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Automatic Sequences

Example (Thue-Morse sequence)

a/0start b/1

0 0

1

1

n = 22 = (10110)2, u22 = 1

u = (un)n≥0 = 011010011001 . . .

un = s2(n) mod 2.
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Known Results

Theorem (Gelfond - 1967)

(sq(an + b))n≥0 is uniformly distributed modulo m (under natural
conditions for q,m).

Theorem (Drmota, Mauduit, Rivat - 2019)

(s2(n2))n≥0 is normal modulo 2.

Theorem (Drmota, Mauduit, Rivat - 2011)

Let P(n) be a polynomial with integer coefficients. Then, for
q ≥ q0(P), (sq(P(n)))n≥0 is uniformly distributed modulo m.
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Open Problems

A notorious open problem

Show that (s2(n3))n≥0 is uniformly distributed modulo 2.

A hopefully simpler problem

Show that (s2(n3 + 2m3))n,m≥0 is uniformly distributed modulo 2.

Similar questions

Show that (s2(P(n1, . . . , nk)))ni≥0 is uniformly distributed modulo 2.
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Methods

Known Results

Rewriting the statement using exponential sums.

Using “Cutting techniques” to reduce the number of relevant
digits.

Estimates for∣∣∣∣∣∑
n≤2ν

e

(
1

2
s2(n) + nα

)∣∣∣∣∣ = 2ν
ν−1∏
λ=0

∣∣sin(2λπα)
∣∣ . (1)

New Approach?

Combination of the circle Method (e.g. Waring’s problem) and
estimates for (1).
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Some simplification

Use the Rudin-Shapiro sequence instead of Thue-Morse.
The Fourier-Transform is uniformly of size

√
N .

Thank you!
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