What is the largest hole in a random point set?
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Holes in random point sets

Let D C R bounded Lipschitz
and P, = {Xy,..., X,,} i.i.d.

uniform random points on D.

A hole is a ball
Bi(z)={yeD:|z—yl<r}
with z € D and B,(xz) N P, = 0.

How big is the largest hole in P,?
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More precisely,...

What is the radius of the largest hole, 7, := sup min ||z — X;||?
zeD 1<isn

Motivation: Quality of (random) points for num. approximation

Let 1 <p<qg<o0,s>d/pandD be a bounded Lipschitz
domain. Then there exist constants cy,co > 0 such that for any n
and P ={z1,...,x,} C D:

Clr’?: < inf sup ”f — ()O(f(xl)a SRR f(xn))”[/q(D) < CQT’?L[
¥ I llwg (py<1

with a = s —d(1/p—1/q) and ¢ : R" — Ly(D) arbitrary.
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Known results

Recall that 7, = sup,cp mini<;<y ||z — X;|| with X1, Xo,... i.i.d.
Reznikov and Saff '16 gave bounds

n

/d
0 < c1(D) < Elry) < >1 < (D) < oo for all n

logn

and for nice D (e.g. smooth boundary) they showed

i Efra) (1ogn>1/d - <2(dd_ 1)vov1?g§())))>1/d' (1)

With a different constant eq. (1) also holds for [0, 1] and 3-dim.
polytopes.
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Known results: The one-dimensional case

Let P, = {X;, Xo,..., Xy} i.i.d. uniform random points on [0, 1].

(1) _ x(i-1)
rn:max{,max H,X(l),l—X(")}

1=2,...,n 2

. ° *———------- ° °
x0 _—og x@O x(© x () x(n+l) —q

From Reznikov and Saff: lim,, %E[rn] = %
From Lévy (1939): for all z € R

P2(n —1)r, —log(n — 1) < z] — exp(—e~*) as n — oo.
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Open Problems

Let D be a bounded Lipschitz domain.

1/d
PROBLEM 1: Show lim,,_, E[r] ( & ) = ¢(D).

logn

PROBLEM 2: Are there sequences (ay), (b,) s.t. for all z € R

—b
P ['rn t < x] — exp(—e~ ") as n — o007
an,

PROBLEM 3: Show a large deviations principle (LDP), that is find
(sn), Sn oo and I: R — [0,00] s.t. for all z € R

[ W\ 1/
P|r, < ) >z
logn

—snl(x) )

~ e
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