of N in which we select / to lie in
A with probability 1//, these choices being independent.

Well-known principle. (Turan—Kubilius, etc) The logarithms of the prime
factors of a random (squarefree) integer n < X behave somewhat like
AN|[L,...,D], D =logX, at least away from the edges.
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A RANDOM MODEL FOR THE PROBLEM

A logarithmic random set A is a subset of N in which we select i to lie in
A with probability 1//, these choices being independent.

Well-known principle. (Turan—Kubilius, etc) The logarithms of the prime
factors of a random (squarefree) integer n < X behave somewhat like
ANJL,...,D], D =logX, at least away from the edges.

Correspondingly, the logs of the divisors of n < X should behave like the
sums of elements of A in [1,...,D].

Let ra(x) be the number of ways of writing x as a sum of elements of A,

Model problem: what is maxy<p ra(x)?
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TRUNCATED MODEL PROBLEM

Determine Sy, the supremum of all exponents ¢ < 1 for which the
following is true, a.s. as D — oo:

Some x is representable in k different ways as a sum of elements of
AN|[D¢,D].

LEMMA
A(n) > (log log n)'osk/loe(1/B)=e(1) ., }

Idea: first pass to the model problem. No explicit link between the model
setting and the integer setting in the existing literature. Proof uses fairly
familiar probabilistic and sieve theoretic ideas.

Model problem: “tensor trick”: If x is a sum of elements of AN [D<, D] in
k ways and if y is a sum of elements of AN [Dcz, D€] in k ways then x 4y
is a sum of elements of AN [D", D] in k2 ways.
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MAIN THEOREM — MODEL PROBLEM

Last slide: (i is the supremum of all exponents ¢ < 1 for which the
following is true, a.s. as D — oco: there is some x representable in k
different ways as a sum of elements of AN [D€, D], where A'is a
logarithmic random set.

log k

PROPOSITION
lim supy_, oet/g) = with n as defined before. J

Determining the exact values of the [y is an extremely complicated

problem. We do know that o =1 — @, and in a future paper we will
show that og3 — 1
og3— N
B3 = o3 Togiiegz 0.026.
0g 3+ log 2—log(e—1)
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FURTHER [y VALUES

We will also show that

log3—1
Ba = B 0.01295186091360511918. ..
I, 1
|Og3 + £ + I3}
where
¢ = log2 — log(e — 1) B log2 — log(e — 1)
B log(3/2) ' ~ 1+log2—log(e —1) — log(1 + 21-¢)

D5 appears not to have a closed form expression, but can be given
numerically to high accuracy.
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FLAGS AND ENTROPY

One of the main ideas of our paper is that 5x (essentially) coincides with
what appears to be a completely different problem, to do with optimizing
measures over the cube {0, 1}". Even stating this problem requires some
work.

DEFINITION (FLAGS AND SUBFLAGS)

Let k € N. By an r-step flag we mean a nested sequence
Vo) =Vo<Vi<Va<---<V, <QF

of vector spaces. Here 1 = (1,1,...,1) € Q. Another flag
Yo=KV << < V<X

is said to be a subflag of ¥ if \/,-’ < V; for all i. In this case we write
¥ < V. Itis a proper subflag if it is not equal to V.
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ENTROPY OF A SUBSPACE

DEFINITION (ENTROPY OF A SUBSPACE)

Suppose that v is a finitely supported probability measure on Q* and that
W < QX is a vector subspace. Then we define

Hy (W) := =) v(x)log v(W + x).

X

Remark. This is the (Shannon) entropy of the distribution on cosets
W + x induced by v.

Example: if v is the uniform measure on {0,1}? and if W is the line
X1 = Xo then

1 1 1 1 3
) — 2 log() — 2 log() = > log 2.

1 1

2
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OPTIMISATION PROBLEM

Define vy, to be the supremum of all constants ¢,41 such that the
following exist:

@ An r-step flag ¥ whose members are distinct, spanned by elements of
{0, 1}" and which is nondegenerate in the sense that V, is not
contained in any subspace {x € Q% : x; = x;};

©Q Parameters 1 > g 2 >+ 2 ¢41 2 0;

@ Probability measures y, ..., iy, with p; supported on {0,1}% N V;

such that we have the following entropy condition

(V') = e(¥), (1)
for all subflags ¥/ < ¥, where

r r
(7)== (g —ge)Hu (V) + D gdim(V//Vi_y).
j=1 j=1
Define the variant 9 in exactly the same way, except with (??) replaced by
the strict entropy condition e(?") > e(¥’) for all proper subflags »' < 7.
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EQUAL SUMS IN RANDOM SETS AGAIN

THEOREM
We have 0 < 7, < Bk < k. }

Probably, 4x = Bx = 7k, but we cannot quite prove this.

Very rough idea. Let A be a logarithmic random set. Suppose | have
distinct sets A1,..., A C A with

da=-=> a

acA; aEAk

We associate a flag as follows.

The Venn diagram of the subsets A1, ..., Ax produces a natural partition
of A into 2 subsets, which we denote by B, for w € {0,1}*. Here
Ai = I—lw:w,-:le-
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ASSOCIATING A FLAG TO A VENN DIAGRAM

The Venn diagram of the subsets A1, ..., Ax produces a natural partition
of A into 2% subsets, which we denote by B,, for w € {0,1}. Here
Ai = I—'w:w;:le-

We iteratively select vectors w?, ..., w" to maximize [[}=:(max B,,)
subject to the constraint that 1,w!, ..., w" are linearly independent over
Q.

We then define V; = Spang(1,w?,...,w’) for j =0,1,...,r. The point is
that the w' provide the “right” basis for analysing the equal sums

equations
Y a=-=>a

acA; aeAk
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A TREE RECURRENCE

7= (po,p1,p2,-.-), po = 1. Recurrence: F(p) =3, (p)Pi1.

34 4.2 44
r:

3 2 2 2 2 1 1 1 1

v, [EB T By

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

ro [®] [©m) [0 [0001] [T167] [010] [Tim] [Gton] [oura] [Tooo] [1o1) [To10]

Tree of binary flag (1) =15 <V} <Vh = Q*, where V; := {(z,z,y,y) : z,y € Q}. Values of f%(p) are given in red.
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A TREE RECURRENCE

3 4420 14

r. |{0,1}}
3 2 2 2 2
r | e e g 1 010
1 1 1 1 1 1 1 1 1 1 1
ro [H] [fon] [100] [00o1] [o1] [00w0] [110] [0100] [arr] [1000] [fo1] 010




SOLVING™ THE OPTIMISATION PROBLEM

THEOREM

Suppose that the flag ¥ is fixed. Under certain conditions (satisfied in
situations of interest) the optimal value of ¢,1 in the optimisation
problem is given by the formula

r—1 .
() = (og3 - 1) (loga + 3 T YD),
=1 i

Write T; for the cell at level j (that is, coset of V;) containing 0 € Q.
The p; satisfy the “p-equations” pg =1 and
it () = (FH(p)Pret Ml = 1,2 e,

where the fC(p) are defined by a tree recurrence as illustrated in the
pictures.
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SOLVING THE OPTIMISATION PROBLEM

34420 44

Tree of binary flag (1) = Vo < V4 < Vo = Q*, where Vi := {(z,z,7,) : z,y € Q}. Values of f(p) are given in red.

Il
—
)
=
-

The p-equations consist of the single equation 7'2(p) (p))Pre?, that

is to say 371 + 4. 201 4 4 = 3¢,

This has the unique solution p; =~ 0.306481.
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SOLVING THE OPTIMISATION PROBLEM — SKETCH

Fixaflag 7 : (1) = Vo < V4 < Vo <--- <V, < QK. Recall that v is the
supremum of all constants ¢, such that there are

Q parameters1 > g > >+ 2 ¢41 2 0, and

@ probability measures p1, ..., iy, with u; supported on {0,1}% N V;
such that we have the entropy condition e(¥") > e(¥') for all subflags
V' <V, where

r

(1) =) (g = gu)Hu (V) + D gdim(V]/ V] y).

=1 j=1

Step 1. solve the problem in which the entropy condition is only required
to hold for very special subflags ¥’ (called “basic”): those in which
V! =V, for i < m, and then V/ = V,, for i = m+1,...,r. This involves

a linear programming approach.
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SOLVING THE OPTIMISATION PROBLEM — SKETCH

Step 2. Show that, for the parameters ¢; and measures p; found in step 1,
the more general entropy condition e(#”) > e(?) for an arbitrary subflag
¥ follows automatically from the very special case of basic flags.

Crucial idea is symmetrisation via repeated use of submodularity property
of entropy. If o is a permutation of coordinates preserving the flag ¥/, then

2e(V") = e(¥') + e(a(V) = (V' + (V")) + (¥ N a(V)).

Step 3. Finally, show that one can perturb by arbitrarily small amounts to
get a system satisfying the strict entropy condition e(¥”) > e(¥) (this is
not as trivial as one might think).
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WHICH FLAGS ARE OPTIMAL?

Short answer: we are not quite sure.

Longer answer: based on numerical evidence and “naturality” we believe
that so-called binary flags are (asymptotically) optimal.

DEFINITION (BINARY FLAGS)

Let k = 2" be a power of two. Identify QX with Q7] (where P[r] means
the power set of [r] = {1,...,r}) and define a flag ¥,

(H=Vo< Vi< - <V, =Q",

as follows: V; is the subspace of all (xs)sc[,) for which x5 = xgn; for all
Sclr]
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p PARAMETERS FOR BINARY FLAGS

Given 5= (po, p1,p2,--. ), po = 1, set up the tree-recurrence f¢(p) =1
for C at level 0 and then for C at level i by f€(p) = S .o FC (p)Pi
where C’ runs over the children of C.

The p-equations:
friv(p) = (FTi(p))riedmVim/Vi) j=1,2,...,r—1,
where [ is the cell at level j containing 0.

We have already seen that the first nontrivial such equation is
f72(p) = (fT1(p))re€?, that is to say 371 + 4 -2/ + 4 = 3P1¢e2,

This has the unique solution p; =~ 0.306481.

To write down the p-equation for j = 2, one must compute f'3(p), and
without any additional theory the only means we have to do this is to draw
the full tree structure for the binary flag 7 of order 3 (on Q®).
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p PARAMETERS FOR BINARY FLAGS

In particular
fT3(p) = (37144-214-4)P2+8(2-2P1 +-4)P2+16-4°2 4-8-(2°1 42)P24-32.2P2 4 16.
The second p-equation is
f12(p) = £12(p)e",
which has the numerical solution p, ~ 0.2796104. ...

THEOREM
p = lim;_ p; exists. J

(Very) rough idea: “almost self-similarity”: the cell structure on {0,1}2""

induced by the binary flag of order r + 1 is “almost” the product of two
copies of the structure on {0,1}?". Doesn't help with computations.
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RECURSION RELATIONS AND COMPUTATIONS

PROPOSITION

Define a sequence a;j by the relations aj1 = 2, aj> = 2+ 2P-1 and
L + Pi—1 2P: 1 H
a’:J_I,Jl a/l,Jl 11,_/2(1 )

Then
pi—1 2i—1
aii+1 = a,'l_17,'e .

FEBRUARY 5, 2021
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TABULATING THE p),

Pj
0.3064810093305

0.2796104150767
0.2813005404710
0.2812067224539
0.2812115789381
0.2812113387071
0.2812113502101
0.2812113496729
0.2812113496974
10 | 0.2812113496963
11 | 0.2812113496964
12 | 0.2812113496964
13 | 0.2812113496964

©O~NOUTA~WN |-
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LIMIT OF THE p;

PROPOSITION
Define a sequence a; (depending on an arbitrary parameter p € (0,1)) by

2 .
31:2,32:2+2’D,3j2312_1+3f_1—3j52 ('123)

Then the limit p = lim;_,, p; satisfies the relation

1 = 1 aji1+ 4!
L gz 3 Liog (B
1-_p2 &8 +;QJ °g p

dj+1 — d;
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