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Abstract

In this thesis we study the problem of finding explicit constructions for low-dimensional
finite point sets and infinite sequences in the unit interval with the optimal order of L,
discrepancy for 1 < p < co. The L, discrepancy - defined as the L, norm of the so-called
discrepancy function - is a quantitative measure for the irregularities of distribution of
point sets and has strong connections to uniform distribution modulo 1 of sequences,
which is a branch of number theory.

Our constructions are based on the Hammersley point set and the van der Corput se-
quence, which both have a long history in discrepancy theory. While it is well known
that the L., norm of their discrepancy function (better known as the star discrepancy)
is of best possible order, respectively, the same is not the case for the L, discrepancy
when 1 < p < o0.

It is the aim of this thesis to consider slightly modified versions of the Hammersley point
set and the van der Corput sequence whose L,, discrepancy is of optimal order, respect-
ively. First we try to tackle this problem directly and prove very precise formulas on the
Ly and L4 discrepancy. In particular, we find an exact formula for the L, discrepancy of
digitally shifted Hammersley point sets and compute the Ly discrepancy of symmetrized
Hammersley point sets and van der Corput sequences precisely.

To obtain results for all parameters 1 < p < oo, we employ methods from harmonic
analysis, namely Haar functions and Littlewood-Paley theory. These tools enable us to
find a large class of point sets and sequences with the optimal order of L, discrepancy.
Furthermore, the approach via Haar functions allows us to study the norm of the dis-
crepancy function in other functions spaces such as Besov spaces of dominating mixed
smoothness also, and we will pursue this aim in this thesis.
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Kurzfassung

In dieser Dissertation behandeln wir das Problem niedrigdimensionale endliche Punkt-
mengen sowie unendliche Folgen im Einheitsintervall zu konstruieren, deren L,-Diskre-
panz fir 1 < p < oo die optimale Ordnung aufweist. Die L,-Diskrepanz - definiert als
die L,-Norm der sogenannten Diskrepanzfunktion - ist ein quantitatives Ma8 fiir die Un-
regelméfigkeiten einer Punktverteilung und ist stark verkntipft mit der Gleichverteilung
modulo 1 von Folgen, welche ein Teilgebiet der Zahlentheorie ist.

Unsere Konstruktionen basieren auf der Hammersley-Punktmenge sowie der van der
Corput-Folge, die beide schon sehr lange im Rahmen der Diskrepanztheorie untersucht
werden. Wéahrend es eine bekannte Tatsache ist, dass die L,.-Norm der entsprechenden
Diskrepanzfunktion (besser bekannt als Sterndiskrepanz) jeweils die optimale Ordnung
hat, ist das fiir die L,-Norm fiir 1 < p < oo nicht der Fall.

Ziel dieser Dissertation ist es, modifizierte Varianten der Hammersley-Punktmenge und
der van der Corput-Folge zu finden, deren L,-Diskrepanz jeweils von optimaler Ordnung
ist. Zuerst versuchen wir dieses Problem direkt anzugehen und beweisen sehr prézise
Formeln fir die Ls- und die L4-Diskrepanz. Konkret finden wir eine exakte Formel
fiir die L4-Diskrepanz von verallgemeinerten Hammersley-Punktmengen und berechnen
die Lo-Diskrepanz von symmetrisierten Hammersley-Punktmengen und van der Corput-
Folgen sehr genau.

Um fiir alle Parameter 1 < p < oo Resultate zu erhalten, machen wir Gebrauch von
Methoden aus der harmonischen Analysis, ndmlich Haarfunktionen und Littlewood-
Paley-Theorie. Diese Mittel ermoglichen es uns, eine grofie Klasse von Punktmengen
und Folgen mit einer L,-Diskrepanz von optimaler Ordnung zu erhalten. Zudem erlaubt
der Zugang iiber Haarfunktionen auch das Behandeln der Norm der Diskrepanzfunktion
in anderen Funktionenraumen, wie etwa den Besov-Raumen, weshalb wir dieses Ziel
ebenfalls in dieser Dissertation verfolgen werden.
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Preface

Discrepancy theory is a part of number theory and deals with the irregularities of point
distributions on certain domains. In this thesis we follow the classical case and consider
point sets and sequences in the s-dimensional unit interval [0,1)%. For a given set of
N points {xg, 1, ..., xy_1} the discrepancy function is defined as the difference of the
actual number of points in a subinterval I C [0,1)® (where [ is often anchored in the
origin) and the expected value under the assumption of hypothetic uniform distribution.
By taking some norm of the discrepancy function, e.g. the L, norm for any p € [1, oo,
one obtains a quantitative measure for the irregularity of distribution of this point set.
We speak of the L, discrepancy and of the star discrepancy (for p = o0), respectively.
For infinite sequences, we consider the discrepancy of its first N elements and observe
its behaviour as N increases. It is clear that studying the discrepancy of finite point
sets and infinite sequences are two different issues, as for infinite sequences we have
to assure that the discrepancy of all initial segments {x¢}, {0, 1}, {x0, ®1, 22} ...,
{xog,x1,...,xN_1} for N > 2 is low, whereas N is fixed for finite point sets and only the
behaviour of {xg,x1,...,xNn_1} is relevant. It is often observed that the discrepancy
of point sets in dimension s + 1 is related to the discrepancy of infinite sequences in
dimension s. We will find however that this is not necessarily the case for all norms
taken of the discrepancy function. Discrepancy theory is not only interesting for itself,
but has relations to numerical integration using quasi-Monte Carlo algorithms and to
uniform distribution modulo 1.

In this thesis we will investigate the L, discrepancy of finite point sets in [0,1)? and
infinite sequences in [0,1). Our explicit constructions are modified variants of the well
known Hammersley point sets and the van der Corput sequences. These are prominent
examples of point sets in [0,1)? and sequences in [0, 1) with the best possible order of
star discrepancy in N, which is log N according to a result of Schmidt (1980). However,
it is well known that this rate is not optimal for the L, discrepancy if p € [1,00),
where y/log N is best possible. This is known from famous results by Roth (1954) and
Schmidt (1972), where especially Roth’s lower bound on the Ly discrepancy established
discrepancy theory as an interesting and well-studied subject. However, the mentioned
constructions fail to achieve the optimal L,, discrepancy rate. To this end, we need to
apply certain modifications to these point sets and sequences, among which are digital
shifts and symmetrization. These modified variants are known to have the optimal order
of Ly discrepancy. It is an important aim of this thesis to extend these results to the L,
discrepancy.

The problems treated in this thesis are twofold:

e We would like to find exact formulas for the L, discrepancy of point sets achieving
the optimal rate of this quantity. Such formulas are rare, since they are difficult
to obtain. Results of this kind have previously been found, among others, by
Halton, Zaremba, Faure, Kritzer and Pillichshammer, who considered generalized
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Hammersley point sets in base 2 or arbitrary bases. All these authors provide exact
formulas only for the L, discrepancy. For the first time, we will also find an exact
formula for p # 2, namely for the L, discrepancy of digit shifted Hammersley point
sets. Further, we will study the Ly discrepancy of symmetrized Hammersley point
sets and van der Corput sequences in arbitrary bases thoroughly. The aim of all
these results is to compute the leading coefficients of the leading y/log N-term. The
methods to find such exact formulas are of elementary, number-theoretic nature
and require dealing carefully with digit expansions of numbers.

It will turn out that a precise computation of the L, discrepancy of modified Ham-
mersley point sets or van der Corput sequences would be extremely difficult and
technical for p ¢ {2,4}. We will therefore exploit other techniques to show the
optimal L, discrepancy rate for certain point sets and sequences, which however
will not provide exact constants of the leading term. The necessary tools come
from harmonic analysis and involve Haar functions, Littlewood-Paley theory and
function spaces of dominating mixed smoothness, which have previously been used
for example in works of Triebel, Hinrichs, Markhasin, Dick, Pillichshammer and
others. These methods are strong enough to classify those variants of the Ham-
mersley point sets and the van der Corput sequences which achieve the optimal
order of L, discrepancy for all p € [1,00). In particular, this thesis contains the
first explicit constructions of infinite sequences in [0, 1) with an L, discrepancy of
order y/log N for all N > 2 and all p € [1,00), namely symmetrized van der Corput
sequences. Further, the approach via Haar functions opens the door to consider
the norm of the discrepancy function in spaces of dominating mixed smoothness
and further function spaces, and we will do so for our point sets and sequences
in interest. The most surprising result which we will obtain is the fact that for
positive smoothness parameters infinite sequences in the unit interval [0,1) can
achieve the same optimal discrepancy rate in Besov spaces of dominating mixed
smoothness as finite point sets in [0, 1).

The structure of this work is as follows: In the first chapter we give a definition of
discrepancy and present several simple examples. We further comment on its relations
to uniform distribution modulo 1 and numerical integration and state known facts on
general bounds on the discrepancy. In Chapter 2 we introduce several variants of the
Hammersley point set and the van der Corput sequence, give a survey on known results
and explain the basic tools for our proofs. These tools are exact formulas for the discrep-
ancy function of Hammersley point sets, as well as the basic information on harmonic
analysis. Chapter 3 is dedicated to our precise study of discrepancy, as explained in the
first point above, whereas Chapter 4 deals with the estimation of L, discrepancy and
beyond via the harmonic analysis approach, as explained in the second point.
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Basic notation We briefly introduce the basic notation used throughout this thesis.

We denote by N the set of positive integers {1,2,3, ...} and write Ny if we also include
zero. The set of all integers {...,—2,—1,0,1,2,3,...} is denoted by Z. By Q and R
we mean the set of rational and real numbers, respectively.

We will use the basic notation from set theory. For two sets A and B we write their
union and intersection as AU B and A N B, respectively, and A\ B is the set of all
elements, which are contained in A but not in B. We write x € A if x is an element of
the set A. We write () for the empty set, which does not contain any elements. Let M
be a universe and A C M. The function 14 : M — {0,1} defined through 14(z) =1
if v € Aand 14(z) =0 if z ¢ A is the indicator function of the set A. The cardesian
product of two sets is given by

Ax B:={(a,b):a € Abe B}.

For s € N we write A® := A x A x --- x A. We will mainly consider intervals of the
form [a,b) :=={zx € R:a <z < b} for a,b € R with a < b. For a = (ay,as,...,as) € R
and b = (b1, bs,...,bs) € R, where a; < b; for all i € {1,2,...,s}, we set

[a,b) = [a1,b1) X [ag,by) X -+ X [a, bs).

For a finite set P we mean by |P| the number of its elements. For a Lebesgue measurable
set A we denote by |A| its Lebesgue measure, e.g. we have |[a,b)| =b — a.

The function log,, is the logarithm in base b. If we omit the lower index b, then we always
mean the natural logarithm in base e, where e is Euler’s number. We will sometimes
consider exponential functions of the form e*™", where 7 is the perimeter of a circle with

diameter 1 and where i := /—1.

Let z € R. By |z| we denote its absolute value. Then [z| is the largest integer z
such that z < z, and [z] is the smallest integer z such that z > x. We speak of
{z} = x — |x] as the fractional part of x. The distance of = to its nearest integer is
denoted by ||z||, which can also be defined via ||z| := min({z}, 1 —{z}). For a complexe
number z = a + bi, where a,b € R, its absolute value is given by |z| := Va2 + b2.

For functions f,g: N — R*, we write g(N) < f(N) and g(N) 2 f(INV), if there exists a
C' > 0 such that g(N) < Cf(N) or g(N) > Cf(N) for all N € N, N > 2, respectively.
This constant C' is independent of N, but might depend on several other parameters
aq,...,q;, which we sometimes emphasize by writing Sq, ..o, and 24, .., respectively.
Further, we write f(IN) =< g(N) if the relations g(N) < f(N) and g(N) = f(IV) hold
simultaneously. We write f(N) = O(g(N)) if there exists a constant C' > 0 such that
f(N) < Cg(N) for all N € N.

Finally, we will make extensive use of the fact that for an integer base b > 2 every
number n € N has a unique representation of the form

n=ngb® + - +n1b+ ny,

where n; € {0,1,...,b—1} forall i € {0,...,k} and nj # 0. We speak of the b-adic (or
dyadic, if b = 2) expansion of n.
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1. Discrepancy of point sets and
sequences

1.1. Definition of discrepancy and general facts

1.1.1. Discrepancy and uniform distribution modulo 1

The notion of discrepancy describes the irregularity of point distributions on certain
sets. The most studied case deals with points in the multi-dimensional unit interval
[0,1]%. The two central questions are:

e For a given integer N > 1: How can we distribute an N-element set of points
P ={xo,...,zny_1} in [0,1)® as uniformly as possible?

e How can we construct infinite sequences S = {xg, 1, ... } in [0,1)® such that for
every integer N > 1 the first N elements of S are well distributed in the unit
interval?

To answer these questions, we should first define an adequate measure for the irregularity
of point distributions in the unit interval. Intuitively, one would probably consider a
set of points P = {@g,...,xn_1} to be well distributed in the unit interval, if each
measurable subset U of [0, 1]* contains a number of elements in P which is proportial to
the Lebesgue measure of U. However, it turns out that it is too restrictive if we demand
this for every arbitrary subset U. In this thesis, we will follow the classical approach
and measure the irregularity of point distributions with respect to intervals of the form
[0,t). Here, for t = (t1,ta,...,ts) € [0,1]°, we mean by [0, ¢) the s-dimensional interval

[0,t) = [0,t1) X [0,t9) X -+ % [0, ).
We need the following essential notation.

Definition 1.1. For a given N-element point set P = {xg,...,xx_1} in [0,1)°, the
expression

AN('[Z,P) = AN([O,t), P) - Ntltg . ts

is called the discrepancy function of P, where Ax([0,t),P) := [P N[0,t)|. Note that we
can also write Ayx([0,t),P) = SN 1.4 (,), where 1; denotes the indicator function
of the interval I. We will do so in appropriate parts of this thesis. We will speak of
An([0,t),P) as the counting part of the discrepancy function and of Ntits. ..t as its
volume part.

The discrepancy function describes the difference of the actual number of elements in P
which lie in [0, ¢) and the expected value N|[0,t)| = Nt1ts...t,. This difference should
be as small as possible for all intervals [0,¢t) C [0, 1]°. In other words, the supremum
SUPysepo, 1 [AN(E,P)], i.e. the supremum norm of the discrepancy function, should be
small. It is therefore reasonable to consider a norm of the discrepancy function. This
leads us to the central definition of this thesis.




Definition 1.2. Let P = {xy,...,xn_1} be a set of N points in the unit interval [0, 1)*.
Then the star discrepancy of P is the supremum norm of the discrepancy function, i.e.

Lo n(P) = sup |An(t,P)|. (1.1)

tel0,1]°

For p € [1,00), we define the L, discrepancy to be the L, norm of the discrepancy
function, which is given by

Ly (P) = ( [, v P dt);’ . (1.2

We will often omit the lower index N in the notion of L, and star discrepancy for
concrete point sets and simply write L,(P) and Lo (P), respectively, since the number
of elements is fixed and in most cases known from the context. We continue with several
discrepancy results on simple point sets.

Example 1.3. We consider the centred regular grid in the one-dimensional unit interval
[0,1), which for N € N is defined as

2k+1
Ff\,::{ 2;\—[ :kG{O,l,...,N—l}}.

Our aim is to calculate the L, discrepancy of this point set. To this end, we consider the
absolute value of its discrepancy function. It is easy to convince oneself that |Ax (¢, T'S)]|
is given as shown in the following image:

N =

2N 2N N

We see from this image that ||[Ax(-,T%)]|ec = 3; thus we have

1
2
1
L(T'§) = =.
(%) =5

For 1 < p < oo, we compute

YA rq = vppar— (1) L
£ T t:2N/ Newdt = (=) ——

and therefore

1
R VAR TR
L) =5( 1)

We have lim, o L,(I'y) = Lo(I'%); a relation which must of course be true for any
point set P.



Note that there exists an explicit formula for the Ly discrepancy of point sets in [0, 1)®.
Let P = {xo,...,xn_1} with &y = (241, ..., 2xs) for k=0,..., N — 1. Then we have

2

LanPP = [ (X tu (o) - Nlo.0)) o

[0,1)¢
s 1 N—-1 s 1

:N2H/ t2dt; —2N Y H/ i) (2ry) At
i=170 k=0 i=1"0

N—-1 s

1
+ H/O Ljo.t) (ki) 10,6 (0,0) At

k,l=01=1
N2 N-1 s N-1 s 1

1
—35—2N2H/ tidti—l—ZH/ 1dt;
Tk,

k=0 i=1 k=0 i=1/ max{zy,i,@1,i}

_N N z ﬁ[(l — ;) + i ﬁ (1 — max{zg;, x;})- (1.3)

k k,1=0i=1

3s 2571

This formula is due to Warnock [77].

A central problem in discrepancy theory is to find for a given cardinality N the point set
with the lowest discrepancy of all N-element point sets. The following theorem offers
a solution to this problem for the L;, Ly and the star discrepancy of point sets in the
one-dimensional unit interval [0, 1).

Theorem 1.4. Let N € N. We have

1 ] 1
A Duv(P) =7, iof Lon(P) = = and  inf Loon(P) =3,

where the infimum is extended over all N-element point sets in [0,1) and where this
infimum is attained only for I'S in all three cases, respectively.

Proof. Throughout the whole proof, let P = {zg,z1,...,2y_1} C [0,1) be an arbitrary
N-element point set in the unit interval, where we assume that xo <z <--- < zxpy_1.

We show the claim on the L; discrepancy. We have

P N—-1 .. 1
Ll,N(P):/OO|—Nt|dt+Z ' |l<;—Nt|dt+/ |N — Nt|dt
k=1 TN-1

Tk—1

N N N-1
=—zg+-(1—aya)’+N >,
2 2 =1

Tk

k
— —t| dt. 1.4
v (14)

Tr—1

We show that [7* ’% —t‘ dt > 1(zp —zpq)? forall k € {1,...,N —1}. If £ €

Tp_1, %), then with €, = 1(zx + z4_1) — £ we have
2 N
o |k k/N [ | T k
——tdt:/ By a t— ) at

(kN L kY
To\N T T\




:; {(;(mk — Tp_1) — ek>2 + (;(l’k — Tp-1) + Ek)2}

1/1 1
:5 <2<$k — $k71)2 + 26%) Z Z(xk — $k71>2-

£ —t| dt > o, — mp)? if

N > 1, or ﬁ < xp_1. Since X0 (zp — 2_1) = Tn_1 — 70, We conclude from (1.4)

In a similar manner one can check that we even have [;*

2 2
P25 (= 55) + 3) 5 ((L=ova = 5 + 35)

+NN_1<( 1)+1>2
- Thr1 — Tk — 7 ~
g = N/ TN
N /1 1 1 N /1 1 1
SO g =V — V(1 m oy — —) + ——
_2<N(x0 2N>+4N2)+2<N( TN-1 2N)+4N2>
+NN‘1<2( 1)+ 1)
L = \N\ET T TN T
1 1 11 1 1
= — l—ayg—— )+ —
2(% 2N)+8N+2< IN-17 5 >+8N
+1< N—1>+N—1_1
g N1 T Ty AN 4

Since P was chosen arbitrarily and since Ly (T'§,) = 4, we have shown infjpj—y L1 n(P) =
i as claimed. Additionally, it follows from the proof that we have equality if and only
if zg = ﬁ, ry_1=1-— ﬁ, Tp — Tp1 = % aswell as e, =0, i.e. 21+ = %, for all
ke {l,...,N—1}. It is easy to see that all these conditions are satisfied simultaneously
if and only if z;, = 2+ for all k € {0, .. — 1} e if P=T%.

In order to verify the result on the Ly discrepancy, we prove an explicit formula for
Ly y(P). From (1.3) for s = 1 we already know that

N2 N-1
(Lon(P))? —7—N Z 1—a23)+ Z (1 — max{xzy, z;})
k=
2N2 N-1 -1 k N—-11-1
= N m Y -+ Y Y-,

k=0 k=0 =0 =1 k=0

Applying some elementary algebra, one finds that the Lo discrepancy of P is given by

the formula )
Nl 2k +1\° 1\
L =N E — — .

It follows that Lo x(P) > 1/4/12 with equality if and only if z, = (2k + 1)/(2N) for all
ke{0,1,....N—1},ic if P =TI%.

We prove now that I'§; is the best distributed N-element point set in [0, 1) with respect
to the star discrepancy. We first assume that xo # x;. We choose ¢ > 0 such that
e <min{1/N,z; — xo}. Then we have



2Loo,N(P) =Loo,N(P) + Loo,n(P) = |An(z0 + &, P)| + |An(20, P)]
Z’AN(IO + 8,7)) — AN(I(),P)’ = |1 — N($0 + 8) — (—N$0)|
=|1 — Ne| =1— Ne.

We can choose € arbitrarily close to zero; hence we have 2L, y(P) > 1. If 2y = x4, the
above argumentation yields even 2L, x(P) > 2, and therefore we have Lo, n(P) > 1/2
in any case. Since P was an arbitrary point set, we have shown that the star discrepancy
of any N-element point set in [0, 1) is bounded from below by 1/2. This value is achieved
for I'§; as observed in Example 1.3. The result on the star discrepancy follows also from
the formula

Loon(P)=N max

x —_—
k=0,1,...,.N—1 k

IN 2’

2k+1‘ 1

which has been shown by Niederreiter (see [55, Theorem 2.6]). Considering this formula,
it is clear that the infimum of the L., discrepancy is attained only for the centred regular
grid. O

Theorem 1.4 confirms that in the one-dimensional case the point set one would intuitively
consider as the best distributed has indeed minimal L;, L, and star discrepancy for a
given number of points. One would hope that a multidimensional version of the centred
regular grid achieves the same in higher dimensions.

Example 1.5. Let m € N. Then the centred regular grid with N = m?® points in the
unit interval [0,1)® is the point set

e ‘_{<2k1+1 2k + 1 2k, + 1

3 g e ey

2m 2m 2m

):kl,...,ksE{O,l,...,m—l}}.

This point set is illustrated for s = 2 and m = 4 in the following:

1_% . . . .
m
L] L] L] L]
L] ° ° L]
1
% L ] * o [ 3
1 1
2m 1 2m

As a warm-up for what to come in the main parts of this thesis, we compute the Lo
discrepancy of I'¢, . exactly. We therefore employ Warnock’s formula (1.3) once again

to find 7
2s m—1 s 2
# 2k, + 1
w2 (5) S (- (%)
3 27 b he=0iz 2m
P ( {kaﬂ—l 2li+1}>
+ 1 — max , _
k1,.oks=0i=1 2m 2m
l1 ,,,,, lS:(]



We interchange products and sums and obtain

(a2 =5 —2(3) 1T S (1 (50 )
e

=1 k;,0;=0 2m 2m
_mQS 2<m)s 8m2 + 1 S+ om?+1\°
- 3s 2 12m 6

m?s 2( 2+1>S+1< 2+1)8
= ——=|m + = —\m +=] .
33 33 8 3% 2

To see the order of magnitude in N of this expression, we apply the binomial theorem
and compute

=5 - 28 (o () 5 (e )

2s

m 2 2 S 95 9 2—4>
— = s 2 s O s
35 35( g+ O

1
+ = <m2s i §m25—2 i O(m28_4)> _

; ‘535 m2—2 4 O(m23_4).

We obtain
. L2 (an s) 1 S
lim ————= = —/—.
N—o00 Nl—g 2V 3s
The Ly discrepancy is of order N 1’%, which seems to be unsatisfactory large. The star
discrepancy of I', . shows a similar behaviour. It is known that

1\%
Loo(an,s) =m® — (m - 2) :

The fact that Lo (I, ) > m® — (m - %)S follows from the fact that all points of I,

lie in [0,1 —1/(2m)]*. The proof of L (T%,,) < m® — (m — %)s can be found in [48,
Theorem 2.19]. It follows from this formula that

1\ % s 1 s—k
Lol =m* = (m =) =m* - 2 @ (=)
5—2 s—k
S a1 S k 1 S s—1 5—2
=-m* =) ( )m (—) =_-m" +0(m* ),
2 =\ 2 2

ie. Loo(Iy, ) < N 1= This convergence rate is extremely bad as the dimension gets lar-
ger. As we will see in the next Section 1.2, it is already very bad in the two-dimensional
case.

Let us now consider infinite sequences. In Theorem 1.4, we completely solved the prob-
lem to find the N-element point set in [0, 1) with the minimal L;, L, and star discrep-
ancy. Therefore discrepancy theory for point sets in [0, 1) is almost trivial and not very
interesting. This changes completely, if we wish to construct a sequence S = {xg, z1,...}



of points in [0, 1), where the set of the first NV elements of S shall have a small discrep-
ancy for all N € N. This is not a trivial task at all. The construction of such well
distributed sequences has strong connections to the theory of distribution modulo 1.
We call a sequence S = (x,,),>0 in [0, 1)® uniformly distributed modulo 1, if

lim An([a,b),S)

Jim SEE2LE o b)) (15)

for all intervals [a,b) € R®. In this definition, for a = (a4,...,as) and b = (by,...,by)
with a; < b; for all i € {1,...,s} we set [a,b) = [ay,b1) X -+ X [as, bs). Further we
define

An([a,b),S):=[{neNy: 0<n<N-1 and =, € [a,b)}|.

Finally, |[a,b)| = [1I;_,(b; — a;) denotes the Lebesgue measure of [a, b). Roughly speak-
ing, uniform distribution modulo 1 means that for N tending to infinity, the relative
number of elements in any interval [a, b) equals the measure of this interval. Uniform
distribution modulo 1 can also be defined for sequences in R®, but then one has to take
the component-wise fractional part of each element of the sequence. We show that it
suffices to demand (1.5) only for intervals of the form [0, ¢) with t = (¢4,...,%5) € [0, 1]°.
This is trivial for one-dimensional intervals, for which we have [a,b) = [0,0) \ [0,a). We
also consider the two-dimensional case and observe that

: AN([avb)’S) 1 AN([O7b)78) : AN([()? (abb?))vs)
TN AT N MR W
— lim AN([O’(bha?))vS) + lim AN([O>a)7S)
N—oo N N—oo N

:b1b2 — a1b2 — b1a2 + a1a9 = (bl - al)(bg — CLQ) = |[a, b)l

The case s > 2 can be shown similarly. We observe further that the definition of uniform
distribution modulo 1 may also be written in the equivalent form

lim AN([()? t)’ S)

N—o0 N - 0

for all t € [0,1]*, where Ax([0,%),S) is the discrepancy function of the first NV elements
of S.

Definition 1.6. Let S = {xy,x1, ...} be a sequence of points in [0,1)°. Then the dis-
crepancy function Ay (t,S) is defined as the discrepancy function of its first N elements.
The L, discrepancy L, n(S) of S for 1 < p < oo and N € N is then defined analogously
to the case of finite point sets.

A criterion for uniform distribution modulo 1 is then

lim Ly ’N<S)

N—oo

= 0. (1.6)

for any 1 < p < oo. For further information on the equivalence of uniform distribution
and (1.6) we refer to [48, Theorem 2.15, Corollary 2.23]. Note that we will not omit
the lower index N if we deal with the L, discrepancy of infinite sequences, since in
this case the number N is not fixed. The L, discrepancy quantifies the convergence
rate of the limit in the definition of uniform distribution modulo 1. It is therefore a
quantitative measure for how well a sequence is distributed in the unit interval. There



exist further criteria for uniform distribution modulo 1. As a qualitative measure for
distribution modulo 1 we state the famous criterion due to Weyl, who initiated the
study of uniform distribution in his celebrated paper [78] from 1916. He showed that a
sequence S = {xo, x1,...} C [0,1)* is uniformly distributed modulo 1 if and only if for

all h € Z* \ {0} we have
1 N-1
lim — E eZmihan —

N—oo N -0

Here x - y denotes the usual inner product of two elements x,y € R®.

Example 1.7. For o € R we consider the sequence § = ({na}),>o in the unit interval
[0,1). We use Weyl’s criterion to decide whether this sequence is uniformly distributed
modulo 1 or not. Let h € Z\ {0} be arbitrary. Since x — e*™* is a one-periodic
function, we have

1= ih{na} 1 ih 1S 2mih
P LM DI DA CLOR

We assume that « is irrational. Then ha ¢ Q and consequently e*™"® £ 1. Hence we
can apply the formula for geometric sums to obtain

N-1 2wiNha
LI B el [ N B
N = N 627r1ha -1 N |627r1ho¢ _ 1|

for N — oo. Since this holds for any h € Z\ {0}, the sequence S is uniformly distributed
modulo 1 if « ¢ Q. Let now a € Q, i.e. a = § for some p € Z,q € N. Then we can find
a non-zero integer, for instance h* = ¢, for which h*a € Z. For h* we have

1Nl 1N1

e 2rih* {na} _ Z 2rinh*« Z 1= 1

||Pﬂ2

1
N~

hence Weyl’s criterion is violated. As a result we have that S is uniformly distributed if
and only if « is irrational. A higher-dimensional version of such sequences can be found
in [21, Example 3.6] or [48, Proposition 2.6].

1.1.2. Numerical integration

We consider a function f which is defined on the s-dimensional unit cube [0, 1]°. We
would like to compute the integral

I(f) = /W £(£) dt. (1.7)

For most integrands this integral can not be evaluated exactly. Either it is not possible
to find an anti-derivative of f or the function values are only partially available. This is
why one usually employs numerical methods to find good approximations for 7(f). We
intend to approximate I(f) by an algorithm of the form

1 N—
Qn( N Z (1.8)

k=0



where the set {xo,...,xy_1} of sample points consists of elements of [0,1)°. The es-
sential question is to find sample points such that Qy (P, f) requires only few function
evaluations (i.e. NNV is small), but delivers a reasonably good approximation to the in-
tegral of f. For P = {xq,...,xy_1} we consider the integration error

as a quality measure for P to approximate I(f).

The concept of Monte Carlo methods is to choose the set of sample points P independ-
ently and identically distributed in [0,1)%. If f € Ly([0,1)%), it can be shown that the
expected value of the integration error of a Monte Carlo rule satisfies

(see e.g. [48, p. b]), where o[f] denotes the standard derivation of f. The Monte Carlo
method requires the generation of random sample points, which is not an easy task.
Furthermore, it is desirable to reduce the somewhat slow convergence rate of 1/ V'N.
Let us first consider the one-dimensional case. For f :[0,1] — R with continuous first
derivative the fundamental theorem of calculus delivers

-/ Pyt

which we insert into (1.9). Our algorithm Qx (P, f) shall use the sample points P =
{zo,...,xy_1} in [0,1). Hence, with the arguments in [48, Section 3.1] we find

1N1

e, / dt—//f t) dt de

1Nl

=/ Nzlx"l (t) (t)dt—/ol/ntf’(t)dxdt
:/0 f’(t)(lszlll,nl] )dt.

At this point we note that the expression in the large brackets is exactly the discrepancy
function of P divided by N. We use the triangle inequality and Hélder’s inequality, which
states that for functions F,G € Li([0,1]*) and parameters 1 < p,q < oo satisfying
1/p+1/g=1 (where p =1 for ¢ = oo and p = oo for ¢ = 1) we have

I FGlLyo,15) < 1F 20,09 |Gl La(0,175) (1.10)

to obtain
Lot Lo
(£ P) <5 [ 17 OANP A< P Iy Lon(P). (111)

We remark that (1.11) separates the influence of the integrand f and the sample points
P on the integration error. Additionally, we see that the smaller the L, discrepancy of
P, the smaller the integration error. If we choose P = I'§;, then we have

1
1 1 p
) < — [ —— /
(. M|_2N<p+1>lﬁﬂuwm»



if f has a continuous first derivative. We achieve a convergence rate of 1/N, which is
much better than using Monte Carlo methods. We see that it is possible to achieve a
considerably better convergence rate by using deterministic sample points. We therefore
speak of quasi-Monte Carlo algorithms. For completeness, we state a higher-dimensional,
much more sophisticated version of inequality (1.11), which is known as the famous
Koksma-Hlawka inequality:.

Theorem 1.8 (Koksma-Hlawka inequality). Let P be an N-element point set in the
unit cube [0,1)°. Then for all functions on [0,1]° with bounded variation V(f) in the
sense of Hardy and Krause we have

le(f, P)] < V(f)Loon (P).

A proof and a definition of V( f) can be found in [41, 49]. Note that V(f) is a quantitative
measure for the fluctuation of f. We close this section by mentioning that the choice of
good sample points does not only depend on their discrepancy, but it is also important
to consider properties of the integrands f. For instance, so-called lattice point sets
work well for functions in the Korobov space (see [48, Section 4.4]), where a higher
smoothness of the integrands leads to a better convergence rate of the integration error.
Nonetheless, the results presented in this section demonstrate that the study of the
discrepancy of point sets is not only of theoretic interest, but also has applications in
numerical integration.

1.2. Bounds on the L, and star discrepancy

This section is dedicated to the best known upper and lower bounds on the L,, discrep-
ancy of point sets in [0,1)% for all 1 < p < co. Clearly, a trivial upper bound is given
by N, since |An(t,P)| < N for all t € [0, 1]° and therefore

L,N(P) < Lown(P)= sup |An(t,P)| < N.
tel0,1]¢
for all 1 < p < oo. In this argumentation we considered the monotonicity of the L,
norms, which yields L, y(P) < L, n(P) for 1 < p < g < co. For s = 1 we also know a
sharp lower bound on the L; discrepancy and hence on the L, discrepancy for all p > 1
(see Theorem 1.4), which is constant.

The situation for s > 2 is by far more complex and difficult. In 1954 Roth [63] showed
his celebrated lower bound on the L, discrepancy, which is probably the best-known
result in discrepancy theory. It says that the Lo discrepancy of any N-element point set
P in the unit cube [0, 1)® satisfies the bound

Lyn(P) 2. (log N)T. (1.12)

Roth’s bound demonstrates in particular that in higher dimensions the Ly discrepancy
cannot be bounded in N, as it is the case for s = 1. The upper bound holds also for the
L, discrepancy for p > 2 due to the monotonicity of L, norms as explained above. It
took more than 20 years until the same lower bound has also been shown for 1 < p < 2
by Schmidt; i.e. the L, discrepancy of any N-element point set P in the unit cube [0, 1)°
satisfies the bound

s—1
2

Lyn(P) Zp,s (log N) (1.13)

10



forall 1 < p < oo (see [65]). We will present a proof of Schmidt’s result in Section 2.3.4.
It turns out that lower bounds for the L; discrepancy are much harder to prove. Halasz
could show that the L, discrepancy of any N-element point set P in the unit square
[0,1)? satisfies

Lin(P) 2 y/log N. (1.14)

This convergence rate matches Roth’s and Schmidt’s lower bounds on the L, discrep-
ancy. However, for s > 3 no better bound than the one of Halasz is known.

It is natural to ask whether the given lower bounds are sharp in the order of magnitude
in N; i.e. if there exist point sets which match these bounds. The first break-through
in this direction came in 1956, when Davenport [16] presented an explicit construction
of a point set in the unit square [0, 1)? with an Ly discrepancy of order y/log N.

Example 1.9. Let a € R\ Q with continued fraction expansion a = [ag; a1, as, . .. |
such that the sequence of partial quotients (ay)r>1 is bounded. We consider the point
set

Ln(a) = {({na},;’\‘f) nef{0,1,...,N— 1}}

and a symmetrized version
Ly(a):=Ly(a)U{d—zy): (z,9) € Ly(a)}, (1.15)

which has 2N elements. Then we have

LQ(EN(O./)) 50& \/ log N.

The symmetrization of point sets will also play a major role in this thesis. It turns
out that symmetrization is often a useful method to construct point sets with the best
possible rate of Ly and L, discrepancy. A thorough discussion of Davenport’s principle,
applied to the Hammersley point set, can be found in [13]. Note however that the
symmetrization is not always necessary in the above example. Bilyk [4] could show
that the non-symmetrized point set Ly () has the optimal order of Ly discrepancy, i.e.
Ly(Ln(a)) <o v/1og N, if and only if the bounded partial quotients of v = [ag; a1, as, . . . |
satisfy

n

Y (=1 a

k=0

Svn

for all n € N.

There exist point sets in every dimension s with the order (log N )% of L,-discrepancy
for all p € (1,00) (see [12] for the first existence result), which shows that the lower
bound given in (1.13) is sharp. Further existence results for point sets with optimal
order of L,-discrepancy can be found in [15, 20, 67]. However, all these results for
dimension 3 and higher are only existence results obtained by averaging arguments.
Chen and Skriganov [14] gave for the first time for every integer N > 2 and every
dimension s € N, explicit constructions of finite N-element point sets in [0, 1)® whose
L, discrepancy achieves an order of convergence of (log N )% The result in [14] was
extended to the L,-discrepancy for p € (1,00) by Skriganov [66]. Further explicit
constructions can be found in [21, 51, 52, 53].

11



There exist similar lower and upper bounds on the L,, discrepancy of infinite sequences.
From the results of Roth and Schmidt Proinov [59] was able to show that for a sequence
S ={xy,x1,...} in [0,1)° we have

Lyn(S) 2, (log N)2  for infinitely many N € N. (1.16)

This is true for all p € (1,00). Regarding Halasz’ result we obtain from Proinov’s
arguments that the bound holds also for the L; discrepancy of sequences in [0, 1); i.e.
for a sequence S = {zg,z1,...} in [0,1) we have

Ly n(S) 2 y/log N for infinitely many N € N. (1.17)

Again we ask whether these bounds are sharp. Proinov could prove in [60] that sym-
metrized van der Corput sequences as introduced in Section 2.1 have an L, discrepancy
of order y/log N for all N € N. Based on higher order digital sequences, this result on
the Lo discrepancy was extended to arbitrary dimensions several years later by Dick
and Pillichshammer (see [22, 23]), whereas the problem for the L, discrepancy remained
still open. In a joint work [45] with Pillichshammer the author could prove that the
symmetrized van der Corput sequence achieves even the optimal order of L, discepancy
for every 1 < p < oo, thereby showing that Proinov’s lower bound is sharp in the
one-dimensional case. This result is part of this thesis and will be presented in a more
general form in Section 4.2. A short time later, Dick, Hinrichs, Markhasin and Pillichs-
hammer [17] could show that higher order digital sequences achieve the optimal order
of L, discrepancy for all 1 < p < oo and in all dimensions.

Apart from sharp bounds on the L, discrepancy in the order of magnitude in N, one is
also interested in the coefficients of the leading term (log IV )%1 In dimension two and
for p = 2, much effort has been put into the investigation of such constants. To be more
precise, we are interested in the infimum

Lo n(P)

|7;\H:N Viog N’
which is extended over all N-element point sets in the unit square. Borda [9] could show
by considering the lattices £(a) from Example 1.9 for o = (/5 4 1)/2 that

liminf inf M

< 0.176006. . ., (1.18)
N—oo |P|=N 4/log

a constant which was previously discovered in [8] by numerical experiments on symmet-
riced Fibonacci lattices. The currently best known lower bounds were found in [40] by
Hinrichs and Larcher, who showed

inf inf 225P) S 051550 .

N>2|P|=N y/log N
and L (P
limsup inf L()
N—oo |PI=N 10g
The best implied constants for the L; discrepancy of point sets in the unit square are
due to Vagharshakyan [73], who improved Haldsz’ proof and showed that

liminf inf M
N—oo |P|=N /log N

> 0.061073. ..

> 0.00854... and

12



limsup inf Lin(P)

N—oo IPI=N y/log N

We close this section with remarks on the L; and L., discrepancy of point sets in [0, 1)*
for s > 3. The sharp order of the L, discrepancy is known for point sets in the unit
square and sequences in the one-dimensional unit interval by the result of Halasz. The
problem to find sharp bounds also for s > 3 is wide open. It is conjectured that the right
order should be (log N)*z and hence matching Roth’s and Schmidt’s bounds on the

s—1
2

> 0.01137... (1.19)

L, discrepancy. It has been shown in [2] that whenever we have L, n(P) < (log N)
for an N element point set P in [0,1)® and a p € (1,00), then we also have L, y(P) 2
(log N )%1 This means that if one tries to find a point set whose L; discrepancy is of
lower order than (log N )%, then one has to choose a point which does not have the
optimal order of L, discrepancy.

The best known open problem in discrepancy theory is probably the determination of
the exact order of the star discrepancy. This problem is solved for one-dimensional point
sets (see Theorem 1.4) and also for two-dimensional point sets. Let P an N-element
point set in the unit square. Then we have

Loon(P) Z log N. (1.20)

This bound has been shown by Schmidt [64] in 1980. By Bilyk, Lacey and Vaghar-
shakyan [6] we know that for every dimension s there exists a constant 7(s) € (0, %)
such that for every N-element point set in [0, 1)° we have

Loon(P) Z (log N)S;zl”(s).

This is the best known lower bound in dimension 3 and higher. Note that for s = 3 the
lower bound holds for all 1(3) < 0.017357... as shown in [62]. The exact exponent 6(s)
of log N is unknown, but it is conjectured to be either 6(s) = s — 1 or (s) = 5. The
situation for the star discrepancy of infinite sequences in [0,1)* for s > 2 is unclear as
well. Only for sequences in [0,1) we know that the optimal order of star discrepancy
is O(log N) for infinitely many N. The lower bound has been shown by Proinov based
on Schmidt’s corresponding bound for two-dimensional point sets, and the upper bound
comes from explicit constructions (e.g. van der Corput sequences or the na-sequences
we considered in Example 1.7).

It is in general much harder to find point sets in the unit square with the optimal order
O(ylog N) of L, discrepancy for p € [1, 00) than to construct such with the best possible
star discrepancy rate O(log V). There are several results concerning the Ly discrepancy
like Davenport’s theorem or the results on Hammersley point sets in the next chapter,
but for arbitrary p the results are much sparser. It is an important aim of this thesis
to bring light into this problem and find a large number of point sets in the unit square
and sequences in the unit interval which achieve the optimal order of L,, discrepancy.

13






2. Preliminaries

2.1. Hammersley point sets and van der Corput
sequences

2.1.1. Generalized and symmetrized Hammersley point sets

A prominent example of a point set in the unit square with the optimal order of star
discrepancy O(log N) is the Hammersley point set. For n € N the Hammersley point
set in base b > 2, where b is an integer, with N = b" elements is defined as the point set
Hyrn = {<%+-'-+OL1,CL1+~-+%) Sy, ..., 0y € {O,l,...,b—l}}. (2.1)
’ b "’ b b

Note that n < log N; a fact we shall often consider throughout this thesis. However, the
Hammersley point set has a major drawback. It does not achieve the optimal order of
L, discrepancy for any p € [1,00). This follows for instance from exact formulas for the
Ly discrepancy of this point set, see (2.3). For this reason, several modifications have
been applied to the Hammersley point set in history. Among these are digit shifting,
digit scrambling and symmetrization. In the following, we will explain these variants of
Hp -

Let us first consider the dyadic case. For an n-tuple o = (01,09,...,0,) € {0,1}",
where n € N, we define the point set

an D oy, a1 ®oy a an
'Hz,n(a):{< 5 Tt 12n 1,21—1----—1—2n>:al,...,ane{O,l}},

where the operation & denotes addition modulo 2. We obtain the classical Hammersley
point set Hsy, with 2" points by choosing & = (0,0,...,0). We speak of Hy, (o) as a
digit shifted Hammersley point set.

We would like to generalize the definition of digitally shifted Hammersley point sets to
arbitrary bases. To this end, we observe that we can define Hs (o) also in the following
way: Instead of a tuple o € {0,1}" we consider a tuple of permutations ¥ € {id, 75}",
where id shall denote the identity on {0,1} and 75 the permutation on {0,1} given by
To(k) =1 —Fk for k € {0,1}. Then we identify a tuple o = (01,09,...,0,) € {0,1}"
with ¥ = (01, 09,...,0,) € {id, 2}", where we replace every zero digit in o by id and
every one digit by 7. It is then obvious that

HZ,n(‘T):H;n :{(Ungan) +,.._'_0-12(31),a21+...+a/n) Zal,...,anE{O,l}}.

This definition can be easily transferred to other bases. By &, we mean the set of
all permutations on the set {0,1,...,b — 1} of b-adic digits. A particular element in
Sy is the so-called swapping permutation 73, which is given by 7,(k) = b — 1 — k.
While in the dyadic case we only had the permutations id and 7, there are far more

15



permutations in other bases. We fix a permutation 0 € &, and set @ = 7, 0o 0. For a
tuple ¥ = (04,...,0,) € {0,7}" we define the point set

H,?,n::{<0”(ba”>+-~+gll§p,?+--.+x> :al,...,ane{O,l,...,b—l}}.

We call Hbzm a generalized Hammersley point set. The choice ¥ = (id,...,id) leads
back to the classical Hammersley point set. Of course it would also be possible to apply
more than two different permutations to the digits in the definition of the generalized
Hammersley point set, but the case ¥ € {o,7}" suffices for our purposes and is easier
to handle than a more general tuple X.

Finally, we introduce the symmetrized Hammersley point set. In base 2 we fix o =
(01,09,...,0,) € {0,1}" and set o* = (0},03,...,0,) such that o7 = o; ® 1 for all

j €{1,...,n}. The symmetrized Hammersley point set ﬁz’n(a) is then defined as
7A-[/2,n(a') = Hon(o) UHan(o").

This point set has 2"*! elements. For arbitrary bases, we consider a tuple 3 = (0;)%, €
{o,5}" and set ¥* = (o7)", € {0,7}", where 0f = 1,00, for all i € {1,...,n}. The
symmetrized Hammersley point set (associated to X) consisting of 2b™ elements is then
defined as N

Hyw = Mo UHpn

We speak of a symmetrized point set, because ﬁbzn can also be written as

~ 1
HanzHEnU{G—bn—w,y) (2, y) G”H,bzn} (2.2)
Again we have ﬁgm(a) = 7722“ The reader might wonder why we use a special notation
for the dyadic case. The reason is that it allows us to use a simpler apparatus to study
the L, discrepancy of Hs (o) and Hsy, (o), respectively (see Theorem 2.5 in the next
subsection).

We survey several known results on the L,, discrepancy point sets that we have defined
above. Let us first have a look at the classical Hammersley point set according to (2.1).
We have

-1 1 1
L1 (Hb,n) - n172b + 5 + @, (23)
(La(Hon))* =
(-1 2+n 3b4+10b2—13+b2—1 (1_1> I
12b 72002 12b 2bn 8  4br 7202
(2.4)
and for every p € N we have
b:—1\"
L)y = (“gt) o) 25)

for p € N. The result on the Lo discrepancy for b = 2 has been shown in [75], [34]
and [58]. The results on the L; and the L, discrepancy for p > 3 in the dyadic case
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have been proven in [58]. The generalizations to arbitrary bases can be found in [29]. A
new proof of the result on the L; discrepancy is provided in Remark 4.9. The formula
(2.3) tells us that the classical Hammersley point set does not achieve the optimal order
of L, discrepancy for any p € [1,00). This is why the generalized versions have been
introduced. The first authors who studied digit shifted Hammersley point sets in base 2
(although they did not use this name) were Halton and Zaremba in [34]. They considered
special shifts o, namely

(1,0,1,0,...,1,0) if n is even,
(1,0,1,0,...,1,0,1) if n is odd.

They obtained

9 5n 3 Te, 1 €n 1
LeHanlo)) =13 v s &1 "o T 1620 7220
where €, = 0 for even n and ¢, = 1 for odd n. A result for arbitrary o € {0,1}"
has been shown by Kritzer and Pillichshammer. To state their formula, we need to
introduce the parameter [ = (o) := |{i € {1,...,n} : 0, = 0}/, i. e. [ is the number of
components of o which are equal to zero. Then we have the following result:

Theorem 2.1 (Kritzer and Pillichshammer). Let n € N, o € {0,1}" and [ as above.
Then we have

n? 19n In 12 I 3 n [ 1 1
L n S — — .
Leen@)) =51 -9 "6t its 62 st moa
A remarkable aspect of this result is that the Ly discrepancy depends only on the number
of zero digits in o and not at all on their position. We can write this formula as

(Ls(Han(c)))? = 614 (n— 20)% + O(n). (2.6)

Now it is easy to see that the point set Ha (o) achieves the optimal order of Lo dis-
crepancy if and only if |n — 2l = O(y/n). Roughly speaking, the number of zero and
one digits in o should be quite balanced to achieve a low L, discrepancy. To be more
precise, it follows from Theorem 2.1 that the optimal choice for [ is f”j’ + 2%} (see also
[43, Corollary 1]), which leads to

on

(Lz(%z,n(a')))Q =192 + O(1). (2.7)

The situation of general p is even harder. For even integers p Kritzer and Pillichshammer
could at least prove the existence of a shift o such that

(L (o () < 22022

by considering the mean over all possible shifts (see [42, Theorem 1]). The number
S(p,p/2) is a Stirling number of second kind. This relation means that for even integers
p it is always possible to find a shift o such that H, ,, (o) achieves the optimal order of L,
discrepancy. Generalizations of these results to the point sets ”Hbzm, where ¥ € {id, 7,}",
can be found in [29].
The Lo discrepancy of Hbzn for the general case ¥ € {¢,7}" has been calculated in [31].
We define l = (X)) :={i € {1,...,n}:0;, =0} and Ay(7) = {0 € & : cor, =T,00}.
The numbers @7 and @Z’(z), which appear in the following formula, will be explained in
Section 2.2 and depend only on b and o.

n: 4+ Ons1) (2.8)
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Theorem 2.2 (Faure, Pillichshammer, Pirsic, Schmid). Let 0 € &, and ¥ € {o,7}".
Then we have

(La(H7))? = () ((n — 20)* — ) + O(n).

For o € Ay(T) we have the exact formula

(La(#3,) =(27) (= 202 =)+ 8 (1= o) 21 =)
1 1

3
op® B
TR e e T 7o

It follows immediately that Ly(#;),) = O(y/n) if and only if either [n — 2I| = O(/n)

for any o or if we choose o such that ®] = 0. By [31, Lemma 5] we have

10! 1/b—1\

B > o(a)a= <2>2 : (2.9)

We give examples for permutations o fulfilling (2.9) that were discovered in [30]. We
choose o = id, for r € {0,1,...,b— 1}, where id,(a) := a @, r for a € {0,1,...,0— 1}
(@®p denotes addition modulo b). Then we have

b—1 b—1 b—r—1 b—1
Y idi(a)a=) (a@pr)a= > (a+7r)a+ Y (a+r—b)a
a=0 a=0 a=0 a=b—r

1
_Za+ra—bZa—21+2b2—|—3r —3b(1+1)).

a=b—r

Hence, (2.9) is fulfilled if and only if

b2—1_r(b—r)
2 2

The pairs (b, r) for which this equality is satisfied were given in [30, Corollary 1]. One
could for instance choose b = 5 and r = 1 or r = 4. In [31], further explicit examples
and constructions for permutations which fulfil (2.9) were presented.

Previous results on the symmetrized Hammersley point sets are sparser. However, it is
known that Hb ., achieves the optimal order of L, discrepancy for all ¥ € {o,7}". This
has been shown by Proinov [60] in a very general form. He proved the bound

2

(Lo (H3,)* < = 3logh

logN (2.10)

for all bases b > 2 and all tuples ¥ € {o,7}" and hence gave also an explicit bound for
the leading constant.
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Note that the kind of symmetrization given in (2.2) is due to technical issues. Dav-
enport’s construction from Example 1.9 would rather suggest to investigate the point
set

7/-[\5” = ’Hbzn U {(1 —z,y) : (x,y) € Hbzn} )

However, we will show in the following lemma that the L, discrepancies of ﬁbzn and

7/"?1):,71 differ only by a small margin.

Lemma 2.3. Let b> 2, n € N and N = 2b". Then for all p € [1,00] we have
’Lp(,}/'[z:,n) - Lp(ﬁbz,n” <1

Proof. At first we note that

An([0,t), H;) < An([0,8) , Hy,) < An([0,8), Hy,) + 1. (2.11)

For the proof of this claim we consider an arbitrary interval [0,t) C [0, 1%, Tt is evident
that the point set ’;Bfn results from H;’, if the points in

{A=1/0" —2,y): (z,y) €M}, )

are shifted 1/b™ in the positive z-direction and the remaining points (which are the
elements of H;’,) do not move. Since the z-coordinates of two distinctive elements in

{(1 —1/b" —z,y) : (x,y) € Hbzn} differ at least by 1/b", there is at most one element

in ﬁ?n that might leave the interval [0, %) by shifting these points in the described way,
whereas we cannot get additional points in this interval. Regarding these observations
the above inequalities (2.11) are clear. Therefore we obtain

|AN(t7ﬁ§,n) - AN(t77/{Tb:‘n)| < |AN([07t) 7ﬁl§n) - AN([Ovt) 77/_Fb,;n)| <1
From ||z| — |y|| < |z —y| for all z,y € R we get
AN H) = [An(E H)|| < 1.

Hence we have N
|An (&, 1) < [An(tHy)| +1 (2.12)

and N
|An (&) < [An(tHy,)| + 1. (2.13)

Now we take the L,-norm on both sides of inequality (2.12) and get by applying the
triangle inequality

Lp(ﬁbz,n) = HAN(v;}:[bE,n) Ly
< AN Hp) e, + I,
1

b,n

From inequality (2.13) we derive in an analogue way

which finally yields the desired result concerning the L,, discrepancy of the generalized
and symmetrized Hammersley point sets. O]
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This lemma demonstrates that it is not necessary to treat the point set ’;’-ijn separately,

since all results on ﬁbzn we show in this thesis basically apply also to 7/{?%
In this thesis we would like to solve the following problems:

e We present two different shifts o for which the digit shifted Hammersley point set
Ha, (o) achieves the best possible order of L, discrepancy. We do so by proving
exact formulas for this quantity. We use a method which is very effective to obtain
precise discrepancy results, but is ineffective to classify all shifts o which lead to
the best possible order of L, or even L, discrepancy.

e We will find exact formulas for the Ly discrepancy of the symmetrized Hammersley
point sets. We will first consider the dyadic point sets 772,”(0'). Our results will
show the surprising fact that Ly(Hs, (o)) does not depend on o at all. We will
generalize these exact formulas to arbitrary bases and permutations 3 € {o,7}"
with o € A,(7) and thereby determine the exact constants of the leading term

Vlog N, respectvely.

e We use Littlewood-Paley theory to fully classify for any p € [1,00) the tuples
% € {0,7}" such that the L, discrepancy of %}, has the optimal order.

e By similar means we prove that for any p € [1,00) the symmetrized Hammersley
point sets ”Hbzn achieve the optimal order of L,, discrepancy for all possible tuples
Y € {o0,7}" with 0 € G,,

2.1.2. Generalized and symmetrized van der Corput sequences

Every nonnegative integer n has a unique b-adic representation of the form
n = apb® + ap_1b" "+ -+ a1 + ag,

where the digits ag, a1, ..., ax_1,a) are elements of the set {0,1,...,b— 1}. Recall that
Gy is the set of all permutations of the set {0,1,...,b— 1}. Let us here further assume
that 0(0) = 0. Then we define the function ¢§ : Ny — [0, 1) by setting

O'(Clkfl) a(ak)
b2 REA bk +bk+1'

@y (n) = ;T

We speak of ¢ as a (generalized) radical inverse function. Instead of ¢i? we simply
write p.

Definition 2.4. The (classical) van der Corput sequence in base b is defined as V), :=
(©6(n))n>0- The generalized van der Corput sequence (with respect to o) is the sequence
VY = (p7(n))n>0. For every sequence & = {xg,z1,...} in [0,1) we understand under
its symmetrized version the sequence

S = {zo,1 — zg, 21,1 —x1,... }.

For the symmetrized van der Corput sequences we write consequently V, and 175 , Te-
spectively.
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We survey several previous results on the L, discrepancy of the class of van der Corput
sequences which are relevant in our thesis. A more detailed introduction to these se-
quences is provided in form of the recommendable survey paper [28]. The van der Corput
sequences are prominent examples of so-called low-discrepancy sequences, which have
star discrepancy of order log N for all N € N. Recall that this order is optimal according
to the result of Schmidt, see (1.20). This has been shown for Vs, by van der Corput in
his paper [74] from 1935, where he introduced these sequences. More precisely, we have
for b = 2 by Béjian and Faure

lim sup <LOO7N(V2) — (2.14)

N—o0

log N —%—l— log 3
3log2) 9  3log?2

(see [3]). However, the classical van der Corput sequence does not achieve the optimal
order of L, discrepancy. Pillichshammer showed in [58] that

Lyn(V2) 1

li = 2.15
1]r\1;1_§01ip log N 6log 2 ( )
for p > 1 (see also [61] for the case p = 2). Since we also have
L e o
lim sup 2n (V) _ b, (2.16)

Nooo logN  blogh

for a positive constant 3, , depending only on the base b and the permutation o (see [11]),
the whole large class of generalized van der Corput sequences fails to have the optimal
order of Ly discrepancy and therefore does not achieve the optimal order of L,, discrep-
ancy for p > 2 either. For o = id, it is also known from the work of Chaix and Faure [11]
that Ly n(Vy) 2 log N for infinitely many N, and therefore the classical van der Corput
sequence has an L, discrepancy of exact order log N for infinitely many N and all p > 1.

However, Proinov [60] could show that the whole class of symmetrized van der Corput
sequences V; achieves the optimal order of L, discrepancy. He proved for all N > 2 the

upper bound
2

-1
log N

L o 2<
(Lon(Wy))” < 3logb

for any base b and any o € G,.

We are now interested in the constants which appear as the coefficients of v/log N in
the Ly discrepancy of V. In other words, we are interested in the value of

Vo)
L 1 Lan (V7).
V) = m sup ~es

It turns out that the exact computation of l2(l~)§ ) is very complicated. In previous
research, two different approaches to provide good estimates for l5(V7) have been em-
ployed.

1. The diaphony of a sequence & = {xg, 21, ...} in [0,1) is given by

2)%

Z 2mimany,

FN(8> = ( S m2
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for its first N elements. The diaphony provides a further criterion to decide
whether a sequence § is uniformly distributed modulo 1, as S has this property if

and only if
Fn(S)

S

The diaphony of Vy is well known by the work of Chaix and Faure, who presented
an exact formula for this quantity in their paper [11], from which they could deduce
very precise values for

Fn(VY)
=i )
JOF) = limsup Zoes
From the relation )
L(Vg) < - FO%) (217)

one can further derive upper bounds on l2(17,;’ ) from the results on the diaphony
of V7. The best constants found by this approach are the following:

e Chaix, Faure ([11], 1993): f(V{,) = 1.14706. ..,
e Pausinger, Schmid ([56], 2010): f(VZ) = 1.06674. ..

for particular permutations o in &9 and &sy, respectively. With (2.17) this yields
1,(V%) < 0.36511... and l5(V%) < 0.33955. .., respectively.

. Faure developed a more precise method to find bounds on l(V,) by proving an

exact formula for the Ly discrepancy of 172. He found

n N2 N2
(Lov(W2))? Z(l—||23902 )H)‘QJ BT

J=1

(2.18)

for 1 < N < 2™ To find the exact value of lg(fig), we have to find for every n € N
the maximum

N> N?

2l T

Unfortunately, this is a difficult task. For reasonably small integers n, the max-
imum can be searched for with the aid of the computer. It turns out that probably
the maximum is attained for N(n) € Ny such that

N(n)
on

| nax, (Enj (1= 127¢2(V)]) ’

J=1

= 0.00010001 - -- 0001 (n digits after the comma)

in dyadic expansion, assuming that n is a multiple of 4. By inserting these IV into
the formula for the Ly discrepancy of Vs, we find

421

(Lon(my(V2))? = = 6750

n+ O(1).

Hence we have

N|=

- 421
L(Vs) > [————] ~0.299969 ...
2(V2) 2 <675010g2> ’



where it is strongly conjectured that this is the exact value of 12(172). To find an
upper bound on l3(V;), Faure proved the following formula:

1
NPV
g ) ) '
It therefore suffices to compute the above maximum for certain values of n to find
a desired upper bound. For n = 20 Faure found the value 0.319553 ... However,

searching the minimum for n = 24 (which requires a long runtime) delivers a
slightly better bound, namely 0.316373 ... Summarizing, we have

L(V,) = (inf max ( L ﬁ:(l—”?ﬂlpg(N)H)‘

n>11<N<2" \ nlog 2 ot

0.299969 - - - < I5(Vs) < 0.316373 ...

We have

inf limsup Lan(S)

Se0, )N Nooo l1og N

from Faure’s result. This is currently the best known upper bound for this infimum. It
would be desirable to improve upon this constant, and we will pursue this aim in this
thesis.

< 0.316373... (2.19)

We will treat the following problems concerning the L, discrepancy of the (symmetrized)
van der Corput sequences:

e We will prove an precise formula for the L, discrepancy of the symmetrized van
der Corput sequences My for any base b and any permutation o and try to derive
some precise statements on l(V7).

e We will prove that the sequences Vy do not have the optimal order of L, dis-
crepancy for any p € (1,00), whereas the symmetrized sequences Vy achieve the
optimal order for all p € [1,00) and all b and o.

2.2. The discrepancy function of generalized
Hammersley point sets

The proofs in Section 3 will be based on exact formulas for the discrepancy function of
the point sets Hyn (o) and Hy,.

In the dyadic case, such a formula was found by Larcher and Pillichshammer in [46]. The
proof is based on a thorough Walsh analysis of the discrepancy function. Walsh functions
have many applications in discrepancy theory. We refer to [21] for their definition and
their basic properties. Recall that [|z|| denotes the distance of a real number x to
the nearest integer and that @ means addition modulo 2. Further, it is reasonable to
introduce the notion of n-bit numbers. We call a real number n-bit if and only if it
belongs to the set

Q(2") = {7272 : me{O,l,...,Q”—l}}.

It is obvious that o € Q(2") if and only if it has a representation of the form a =
G4 -+ G2, where oy, ..., o, € {0,1}. The following theorem involves (o, ..., 01)
instead of (o4, ...,0,), which is not a problem since our results will only depend on the

number of zeroes in o.
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Theorem 2.5. For n-bit numbers o = G-+ - -+ 52 and f = %+- : -—1—5—2 the discrepancy
function A(a, ) of Han(o) with o = (0, ...,01) satisfies

1. A, B) = X020 1248] (= 1) (v D Qni1—j(u)), where we set anpq = 0 and
where for 0 <u < n —1 the numbers j(u) are defined as

0 ifu=0,
j(U): 0 Z'fanJrlfj:BjEBo-j fOszlw"aUH
max{j < u:a,i1-; # B; ®o;} else

2. Ala, 1) = 0 for n-bit a and A(ty,tz) = A(t1(n), ta(n)) + 2"(t1(n)ta(n) — tits) for
t1,ta € [0,1], where t(n) and ta(n) are the smallest n-bit numbers greater than or
equal t1 or ty, respectively. (For ti,ty > 1 — 27" we set t;(n) = 1 and ta(n) =1,
respectively. )

In the following, we present a generalization of Theorem 2.5 to arbitrary bases b and
permutations o € &;. To this end, we need some notation that was initially introduced
by Faure in [26].

Definition 2.6. Let 0 € &, and let Z7 = (¢(0)/b,0(1)/b,...,0(b—1)/b). For h €
{0,1,...,b—1} and z € [(k — 1)/b,k/b), where k € {1,...,b}, we define

48, (2) A([0,h/b); k; Z7) — hx if0<h<ok—-1),
x) =

bl (b — h)x — A([h/b,1); k; Z2) if o(k —1) < h < b.

In this definition, for a sequence X = (xp), A([z,y); N;X) denotes the number of
indices M with 1 < M < N such that zy € [7,y). The function ¢7, is extended to
the reals by periodicity, i.e. we have w;h(x) = wgh({x}) for all x € R. We note that
Ygo = 0 for any o and that zbgh(O) = 0 for any o and any h. We define several other
functions which are build of the functions 7, and will appear in diverse parts of this
thesis. First, we put

b—1 b—1
Ug =Sy, and  op® = ()%
h=0 h=0

We also set
N b—1 B N b—2 B N b—2 B
vy = Z Q/Jg,;ﬂ/fziha ¢1i1 = Z wg,h+1¢2,h and ¢I;2 = Z @Dg,hlbg,hﬂ-
h=0 h=0 h=0
Einally, we define ®f := 7 J3 47 (z) dz and analogously the numbers CIDZ’(Q), o7 égl and
(1)8-72'
The following exact formula for the discrepancy function of HbEm goes back to the work

of Faure [26], where he studied generalized van der Corput sequences, and was first
explicitely stated in [29, Lemma 1].

Theorem 2.7. For integers 1 < X\, M < b™ we have

A M s LN M
Ay (b”’ bn77‘[b,n> = jZ::l?/}b,ej(,\,M,E) <b1> :
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The numbers €;(X\, M, X) for j € {1,2,...,n} are given as follows: For 1 < X\ < b™ with
b-adic expansion X = \b" L - X2 4o N,_1b+ N, we define

Ajor = Ao (N) = 0" 4 A

Then, for 1 < M < b with b-adic expansion M = M,b" ' + .- + M;, we define

Vj = Vj(M, 2) = O'j+1(Mj+1)bnij71 + -+ O'nfl(Mnfl)b -+ Un<Mn)

Now we set €, = N\, and for fired 1 < j <n—1 we set

0 Z'fOSAj_l Sl/j,
=AM E)=<Sh difv;+(h=1)0"7 < Aj_y <vj+hb" for1 < h<b,

0 if v+ (b — 1)bn—j < Aj,1 < bt

For X =10" or M = b" we set £;(A\,M,¥) =0 for all1 < j < n.

Remark 2.8. Since the components of all points in #;, are of the form m/b" for some
m € {0,...,b" — 1}, we have in analogy to the dyadic case

An(ti,ta, Hyn) = An(ti(n), ta(n), Hy,) + 6" (B (n)ta(n) — tits)

for all ¢1,t € (0,1], where we set t;(n) := min{m/b" > t; : m € {0,...,0"}} and
analogously ty(n) for an ty,ty € [0,1). This relation has already been remarked in [29,
Remark 3].

It is not obvious that Theorem 2.7 is a generalization of Theorem 2.5. We will therefore
derive Theorem 2.5 from Theorem 2.7 in the following. We need to investigate

AN<)\ - HM) Z%e],\Mz) (g{)

We write 7 =a=%+ -+ 9% and M =f=484...4 6” From the definition of

2n 2
Yy, it is Stralghtforward to convince oneself that il = ngfo = 0 and i = || | as well
as Y31 = —|| - ||. We define the function ¢ : {id, 7'2} — {0,1} by setting ¢(id) = 0 and

t(13) = 1. Then we can write
95, = (1)) - |

for o € {id, »}. Now we have

n— - on
AN (a7B7H2E,n) leQ &5(0,3,%) < > Z ¢2 Eut1(a,8,2) (271—511,)

- 5 e,
En— u(aBE)

In order to verify Theorem 2.5 it remains to show that e, ,(c, 3,%) = 1 if and only if
Op—y @ Qpy1—jwy = 1. From the definitions in Theorem 2.7 we find

An—u—l(a) =ap 2"+t ay

and
Vn—u(aa B) = O—u(ﬁu)Qu_l +oe Ul(ﬂl)'
From the definition of €;(\, M, ¥) we see that ¢,_,(a, 5,X) = 1 if and only if

Un—n < An—u—l S 24 + Vpu-

We distinguish several cases.
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1. Assume that «,,_, = 0. Then we have A,,_,_1 < 2"4v,,_, for sure. The inequality
Vp—y < Ap_y_1 yields the existence of the maximum j(u) := max{j < w: ay41_; #
0;(B;)}, since otherwise we would have equality. But then v,_, < A,_,_; can
only be the case if a,41_ju) = 1 and consequently aj(u)(ﬁj(u)) = 0. This yields
Op—y @ Opy1—j) = 1. Note that o;(53;) = f; @ t(0;), and hence the definition of
j(u) above matches the corresponding definition in Theorem 2.5.

2. Assume now that a,,_, = 1. Then there are two possible cases:

e The case that A,,_y_1 = 2% + vy, yields ay11-; = 5 @ 1(0;) for all j €
{1,...,u} and hence j(u) = 0 (see Theorem 2.5). Then a,11—ju) = ny1 = 0.

e The strict inequality A, , 1 < 2"+ v,_, forces the existence of j(u) :=
max{j < u: opp1—; # 0;(5;)} and further the fact that o, 11— = 0 and
consequently o ;) (Bjw)) = 1.

In all cases we have v, @ aypq1—j) = 1, which completes the proof. O

For the symmetrized Hammersley point sets the following simple principle will prove
very useful.

Lemma 2.9. Given two point sets P; and Po in [0,1)* with Ny and Ny elements,
respectively, and their union P = Py UPy. Note that this multiset may contain identical
elements, which are all counted separately. Let N = Ny + No. Then we have for all
te|0,1)

AN(t, P) = AN1 (t, Pl) + ANZ(t, ,Pz)

Proof. We have

An(t,P) =An+n,([0, ) ,P) — (N1 + N3)[[0, 2)]
:ANI([O’t) 7Pl) - NIHO?t)l + AN2([07t> 77)2) - N2|[0’t)|
=An, (t,P1) + An, (t, P2)

for all t € [0, 1]°. O
In particular, it follow from Lemma 2.9 the important facts that

Agusi (b, Hon(0)) = Do (8, Ha () + Don (£, Ha (o))
and

Agpn (tv ﬁl?n) = Apn (tv ,ngin) + Apn (tv HE;)

2.3. The Haar function system and several function
spaces

2.3.1. The Haar functions

A popular method to estimate the Ly discrepancy of given point sets or sequences is the
following: One takes an orthonormal basis of L ([0, 1)%), for instance harmonic functions
or Walsh functions, tries to find good upper bounds on the Fourier or Walsh coefficients,
respectively, and inserts them into Parseval’s identity. For our purposes, it is reasonable
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to work with Haar functions. We give first the dyadic definition of these functions. A
dyadic interval of length 277, j € Ny, in [0, 1) is an interval of the form

[m m+1 B j
I =1, := {2],2J> for m=0,1,...,2 — 1.
We also define I_; o = [0,1). The left and right half of I;,, are the dyadic intervals
Iit19m and Ijiq 9m41, respectively. The Haar function hj,, is the function on [0, 1)
which is +1 on the left half of /;,,, —1 on the right half of I;,, and 0 outside of I;,.

The following image shows the Haar function h;,, for j = 2 and m = 1.

+1 —

-1 —

The Lo,-normalized Haar system consists of all Haar functions h;,, with j € Ny and
m =0,1,...,27 — 1 together with the indicator function h_1 of [0,1). Normalized in
L5(]0,1)) we obtain the orthonormal Haar basis of Ls([0,1)).

Let N_y = NgU{—1} and define D; = {0,1,...,27 — 1} for j € Ny and D_; = {0}. For
J=0U1J2,---,Js) € N>y and m = (my,ma,...,ms) € Dj :=D;, x Dy, x --- x Dy, the
Haar function hj ., is given as the tensor product

() = gy (6) Ry (82) g, (Es) for t = (t1,ta,..., L) € [0,1)%. (2.20)
We speak of Iy, = I}, my X Ljymy X -+ X I, . as dyadic boxes. We define
17| = max{0, j1 } + max{0, jo} + - - - + max{0, js}
and speak of it as the level of the dyadic box I p,.

We extend this definition to arbitrary bases b > 2 in the following way: For j € Ny we
define D; :={0,1,...,0" — 1} and B; := {1,...,b— 1}. Additionally, we define the sets
D_; :={0} and B_; := {1}. For j € Ny and m € D; we call the interval

m m+1
[j,m = |:bj7bj>

the m-th b-adic interval on level j. We also define I_; o = [0, 1), which is a b-adic interval
on level 0. For j € Ny, m € D; and any k € {0,1,...,b — 1} we introduce the interval

ko m E--m k+1
L = L1 pmrr = g—i‘ bjﬂ,g‘f‘ Bt

It is easy to see that [;,, = UZ;%] I]’fm and If}n N I]]-ffn = () whenever k; # ko. We also put
IELO = [,1’0 = [O, 1)

For j € No, m € D; and £ € B; let hj,, o be a function on [0, 1) with support in [;,, and
the constant value e * on IF,, for k €{0,1,...,b— 1} and 0 outside of I;,,. We call
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hjm, a b-adic Haar function on [0,1). We also put h_191 = 17, = 1) on [0,1). It
has been shown in [50, Theorem 2.1] that the system

max{0,j} .
{b 3 hj,m,Z:j EN_l,mG]D)j,éEIB%j}

is an orthonormal basis of Ly([0,1)) and an unconditional basis of L,([0,1)) for all
p € (1,00). We speak of an one-dimensional b-adic Haar basis. The extension to s-
dimensional Haar functions is again over tensor products as explained in (2.20).

2.3.2. Littlewood-Paley inequality for Haar functions

In this section we consider the dyadic Haar basis. Let f € Ly([0,1)®). Then the Haar
coefficients of f are given by the inner product

pim = i) = [ F(B)hi(2) d.
Parseval’s identity states that

2
||f||L2([o,1>s)=( > 2”'|Mj,m|2)- (2.21)

JENS | meD;

The factor 27 comes from the L, normalization of the Haar functions. We would like
to have a similar relation between the L, norm of a function f and its Haar coefficients.
It is provided by the Littlewood-Paley inequality. To this end, we introduce the square
function of f € L,(]0,1)%) as

S(f) ::( > 22|j|ﬂj7m|21fjﬂm). (2.22)

JEN | meD;

Proposition 2.10 (Littlewood-Paley inequality). Let 1 < p < oo. For a function
f:]0,1]* = R we have
||f||Lp([o,1)s) =p ||S(f)||Lp([071)s) :

Proofs of these inequalities and further details also yielding the right asymptotic beha-
vior of the involved constants can be found in [10, 68, 76]. For p = 2 Proposition 2.10
holds with equality and the Littlewood-Paley inequality is nothing else than Parseval’s
equality, as we can see as follows. First we write

1
2

||S(f)||L2([O,1)S):( Z 22|j||ﬂj7m|21fj,m)

JENS | meD;
! ! L2([0,1)%)

NI

= /[)( )3 2”'|uj,m|211],m<t>>dt)

]GNS_ 1 ,mG]D)j

Since [jg1)s 11;,,(t) dt = 27131 we obtain

=
[N

||S(f)||L2([0,1)S) - ( Z 22|j‘|ﬂj,m|2 /[0 1ys 1y;,.(t) dt) - ( Z 2j||ﬂj7m|2)

JEN® | ,meD; JENS | ,meD;
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2.3.3. Characterization of Besov spaces with Haar functions

We give a definition of the Besov spaces of dominating mixed smoothness. Let therefore
S(R?) denote the Schwartz space and S'(R®) the space of tempered distributions on R°.
For f € S8'(R*) we denote by Ff the Fourier transform of f and by F~'f its inverse.
Let ¢ € S(R) satisty ¢o(t) =1 for |[t| < 1 and ¢o(t) = 0 for [t| > 3. Let

dalt) = ¢o(279%) — ¢o(27 1),

where t € R,d € N, and ¢4(t) = ¢4, (t1) - ¢a,(ts), where d = (dy,...,ds) € N,
t = (t,....ts) € R®. We note that Y gen;s da(t) = 1 for all t € R®, which can be seen
as follows. We have 3 gens ¢a(t) = [1i21 Xa,en, ¢a; (i), and therefore it suffices to show

that > yen, Ga(t) = 1. Define d = min{d € Ny | 27¢|t| < 1}. Then we have

E:mwzgmmw+fi@wz@ﬂdw+§f%@,

deNy d=d+1 d=d+1

where we take into account that the sum Y%, é4(t) is a telescoping sum. Further we
have ¢(27%) = 1 and, since |2~%| < 1 for all d > d, we have ¢q(t) = 0 for d > d. This
yields the result.

The functions F~!(¢qF f) are entire analytic functions for any f € S'(R®). Let 0 <
p,q < coandr € R. The dyadic Besov space S;, , B(R®) of dominating mixed smoothness
consists of all f € §'(R?®) with finite quasi-norm

q
_ P(dyrtda)g || -1 ‘
rm@ﬂm—<221**ﬂv<%ﬂmﬂﬂ’

deNg

with the usual modification if ¢ = co. Let D([0,1)*) be the set of all complex-valued
infinitely differentiable functions on R® with compact support in the interior of [0,1)*
and let D’'(]0,1)°) be its dual space of all distributions in [0,1)*. The Besov space
Sy B([0,1)%) of dominating mixed smoothness on the domain [0, 1)* consists of all func-
tions f € D’'([0,1)®) with finite quasi norm

£ sy . 50,1y = inf{Hg”S;,qB(RS) 19 €5,,B(R®), glo1): = f}-

However, this dyadic definition of the Besov space norm is not suitable to estimate
the discrepancy of point sets and sequences which are based on the b-adic expansion
of integers. To overcome this drawback, b-adic versions of the Besov spaces S;"’qu(Rs)
and S;  B’([0,1)%) have been introduced by Markhasin in [50, 52]. We refer to these
papers for the definition of the b-adic Besov spaces. It has been shown in [50, Theorem
3.1] that the b-adic Besov space S5  B’([0,1)*) is equivalent to the classical dyadic Besov
space S} ,B([0,1)%) and that we have the following useful characterization of functions
which are contained in this space (see also [69, Theorem 2.41] for the original proof of
the dyadic case):

Proposition 2.11. Let 0 < p,q < oo and ;1) —l<r< min{%, 1}. Let f € D'([0,1)%).
Then f € S;,qu([O, 1)®) if and only if it can be represented as

f=> > 115 eD P g

jEN‘il ’I’TLG]Dj ,eEB]’
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for some sequence (fjme) satisfying

1
g\ L
7\ ¢
E : b(j1+~-+js)(7’—%+1)q ( }: |Mj,m,£|p) < o0,

JeNs | meD; LeB;

where the convergence is unconditional in D'([0,1)*) and in any S5, B*([0,1)%) with p < r.
This representation of f is unique with the b-adic Haar coefficients

pimelf) = hime) = [ [@hjmet)dt for j €N\, m €D; and £ € By,

[0,1)*
(2.23)
The expression on the left-hand-side of the above inequality provides an equivalent quasi-
norm on Sy B([0,1)*), i.e.

1
q

B

i1 4etis ) (r—L 41
1fllsy oy = | 3o b3 >q( > mj,m,e\p)

jGNS_l mG]D)j ,ZGB]‘

2.3.4. Triebel-Lizorkin spaces and embedding theorems

It is possible to deduce results on the L, norm of a function from its Besov norm.
The link between these two norms are embedding theorems between Besov spaces and
Triebel-Lizorkin spaces with dominating mixed smoothness, where the latter contain
the L, spaces as a special case.

Let 0 < p < 00,0 < ¢ < ooandr &R The Triebel-Lizorkin space Sy  F(R®) with
dominating mixed smoothness consists of all f € S'(R®) with finite quasi-norm

1/q

11y rey = ||| D2 22N F T (@uFF)())
keN2
Lp(R?)
with the usual modification if ¢ = oo. The space S; F([0,1)°) can be introduced
analogously to S} B([0,1)*). For 0 < p,q < oo and € R we have the embeddings
ST'

max{p,q},q

B([0,1)%) <= S} ,F([0,1)%) < S}

min{p,q},q

B([0,1)%), (2.24)

which were proven in [52, Corollary 1.13], based on other embedding theorems from
[69, Remark 6.28] and [35, Proposition 2.3.7]. Here, for two sets A and B the notation
A — B means that there exists an injective map f : A — B. For 1 < p < o©
the spaces S;H([0,1)*) := S} ,F([0,1)%) are called Sobolev spaces with dominating
mixed smoothness. Further, it is well known that SYH([0,1)*) = Ly([0,1)*). We obtain
the following Littlewood-Paley type inequalities, which provide an alternative way to
Proposition 2.10 to find bounds on the L, norm of functions and also works for the
b-adic Haar function system.

Proposition 2.12. Letp € (1,00), f € L,([0,1)*) and jtjme for j € N*;, m € D; and
£ € B; its Haar coefficients. Then we have

2/p
||f||%p([o,1)s)5 Z b2(jl+-~~+js)(1—1/p)< Z |Mj,m,e(f)|p)

jGN‘il mEID)j ,EGBJ‘
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and

2/p'
Hf“%p([o,l)s)z > bQ(jﬁmﬂs)(l_l/pl)( > ’Hj,m,e(f)’p/) :

JeNZ, meD; LeB;
where p = max{p, 2} and p’ = min{p, 2}, respectively.

Proof. With the first embedding in (2.24) and Proposition 2.11 we find

2 _ 2
112, g0y =030 oy S W30 mony SR svqony
2/p
< Z p2+-+is)(1-1/p) Z !/ije(f)VB )
jGNS_I mEID)j,ZGIB%j

The lower bound can be proven in an analogue way by applying the second embedding
n (2.24). O

As an important application of Proposition 2.12 we give a simple proof of Schmidt’s
famous lower bound on the L, discrepancy as stated in (1.13).

Proof of Schmidt’s lower bound (1.13) Let p € (1,00) and consider an arbitrary
N-element point set P in [0,1)°. Let j € Nj and m € ;. We compute the Haar
coefficients of the volume part L(t) = Nt, - --t, of the discrepancy function. We find

i
274 2]7,“1’1

2m;+1 mi-&-l
(L, hjim) NH/ iy () dti = N[ (/* tdt—/2 tdt)
=1

_NH ( —2ji— ) — (_1)SN2—2|]'\—25;

hence we have (L, hj )| = N27%91=25. Now we prove (1jo.)(2), hjm) = 0 whenever
z=(2z1,...,%) € [0,1)° is not contained in the dyadic box I ,,. Note that
s ol
(o(2): hyim) = TT [ Lo (20, (1) s (2.25)
i=1

Since z is not contained in I;,,, there is at least one component z; of z such that

2 & Ljym,- If 2 < 53, then

1 Z
| s G ()t = [T 0dt =0,
0 0

If z, > mgjfl, then

my

/ Lo.0) (20) g, m, (t:) dt; _/2” 0dt; +/2” 1dt; +/ 2

(~1)dt;+ [, 0dt; =0,

It follows that the product in (2.25) is zero. Choose a level £ such that 27! < 2N < 2¢,
ie. ¢ x<logN, and let p; ., be the Haar coefficients of Ay(-,P). From what we just
discussed we observe that |1 | = N2721=25 whenever I; ,, does not contain any points
of P, because then the counting part of the discrepancy function does not contribute to
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the Haar coefficient. Now we make use of the second Littlewood-Paley type inequality
in Proposition 2.12 and find

2/p'
||AN("7))||%Z,([0,1)S) Zp.s Z 22101/ (Z |15, | )

JENG meD;

2/p'
> 228(171/1/) Z ( Z <N22€23>p’>

J€N8 mE]D)j
7=t IjmnP=0

2/p'
_ N29200-1/p)g—4l—4s Z ( Z 1) ’

JENG meD;
|7|=¢ Ij,mﬂ'P:@

where we only sum over those boxes I; ,,, which are of level |j| = ¢ and do not contain
any points of P. Note that for a fixed 3 € Ny the boxes I ,,, for m € D; are pairwise
disjunct. At most N of these 2¢ boxes can contain points of P, hence by our choice of
¢ we obtain

oo1>20—N>20

mG]D)j

ijmﬁ/]):@
Basic combinatorics yields that the number of j € Nj with |j| = ¢ is given by (HS 1) =
¢*=1. Regarding the fact that N227% < 1 we conclude
_ 5 ps— 2/p'
||AN(‘aP)||%p([o,1) 0 Zps N2920(1=1/p")9—4l—4s ys—1 (24 1)

>0s N227257 1 = (log N)*,

and therefore B
LyN(P) Zps (log N) =

Since P was chosen arbitrarily, we have verified Schmidt’s theorem. (Instead of Propos-
ition 2.12 one can also use Proposition 2.10; see e.g. [19].) O

2.3.5. BMO and exponential Orlicz norms

The bounded mean oscillation norm is for an integrable function f : [0,1]° — R defined
as

2

||f||BMO<[o71>S>=US[UP U728 S [(fohym) P |

clo.1)® JEN;  meDy
[j,mCU

where the supremum is taken over all measureable subsets of [0, 1)®.

We introduce the Orlicz norms. Let therefore (€2, P) be a probability space and let E
denote the expectation over (€2, P). Let ¥ : [0,00) — [0,00) be a convex function,
such that ¥(z) = 0 if and only if x = 0. For a (2, P)-measurable real valued function
f:10,1]° — R we define

[fll v = inf{ K >0 EU(|f[/K) <1},
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where inf ) = co. Let a > 0 and let ¥, be a convex function which equals e*” — 1 for
x sufficiently large, then we denote exp(L®) := L¥Y». We note that for all 1 < p < oo
we have Lo ([0,1)%) C exp(L®) C L,([0,1)%), i.e. every bounded function in L.(]0,1)*)
is also contained in the exponential Orlicz space exp(L*) and every function in exp(L®)
is also an element of L,([0,1)). The following propositions, which are also mentioned
in [7, Proposition 2.2, 2.3], provide tools to estimate the exponential Orlicz norm of a
function f.

Proposition 2.13. For any a > 0 and a (X2, P)-measurable real valued function f :
[0,1]° — R, the following equivalence holds:

_1
exp(Lo) 2 SUPP @ 5 -
| f llexp(ze) SUp P 111z, 0,199

The next proposition follows directly from Proposition 2.10 and Proposition 2.13.

Proposition 2.14. For a (2, P)-measurable real valued function f : [0,1]° — R we
have:

||f||exp(L2/S) /S ||S(f)||LOO([O,1)S) :

2.4. Discrepancy bounds in several function spaces

For a long time, the only norms of the discrepancy function which have been considered
were the L, norms for p € [1,00]. However, in recent years much progress has been
made for other norms.

Triebel initiated the study of the discrepancy function in other spaces such as the Besov
spaces and Triebel-Lizorkin spaces of dominating mixed smoothness in [69] and [70]. He
showed that for all 1 < p,q < oo and r ERsatisfying%—l <r< % and g < ocoifp=1
and ¢ > 1 if p = oo and for all N > 2 the discrepancy function of any N-element point
set P in [0, 1)® satisfies

s—1
||AN('7P)||S;’QB([O,1)S) Z N'"(log N) (2.26)
This bound may be proven in a similar manner as Schmidt’s lower bound (see Sec-
tion 2.3.4) by employing Proposition 2.11. Also, for any N > 2, there exists a point set
P in [0,1)® with N points such that

||AN(-, P) ||S;,qB([O,1)S) 5 NT’(log N)(371)<§+1,T>'

Hinrichs showed in [36] that in two dimensions the gap between the exponents of the
lower and the upper bounds can be closed for 1 < p,g < occand 0 < r < %D. For the
proof, he considered specific point sets, namely the digit shifted Hammersley point sets
Han(o) for certain shifts o, which achieve a S  B-discrepancy of order in accordance
to the lower bound (2.26). Markhasin closed the gap in arbitrary dimensions under the
same conditions on p, ¢ and r by considering Chen-Skriganov point sets in [51] and
higher order digital nets in [53]. Summarizing, for 1 < p, ¢ < co and r > 0 there exist
point sets P in [0, 1)® with N points such that

1AN(, P)”S;,qB([O,l)S) S N'(log N)%>
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which is best possible. It is interesting that the mentioned point sets do not achieve the
optimal order of S} B discrepancy also for r < 0, i.e. for negative smoothness para-
meters. However, in two dimensions a simple symmetrisation trick of the Hammersley
point set can overcome this problem, as we outline in Section 4.1.3.

Until recently, there have not been any concrete results on the Besov norm of the
discrepancy function of infinite sequences. The one-dimensional case was first treated
in [44]. There we studied the symmetrized van der Corput sequence and showed that
for1Sp,qgooand0§r<%WehaveforallNZchat

AN Vy)llsy, 5oy S (log N)a (2.27)

if r =0 and N
AN Vo)llss oy S N (2.28)

if 0 < r < 1/p. The surprising aspect of this result is that for positive smoothness
0 < r < 1/p sequences in the unit interval [0,1) can achieve the same rate of S) B
discrepancy as point sets in [0, 1), whereas the L, and star discrepancy for sequences in
[0,1)% is related to that of point sets in [0,1)*T'. The proofs of (2.27) and (2.28) are
part of this thesis and will be given in Section 4.2.2. There exist also higher-dimensional
versions of (2.27) and (2.28), which were shown by Dick, Hinrichs, Markhasin and
Pillichshammer in [18]. Their result is based on higher order digital sequences S and
states that for 1 < p,q < ooand 0 <r < % we have for all N > 2 that

IAN(, S)lsy, 500 S (log N)a (2.29)

if r =0 and .

[AN( S)ss, B(oays S N (log N) @ (2.30)
if 0 < r < 1/p. We note that the above mentioned curiosity in the case of positive
smoothness r appears also in higher dimensions.

For the Triebel-Lizorkin norm of the discrepancy function of higher order digital se-
quences the authors of [18] obtained the same upper bounds, where the condition on r
in (2.30) must be changed to 0 < r < 1/ max{p, ¢}.

It is convenient to study also the BMO and the exponential Orlicz norm of the discrep-
ancy function, since these norms are in some sense closer to the important L, case than
the L, norms. For all N > 2 there exist N element point sets in the unit interval [0, 1)*
such that

AN, P)|lBymoqorys) S (log N) 7,

namely higher order digital nets. A two-dimensional version of this result based on digit
shifted Hammersley point sets can be found in [5]. This upper bound is complemented
by a matching lower bound. These results were shown in [7] and demonstrate that the
BMO norm of the discrepancy function behaves like the L, discrepancy. For infinite
sequences S, the exact optimal order of magnitude in N of the BMO norm of the
discrepancy function is

AN (-, S)IBmogoy < (log N)?,

as shown in [18].
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Apart from the BMO norm, also the exponential Orlicz norm of the discrepancy function
has been thoroughly studied to gain insight into the behaviour of the star discrepancy.
From [7] we know that there exist point sets in [0,1)® such that

s—1
L2 < (log )T

[AN(, P)]

which is sharp. Moreover, for every 2/(s — 1) < < oo we have
1N (. P)lles < (log N7,

which is known to be sharp only in dimension 2, whereas this is not yet the case for
s > 3. For every infinite sequence S in [0, 1)*, where s > 2, we have

AN, S) < (log V)2,

| 2
Ls—1

which is sharp and for every 2/(s — 1) < 8 < 0o we have
AN, S)lzs < (log N)*75,

This has been shown in [18]. There exists no matching lower bound so far. An one-
dimensional version of the last result can be found in Section 4.2.2 (Theorem 4.42).

We would like to close this section by listing all new results in this direction which we
will present in this thesis.

e We will investigate which conditions on ¥ lead to the optimal order of S) ,B and
S, b discrepancy for the generalized Hammersley point sets ”HbE,n and show that

the whole class of symmetrized Hammersley point set ﬁ?n does so.

e We will prove that a certain symmetrization of digit shifted Hammersley point
sets leads to optimal bounds on its S; B and S I discrepancy even for negative
smoothness parameters.

e We will study the S; B and S F' discrepancy of the van der Corput sequences

V¢ and its symmetrized versions V¢ and obtain best possible upper bounds (as
announced above).

e We will also show that the BMO and exponential Orlicz norms of the discrepancy
function of the sequences Vy satisfy optimal upper bounds.
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3. Precise discrepancy results

3.1. Digit shifted Hammersley point sets in base 2

3.1.1. An exact formula for the L, discrepancy of # (o)

Statement of the result As already mentioned in Section 2.1, it has been shown in
[42] that for every even p € N there exists a shift o such that

Ly(Han(o) = O ((flog V).

where N = 2". The aim of this chapter is to find two shifts o such that the L4
discrepancy of Hs (o) is of this best possible order and thereby proving exact formulas
for this quantity. We consider only even n and study the shifts oy = (01, ..., 0,), where
oj=1for j € {1,...,5} and 0; = 0 otherwise and oy = (01,...,0,,), where o} = 1
for odd indices j and ¢} = 0 for even j. The following theorem shows that the L,
discrepancy of the point sets Hsa (1) and Ha ,(02) is of the desired low order and that
in contrast to the Ly discrepancy it does not only depend on the number of zero digits

in the shift o, but also on their position.

Theorem 3.1. For even n € N we have

25 1739 13 11
L . 4 _ Y 2 ( _ “9n 2—2n>
(La(Hanl(00))) =105e™ 30720 ~ 1442 T 1152 "
92893 89 145 1
_ 72—71 _ 72—271 . 2—4n>
(8640 VTS 1728 3600
and
25 5281 1 11
(La(H2n(02))) =150+ | 0160 ~ 122 T 1152 "
14221 481 1
( + 32—71 o ﬁ —2n 2—4n) )
43200 24 43200 3600

Remark 3.2. From Theorem 3.1 we get

(L(Han(@) — (EaHan(o))' = (10 + 132 ")

< 61 LQ*H 122n)
10800 432 300 '

This difference is 0 for n = 2 (which is clear since in this case o1 and o5 are the same
tuple, namely (1,0)) and greater than 0 for n > 4. Hence, with respect to the Ly
discrepancy the shift o, leads to slightly better results than os.
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Figure 3.1.: The digit shifted Hammersley point sets Hs10(01) and Ha1o(oa). While
the Lo discrepancy of these point sets has the same value of 0.797283. ..,
their L, discrepancies differ slightly. We have L4(H210(01)) = 1.024971 . ..
and L4(H2710(0'2)) = 1.025288. ...

Auxiliary results The proof of Theorem 3.1 relies strongly on Theorem 2.5 and uses
techniques developed and employed in the papers [42, 43, 46, 58]. To show Theorem 3.1,
we need various auxiliary results. Lemma 3.3 states that the discrepancy function
of Hs (o), for which we will simply write A(q, 8) throughout this section, fulfils an
interesting relation, if the shift o has a certain property. This lemma will simplify many
calculations later on in the proof of Theorem 3.1.

Lemma 3.3. If o = (01, ...,0,) fulfils the property
P:o,1j=0;,®1 forall je{l,...,n},
then the discrepancy function A of the shifted Hammersley point set Han(0) satisfies
Ala, f) = =A(1 = 5, a)
for all n-bit o and (3.

Proof. For a point (¢, d) € [0, 1)2 with n-bit components ¢ and d, we define the functions
T(c,d) =T*(c,d) = (1 — 5= —d,c) and T""*(¢c,d) = T(T*(c,d)) for k € N. The shift o
shall fulfil property P. Then we have

1. T = id, thus T% = T,
2. (¢,d) € Hop(o) if and only if T'(c,d) € Han(o).

The first assertion is straightforward, since

1 1 1
) _3<1__ >_ 2<1__ 1__>
I (c,d) =1 on d,c|) =1 on c, on d

:T<d,1—21n—c> = (¢, d).

We turn to the second assertion. From the definition of Hs, (o) we derive that the point
(¢,d) € [0,1) is an element of this point set if and only if the digits of ¢ = S+t
and d = % + ot ;LZ satisfy the relations

dj = Cn+1—j D On+1—j for all ] c {1, c ,n}.
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That leads to
¢j=dpt1-j®o; forall je{l,...,n}

Now we need the condition that o fulfils property P, as it yields
C; = (dnJrl,j D 1) D (O’j D 1) = (1 — dnJrl,j) D On+1—j for all j < {1, R ,n}.

From that we conclude that the point

1—d 1-d, \ 1 -
< 5 —I—---—|—2n,c>—<1 o d,c)—T(c,d)

is also an element of Hs (o). From 1. we obtain the other implication in 2.
The clue of the rest of the proof is to show

Ax([0,@) x [0,8)) + Ax([0,1 = B) x [0,a)) = Na (3.1)

for all n-bit o and 3, where Ay refers to the point set Ha (o). Let therefore (¢, d) be
an element of Hsy,, (o) in [0, ) x [0, ). We consider the point T'(c,d) = (1 — 5 —d, c)
which is also in Hy,(0). From 0 < d < 8 and the fact that § is n-bit, we get

1 1 1 1
1—— — l1———d<1——, thus 1—-38<1———-d<1.
o b < o < o us b < o <

We obtain T'(¢,d) € [1 —f,1) x [0,a). On the other hand, for every point (e, f) of
Hon(o) in [1 —f,1) x [0,a) we have a point of Hs,(o)) in [0,«) x [0, 3), namely
T3(e, f). We have found Ax([0, ) x [0, 3)) = Anx([1 — 3,1) x [0,a)). Tt is simple to see
that Ax([0,1) x [0,a)) = Na. We conclude

AN([()? 1- 5) X [0,0é)) :AN([O’ 1) X [07a)) - AN([l - B, 1) X [07a))
=Na — Ax([0,a) x [0,3))

which results in (3.1). Now we can finish the proof since

Ao, )+ A(1 = B, «)
—An([0,0)  [0,8)) + An([0,1 - B) x [0,)) — Naf— N(1 — f)a
=Na — Naff— Na+ Naf =0

as claimed. O

We are able to derive several useful consequences from Lemma 3.3, which are stated in
the following corollary. Recall the definition of Q(2") from the lines before Theorem 2.5.

Corollary 3.4. Let A(«, ) be the discrepancy function of H, , (o) for n-bit a, 3, where
o fulfils property P. Then we have

Y. aBA( ) = (=) Y (1-a)B A, B)f (3:2)

a,peQ(2m) a,peQ(2m)

for all r, s € Ny and ¢ € N. Especially, for s = 0 we have

> A ) =(-1)" > FA(aB) (3.3)

a,BeQ(2n) a,3eQ(2m)
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and for » = s = 0 and odd ¢

> Ala,B) =0, (3.4)
a,B8eQ(2n)
We also have )
S A =5 Y A (35)
a,3€Q(2") a,BEQ(27)
for all £ € N, especially
Yo BA(e,B) = > aA(a,8) =0 (3.6)
a,BEQ(27) a,B€Q(27)
for odd ¢ € N. Further we have
1
Z aﬁA(a7 B)g = Z Z A(aa 5)€ (37)
a,B€Q(27) a,BeQ(27)

for even ¢ € N and

Y oA+ Y @A) =2 Y afAep)  (38)

a,BeQ(2m™) a,BeQ(2m) a,BeQ(2m)
for odd ¢ € N.

Proof. We use Lemma 3.3 and obtain

> ABA, ) =(=1)" > a"BALL- B )

a,BEQ(27) a,BEQ(27)
=(=1)" > a"(1-p)rAB )

o,BeQ(27)
=(-1" > (1-a)PfFAp)

a,BeQ(2m)

which yields (3.2), (3.3) and (3.4). To verify (3.5) and (3.6), we write in the case that
{ is even

Yo BA@B) = Y (B-DAL-Ba)+ Y A p)

a,BEQ(2M) a,BEQ(2M) a,BEQ(2M)
=— Y BABa)'+ D Ale,p)
a,BEQ(2n) a,BEQ(2n)
= Z O[A(O[,ﬂ) + Z A(Oé,B)
a,BeQ(2m) a,3eQ(2m)
=— Y BA@B)'+ > Ale,B)
a,3eQ(2m) a,B8eQ(2m)

and we obtain (3.5) for even exponents ¢. In the case of odd exponents ¢, we have

0= > A= Y BAaB) + Y (1-B8Ap)

a,B€Q(2") a,B€Q(2") a,peQ(2m)
= Y BAWB) '+ > BA(,1-p)
a,BeQ(2n) a,BeQ(2m)
= > BA@B) = Y BAB )
a,8eQ(2m) a,BeQ(2m)
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= Y BAB) = X aAp)=2 Y BA,B),

o,BeQ(2m) o,BeQ(27) a,BeQ(27)

which results in (3.6) together with (3.3). We turn to the last two claims in this corollary.
If ¢ is even, we have

> aBA(a, B)" = > afA(l- B, )t = > al- BA(B, )

a,BeQ(27) a,BEQ(27) a,BeQ(27)
= Y B1-a)Ala,B)
a,BeQ(27)
= Y BA(,B)'— > aBA(a,p),
o,BeQ(27) a,BeQ(2™)

which yields

> aphaf) =5 > pA@B =] Y Aap)

a,B€Q(27) a,BeQ(27) «a,B€Q(27)

together with (3.5). If £ is odd, we can write

Z aB?Ala, B) = — Z aPA(l - B,a) = — Z (1 —a)*8A(a, B)°

a,BeQ(2m) a,B8€Q(2m) a,BeQ(2m)

—— Y BA@B) 42 Y aBA(a,B)

a,feQ(2m) @,8eQ(2")
- Z 0426A(Oé, B>e7
a,feQ(2m)
which yields (3.8) by regarding (3.6). O

In the following, we study sums which involve the expressions which appear in The-
orem 2.5 and will be fundamental for our proof.

Lemma 3.5. With the definitions as in Theorem 2.5 we have

u

1 .
Z a(an—u SP) an+1—j(u)) - 2n—2 + 2u_2 - 1 - 5 Z(ﬁﬂ @ 0j S 1)2j_1‘
acQ(2m) j=1

Let nowl <k <n—1anduy,...,u; €{0,...,n—1} withu; # u; for1 <i# j <n-—1.
Then we have

Z H O —u; ©® Qn41— J(u2)> = 2n7k'

aeQ(2n) i=1
Proof: The first formula is [43, Lemma 1] and the second one is [42, Lemma 2].

Lemma 3.6. Choose an n-bit number 5. Let 1 < u < n — 1 be an integer. Let
1 <k<n-—1 bean integer and uy < ug < --- < uy € {0,1,...,n—1}. Then we have

k . on ) 22n + 22u+1
> ILI2wsl = 22k= > BBl = ] > l12eBlr = T3 lgniz
peQ(2n) j=1 BeQ(2m) BeQ(2™)
1 1 1
2u 4 < 2n 727n+2u+2 — 9 3n+4u+3) ’

BeQ(2n)
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S (2Bl = g2 — 2 ),
BeQ(2m)
> 2Bl = (2 2,
BeQ(2)
Z ||2u16|| ||2u26||2 (5 . 27’L+1 + 5 X 2—n+2ug+2 . 7 . 2n+2u1—2u2_
1440
BeQ(27)
—5. 277L+21L1+2 - 3. 273n+2u1+2u2+4)
u u u 1 n+2u U, n+2u n n+2ui —2u
S 2B B2 Bl = g (2 4 g2 g gt
BGQ(Q")
. 1 n n—+2ugs—2u, —n+2u
S 2 BB Bl = g (24 — e g
BeQ(2)
u u U 1 n n+2u,
> g2 8l2 Bl = (2" + 27,
BeQ(2m)
Z ﬁQ“QUlBHHQ'@BH — (2n+3 + 2n 2ug 2n72u1 + 27n+2)7
BEQ(2m) 384

1
Z 52“2u5”2 — £<5 . 22u—n—1 - 3 . 22u—3n—1 _ 7 X 2—2u+n—5 + 5 A 2n—2 o 5 . 2—n—3)'
BeQ(2)

Proof. The first formula is [58, Lemma 3 a)], the second one has already been shown in
the proof of [58, Theorem 2] and the third one is [58, Lemma 3 b)]. To verify the results
for the other sums, we show a formula for ¥ := Y gcqen 8412871242 8]° (12" 3],
where u; < us < ug < m and ¢,r,s,t € Ng. This formula is

2u1—1 (uz—w1-l_1 poug—uz—l_1 ,on-uz—1l_j 2n-u3—1

k=0 =0 m=0 b=0 p=on—uz—1

Quz—ug _1 gn—ugz—1_1 gn—uz _1
+ ) ( >, AB(A-CyPD'+ Y AB(1-C)P(1- D)tﬂ
b=0

m:2u37u271 b:2n7u371

2uz—u1—] r2uaua—l_p son-uz—l_j
+ > l > ( > AY1-B)C°D!
b=0

|=9ug—u1—1 m=0

S ai—Byesa - D)t>

b:2n7u371

Qu3—u2 1 gn—uz—1_1
+ > ( > AY1-B)(1-C)'D'
b=0

m=2u3—u2 —1

n 2n§_1 AI(1 = By (1 - C)*(1 — D)tﬂ }

p=2n—uz—1
where we use the abbreviations A := ——i— 2u1 + QUQ +gug, B 1= 20T Nh2M TR 42 Ty
C =2+ 2"""mand D := 2“3 "b. We can now prove all the formulas in this

lemma by calculating this term for suitable choices of the numbers ¢,r, s and t with
the aid of a computer algebra system. To show the idea how the formula above can be
found, we derive a similar formula for 3= scqn) 87)1248||", u < n instead. To show the
above formula this method can be adapted easily. The proof however is quite lengthy:.
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We can write 3 geqm) 89)1248]" = Yoo ( n) [|2%7"b||" and thus

ou_1 ( (2k+1)2n—u"1-1 b\
> o=y { > (5] I

BeQ(2n) k=0 b=(2k)2n—u—1

(2k+2)2n—u—11 b\?
b () g

b=(2k+1)2n—u—1

If (2k)2m—=1 < b < (2k + 1)2"*7!, then k < 2*™"b < k + 5, from which we derive
[2v7"b| = k and {2“7"b} = 2*7"b — k < 1. But that implies |I247"b|| = 2"""b — k in
this case. If (2k +1)2" 7! < b < (Zk +2)2m 71 we get k4 3 < 2*7"b < k+ 1, which
delivers [2*7"b] = k again, but since 3 < {2*7"b} < 1, we have 1297"D|| = 1—=2""b+k
in this case. Therefore we have

u_1 ((2k+1)2n w11 b\?
> A2 8| = Z{ 3 <2> (207 — k) +

peQ(2m) k=0 { b=(2k)2n—u-1

(2k+2)2n—u—11 b\?
+ > <2n> (1—24""b+ k)’“} :

b=(2k+1)2n—u—1

An index shift yields

2u—1 [2n-u-1-1 b E\Y
s mear =S| E (g g @

BeQ(2m) k=0 b=0
on—u_q q
b k
+ > (271 + 2u> (1— 2“—”b)r} .
bp=2n—u—1
We note the similar structure as the above formula for Y. O

In the following lemmas, we restrict our calculations to the special shifts o and 5. It
is evident that oy and o5 both have property P as explained in Lemma 3.3. Recall that
the number | = [(o) is the number of zero digits in o. Note that (1) = [(02) = 5.
Lemma 3.7. Let A(a, B) be the discrepancy function of Han(o1) or of Han(os). Then
we have

1
2% Z O[BA(CY76>:_2:_;_7’

a,BeQ(27)
Proof. We use Theorem 2.5 to write

n—1
> aBAla,B)= 3. aBX [2BI(=1)"" (anu S Cnir-jw)

a,BeQ(2m) a Be@(w) u=0
= Z Z BlI2“sl| Z -y D Ang1—j(u))
5 U 0 66@ (2m) acQ(2n)
Z Z 5”2“5” Z a(an—u > anJrlfj(u))'
u=0 BeQ 2n) acQ(2n)
0’u+17
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By Lemma 3.5 and the second formula in Lemma 3.6 we find

Z 6|l2u6“ Z a(an—u D an+1—j(u)>

BeQ(2n) acQ(2n)

> Bl2sl (2“ +2"7 -

BeQ(2m)

=2 (2o ) Y2 Y BBl e el.  (39)

4 J 1 BeQ(2n)

»Jk\
l\D\n—t

zu: Bj®o;® 211)

In order to compute the last sum we use the short-hand B, .; := % 4+ -4 2,?3“ for
B=2% 4.+ 2% Then we obviously have ||2“3|| = || By+1|. Since B, < 1, we also

have ||Byi2|| = Bui2 and H% + Bu_l,_QH = % — Byyo. That yields

1 1 1 1 1 o
S Bual= X (IBual+ |3+ Bu)) = X g=2
Bu+15-,8n=0 Bu+2;-,6n=0 Bu+2;-,8n=0
and
! ! 1 1
S BualBual= X (BunalBual + (5 + Busa) |5+ Busc)
6u+1 ----- 5n:0 6u+2 ----- 5n*0
1
1
— Z Z L 3
511.—0—2 ----- 5n:0

From that we obtain

SS9 Y g2 (5 @ 0,0 1)
j=1

BeQ(2m)

U 1 1
OIS DD v ( FURE. N [N

Bj=0;j

1 1
i1 51 g; Bu
=32 S (2 +---+2j+---+2u>ﬁ > | But |
u+1

77777 BnZO

We put this result into (3.9), which leads to

_ nes [ U —
Z 6H2u6‘| Z a<an7u ©® an+1—j(u)) = 22n > +2 i (2 - ZO']')
j=1

BeQ(2n) acQ(2n)
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and finally we see that

> aBA(a, B) =270 (2l—n)+2"° nil (u — io‘j) — nil (u _ i Uj)
a,B€Q(2™) u=0 2 j=1 2 ;

Uu+1:0 O’u+1:1

This formula is valid for any shift o. In particular, for o we find

n2 ooy n n o,
2 Pl @—2”‘5(2 o (2—(“—2))): BEY

a,B8eQ(2m)

and for o, we have

n/2—1 n/2
2 1 2
> agAla 5)—2”—5(2 (2 @) - (“_u)):_wn
,B€Q(2™) =0 2 —= 128
This yields the claimed result. 0

Lemma 3.8. Let A(a, 8) be the discrepancy function of Han(o1) or the discrepancy
function of Ha,(02). Then we have

1 1
— Ala, B)* =——(15n + 16 — 2724,
2n Z )
2 o0 BE0 (") 276
Proof. We put [ = % in [42, Lemma 6] and obtain the result. O

Lemma 3.9. Let Al(a,ﬁ) and Ay(a, B) be the discrepancy functions of Hayn(or1) and
Han(o2), respectively. Then we have

1 ) 51 11
s A 2 — ( 9 _ 2—2n>
2 56%(2”)6 e P =576 ~ 28 T
725 1
2—2n 72—471
T8610 1728”80
and
1 ) 5 11
T A , 2 — ( — "9 2n>
2 56%(2")5 20 0= 576 ~ 12 )"
61109, 5, 1,
8640 8640 180

Proof. Let first A(a, 5) be the discrepancy function of Hs (o) for any shift o. Consid-
ering Theorem 2.5, we can write

1 1 =
X PAai g T 2T e @ o)

o,BeQ(2") a,B€Q(2n) u=0

ou+1=0

n—1

2
S |r2“ﬁ|r<an_ueaan+lj<u>>)

u=0
Oyu+1=— 1

.22 (A—2B+C),
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where

n—1 2
A= > 52( > ||2u5||(an—u@an+1j(u)))

a,B€Q(27) u=0
O'u+1*0

n—1
=2 ¥ {2 S st Y ﬁ2||2“1ﬁ!|||2”25|!},

BGQ(?’L) u=0 u1,u2=0

Ou+1= =0 O’u1+1=070'u2+1=0
u1F£usg
n—1
p= X {P(X e © o)
a,BeQ(2m) u1=0
O'u1+1:0
n—1
X Z ||2u26||(an—u2 S an-l—l—j(uz)))}

Uuu22+_10:1

n 1 = 2 Ul u2

= > DS s
peQn) w1 =0,u3=0

Ouy+1=0,0u5+1=1

and

. 1 n—1 . 1 n—1 . Y
c=r » 05 pparsl 8 gz
BeQ(2m) u=0 u1,u2=0
out1=1 O'u1+1:170'u2+1:1
U1 FU2

Note that we used Lemma 3.5 to simplify these expressions. We put the results together
and obtain

1 . 1n 1 Y 1 n—1 Y Y
DI NCU D SR F ST R U i
a,BeQ(27) BeQ(27) u=0 u1,u2=0
u1Fu
n—1
-y 62H2“15HH2“26H}- (3.10)
uy,u2=0

Ouq+1=1,0uy+1=0

The first two sums in the last expression can now be computed with aid of Lemma 3.6.
Therefore we define the functions

1
B(z) = o (-2 =3280t o7 2780 5. 977 5. 270F) and
n+3 n—2y n—2x —n+2
F(z,y) := 384(2 + 2P TR g g
and have
) 252 12¢8]1% = ZE ) and
BeQ(2n) u=0
n—1 n—1
) Z Bl2mpl2e8l = > Flun,us)+ Y. Flug,u).
BeQ(2m) u1,u2=0 u1,u2=0 u1,u2=0
u FEug w1 <u2 w1 >us
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The third sum in (3.10) needs to be calculated individually for the shifts oy and os.
For oy we compute

n—1 n/2—1 np—1
> > Flzesllizesl = >0 3 Flur,us)
u1,u2=0 BEQ 2" u1=0 yo= n/2

Ouy+1=1,0u54+1=0

and for o, we have to evaluate the sum

n—1

> DAl PAEII A

u1,u2=0 BeQ(2n)
Uu1+1:170'u2+1:0

n/2—1n/2-1 n/2—1qy;—1

- Z Z F(2uy,2us + 1) + Z Z F(2ug + 1, 2uy).

u1=0 uz2=u1 u1=1 u2=0
By calculating and combining all these expressions we obtain the claimed result. O]

Lemma 3.10. Let Ay(a, 5) and Ay(c, B) be the discrepancy functions of Han(o1) and
Hon(02), respectively. Then we have

1 25 217 1 11
. A - 2 ( 72—n 72 Qn)
22"&/36%271) 00 ) =1058™ * \gare0 T 12 52
1 1 11 1
+ <_3 — 9" 4+ =9 2n 24n>
43200 432 1728 300
and
1 25 281 11
L A 4__ 49 2 ( 9= 2n>
22"%%(%) 2( 8 =19288" T (92160 T 1150
11 1
72*271 9~ 4n> .
* <960 T 1800 300

Proof. Let first A(a, 8) be the discrepancy function of Hs,, (o) for any shift . To avoid
too large expressions we use the short-hand A, (u) = an—y ® py1-j) throughout this
proof. We can write

4
1 1 u O’ 1
w X A =g ¥ AT ey
a,8€Q(2") a,8eQ(2) \u=
4
1 n—1 n—1
=0 2 1 2 [2BlAn(w) = 32 [|12°BllAn(w)
a,B€Q(2™) u=0 u=0
ou+1=0 out1=1
= 22 (A 4B+ 6C —4D + E).
where
4
n—1

A= Z Z 1248 An(u) |

afeQn) |, u=0
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n—1 n—1
B= 3> | X l2"8llAn(u) > 1128 An(u2) |
o,BeQ(2™) u1=0 u2=0
O'u1+1:0 Uu2+1:1
2 2
n—1 n—1
C=" 3 | X Il2"8lAn(w) > 1128 An(us) |
a,feQ(2m) | wi=0 u2=0
O’u1+1:0 O’u2+1:1
3
n—1 n—1
D:= > > 112" Bl An(us) Y 12”8 An(us) | and
a,B€Q(27) u1=0 u2=0
Uu1+1:0 Uu2+1:1
4
n—1
E= 3} > 11278l An(u)
a,B€Q(27) u=0

out+1=1

In the following, the abbreviation (p.d.) shall always indicate that the indices of the
sum are pairwise distinct. We analyze the expression A and apply Lemma 3.5. We
obtain

n 1 = u = u u
A= 3 g X 28+ X 2m BRI s+
BeQ(2™) u=0 u1,u2=0 (p.d.)
Tut1=0 Ouy+1,0uq+1=0
§ = 2u1 2 2u2 2
LD DI Ealal bael s
u1,u2=0 (p.d.)
Uu1+170u2+1:0
3 = Ul 2|ouz us
+3 > 12 Bl N2+ B2 811+
u1,u2,u3=0 (p.d.)
Oui4+1,0ug+1,0ug+1=0
1 n—1
T 16 > 12 Bl[112* Bll112* BIl[2* A1

u1,u2,u3,u4=0 (p.d.)
Ouy+1,0ug+1,0uz+1 70'u4+1:0

::A1+A2+A3+A4+A5

Lemma 3.6 delivers

n n—1
Al :§2 Z <12n + 12—n+2u+2 _ 12—3n+4u+3>

— \5" 73 15
au+1:0
l 1 n—1 1 n—1
:722n T 22u o 727211 24u
160° 24 u; 60 u;
out1=0 ou+1=0
and
on n—1 on 92n
== = -1 —2)(1-3).

u1,u2,u3,u4=0 (p.d.)
Ouy4+1,0ug+1,0uz+1,0uy+1=0
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We get the analogue results for F, with the exception that oy, = 1 for i € {1,2,3,4}
and especially

E, = n_l22n_’_i nil 22u_i2—2n nil 94u
" 160 24 =~ 60 =
Uqul:l O’u+1:1
and
22n
Es = 212(n—l)(n—l—1)(n—l—2)(n—l—3).

We turn to the expression B and employ Lemma 3.5 to find

n—1 n—1

B= 3 Yo 298P A w) +3 Y0 (12 B2 Bl A (ur) A (us) +
a,BEQ(27) u1=0 u1,u2=0 (p.d.)
0u1+1:0 Uu1+170u2+1:0
n—1 3 n—1
+ > [T112U Bl An(us) | >0 112" 6] An(ua)
u1,u2,u3=0 (p.d.) =1 ug4=0
Oui+1,0ug+1,0ug+1=0 Tuy+1=1
1 n—1
=2 > 4p X IRl
BeQ(2n) u1,us=0
O'u1+1:070'u4+1:1
3 n—1 )
+t3 ) 12 BI7112 ][ [|2 B]]
u1,u2,us=0 (p.d.)
Oup+1,0ug+1=0,00,+1=1
1 n—1
" 16 > 12 Bll12=lll12* B2 Bl ¢ =: By + Ba + Bs,
u1,uz,u3,us=0(p.d.)
Uu1+1’O'u2+170'u3+1:07(7u4+1:1
where

By = iizz(z — 1)1 —2)(n—1).

We obtain the same expressions for D, where we have to change the conditions for the
u; to oy 41 = 0,04,41 = 1, 04,41 = 1, 04,41 = 1. Especially, we have

D3 = izl(n—l)(n—l—l)(n—l—Q).

It remains to examine C. In a similar manner as before we obtain

n—1 n—1
C= > Yoo l2sIPA )+ > TT 12" Bl Au(w) | x
a,feQ(2m) u1=0 u2,u3=0 (p.d.) =2,3
Tup+1=0 Oug+1,0uz+1=0
n—1 n—1
<[> lUAIPA )+ > TT 12U Bl An(w)
ug=0 us,ug=0 (p.d.) 1=5,6
Tuy+1=1 Oug+1,0ug+1=1
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n—1

1
=2" > 33 > 12 BII 12" BII*+

BeQ(2m) u1,us=0

Ouy+1=0,0u4+1=1
1 n—1 )
3 > 122811124 8]l [12 811>+

uz2,uz,us=0 (p.d.)
Oug+1 :Ju3+1207‘7u4+1:1

1 n_l u u. U
+3 > 128117112 B l]]2* B+
u1,us,u6=0(p.d.)
Uu1+1:070u5+170u6+1:1
1 n—1
+ 1= > 1212 3[]12+2 8] 2“2 8| | 2 B]|

u2,u3,us,u6=0 (p.d.)
Oug+1 aU'u,3+1:0)Uu5+1 70u6+1:1

::Cl + 02 + 03 + 04.

We find Cy = Z21(I1—1)(n—1)(n—1—1). Now we put all the results together. Obviously

212

we have

A +E _i22n+i§22u+ﬁ§24u_722n+ﬂ22n_i+ 1 2—2n

P 60 24—~ 160 = 160 7200 72 2400
22n

As —4B3 +6Cy —4D3 + E5 = ﬁ{l(l -l -=2){-3)—4(l—-1)(I-2)(n-1)

+6l(l—Dn—0Dn—-1-1)—4ln—=0n—-1—-1)(n—-1-2)
2n

t-Dn—1-Dn—1-2)(n—1- )}—737@( —9) for zzg,

A3 +6C) + B3 = *2" Z > 12w BIPl2es]?,

u1,u2=0 BeQ(2n)
U1 FuU2
n—1
Ay—4By —4Dy+ E; =2" > > 12 B]1* (1223
u1,u2=0 B€Q(2")
u1F£ug
) n—1 n—1
-2 > > 129 BIPI2B] + > > llzmslPl2esl |
uy,uz=0 BEQ(Q") u1,u2=0 BEQ(ZH)
Ouy+1=0,0uy+1= 0u1+1*1 Oug+1=

3
A= AB+6C,+6Cs— 4D+ Er =22 5 Y [2pP 2]

u1,u2,u3=0 S€Q(2")

n—1
—3-2" > > ll2uslPN2wsl2 8
u1,u2,u3=0 (p.d.) BeQ((2m)

Uu1+1:070u2+1:070u3+1:1

n—1

+ 2 DN iayel i [aedl bAsdell

u1,u2,u3=0 (p.d.) BeQ(2m)
Ouy +1:170'u2+1:070'u3+1:1
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We compute the sums in the expression above. Therefore we introduce several functions:

flz,y) = 1440(5 ontl 4 5.9 nt2yH2 _ 7 gn+2z-2y
L 5.9TnRed g g dnidukaytd)
9(r,y) =g (2" = gnt2e=dy _ g-nt2a+2)
go(z) == 1;8(211 +92- n+21+2)’
hi(z,y,2) : 384(2%2:0 2z | g-n+2242 | ontl _ 2n+2x_2y)’
ho(x,y) : 3;4(2%1 gntae-2y _g-nt2e42) 4
hs(z) = 1 —_(9n 4 g,

192
Then Lemma 3.6 yields

n—1 uz—1

Z S llR9BIPI2BIP = D0 DS flua, uz) +z 2 Flus, ).

u1,u2=0 BeQ(2") u2=1u1=0 uo=0 u; =ug+1
ulFug
We also get
n—1 uz—1
Z >oousIP2esl = D > gilur, ug) + Z Z ga(u1)
ul,ug= 056@(2” us=1 u1=0 u2=0 u1=uo+1
w1 Fu2
and
n—1

> > lI29slPl2eesl124 8]
u1,u2,u3=0 (p.d.) BEQ(2™)

n—1 n—1

= Z ha(uq, uz, us) + Z ha(uy,us, ug)+
u1,u2,u3=0 u1,u2,u3=0
u1 <u2<usz u1 <ugz<u2
n—1 n—1
+ Z ho(uq, us) + Z ho(uq, us)+
uy,u2,u3=0 u1,u2,u3=0
u2<ul<usz uz<ul<uz
n—1 n—1
—+ Z hl(ul) + Z hl (Ul)
u1,u2,u3=0 u1,u2,u3=0
ug<uz<ui uz<uz<ui

All these sums can be computed straightforward. The remaining sums have to be
evaluated individually for the special shifts oy and o5 in a similar way. n

Proof of Theorem 3.1

Proof. We split the integral in the definition of the L, discrepancy of Hs, (o) into four
parts and write

1 1
/ / A(ty, to)* dty diy
0 Jo
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1-2—" 1-2—n 1-2—n 1
:/ / Aty ty)* dty dty +/ / Aty ty)* dty dty
0 0 0 1-2—n

1 1-2—n 1 1
+ / / A(ty, t)* dty dty + / / Aty ty)* dty dty
1-2—" J0 1—92-n J1_9-n
:le -+ [2 + 15 + [4.

Now we make use of the second part of Lemma 2.5. Then we can calculate Iy, I3 and
1, easily. We start with I, and obtain

1-2—" 1
I :/ / A(ty, ty)* dty dty
0 1-2—n
1-2—n 1 4
_ /0 /1 A, D) + 2 () — tat))" dy

1-27" 1
= [ [ @)~ t) an e,
0 1-2—n

tn [ 1 a 4
=2 / / (—tt) dt, dt
a2::1 az;zl 1-2-n \ 2" 172 1 2
1
= TR00 55 (1507 - 2°" — 4440 - 2" 4 5060 - 2" — 2775 - 22" + 720 - 2" — 72)

The integral I3 can be computed in the same way and has exactly the same value as I5.
We evaluate I, and find

1 1
I4 :/ / A(tl, t2)4 dtl dtz
1-2—n J1-2—7n
1 1
:/ / (A(1,1) + 2°(1 — t18,))  dt, dts
1-2—n J1-2—"n

1 1
:24"/ / (1 — tyto)* dty diy
1-2-n J1-2-n

=g gon (620 2% =840 2% + 465 - 2 — 120 2" + 12).

We turn to I;. Using the relation A(q, 8) = A(t1(n), ta(n)) +2"(t1(n)te(n) — t1t2) again
yields

I :/012_n /012_HA(t1,t2)4dt1 dt
-/ e / T (At (), ta(n)) + 2° (B (n)ta(n) — tita)) dty s
-/ e / T Al (n), ta(n)) dy dt
| gn+? /O o /0 T A), () - (t()ta(n) — tita) dty ds
#3200 [T [T A ), 1) (i (0)a(m) — )7y
g o | T A, () - (ta(n)ta(n) — i) dty dty

" 1-27" ,p1-27" 4
+ 2 n/o /0 (tl(n)tg(n) — tltg) dtl dtg
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71 &k
—ZA(zn 2n>/ J R

a,b=1 2n
2= b\* ¥ 3 (ab
422 ST A (a ) / / ( —t1t2> dty dt,
ag:l an2n % b277"1 22n
) 12” 1 2n
n+
+3-2 ;1A<2” 2n> / / (W—t@) dt, dt,
+ 2972 Z A( ) / / ( t1t2> dt, dt,
Pyt 2n omn 22n
2! o P ab !
+21 3 / / <22n—t1t2> dt, dt,
a,b=1

2121 + 22 + 23 + 24 + 25.
The integrals can be computed easily. We get (by writing A := A (2%, 2%))

12"1

4
1 22n ag:l A
1 2" —1 3 2m—1 5 2" —1 5
%= o 2 aA’+2 > bAT— Y A
a,b=1 a,b=1 a,b=1
1 2n—1 2n—1 2n—1
¥y = g2—4" {6 Y aPAP+6 > BPA*—6 ) aA?
a,b=1 a,b=1 a,b=1
2" —1 2" —1 2"n—1
-6 Z bA% +9 Z abA% + 2 Z AQ} and
a,b=1 a,b=1 a,b=1
1 2" —1 2" —1 2" —1 2" —1 2" —1
Np=227"012 ) @PA—18 ) a’A424 > a’bA+12 ) aA—32 ) abA
12 a,b=1 a,b=1 a,b=1 a,b=1 a,b=1
2n—1 2n—1 2n—1 2" —1 2" —1
+24 ) abPA+12 ) PPA-18 Y VPA+12 > bA -3 > A}
a,b=1 a,b=1 a,b=1 a,b=1 a,b=1

The value of Y5 can be found by a straightforward calculation and is
- (2n _ 1)2
® 10800 - 261
Via the correspondences a = 2"« and b = 2”3, Corollary 3.4 now comes to full effect.
The relations (3.4) and (3.6) deliver ¥y = 0 immediately. In order to simplify 35 we
apply (3.3), (3.5) and (3.7) and obtain
1
23 :272n+2 Z BQ ( ﬁ) (i _ 277L+1 4 322n+1) 272n Z A(a, 6)2
a,BeQ(2n) a,B€Q(27)
Using (3.3), (3.4), (3.6), (3.8) and Lemma 3.7 allows us to transform the large expression
for 3, to

(3014 247 9206 - 23" + 9209 - 22" — 3456 - 2™ + 432) .

Yy = ;12—2”(3 2"=2) Y afA(e,B) = —%2—"(3 — 27,
a,B€Q(2m)
Putting all results together, Lemma 3.8, Lemma 3.9 and Lemma 3.10 lead to the formulas
in Theorem 3.1. [l
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Conclusions and open problems In Section 1.2 we answered the question on the best
known upper bounds on

liminf inf M
N—oo |P|=N +/log N
and stated several results concerning this expression. Although there are several precise
results on the Ly discrepancy, there are hardly any similar results on the L, discrepancy
for other parameters p. From Theorem 3.1 however we can derive a new upper bound
on
Lyn(P)
liminf inf ———.
N—oo |P|=N /log N

Previously, the best upper bound was due to (2.8), which yields

liminf inf Lan(P) < 1
N—oo [P|=N /log N ~ 4y/log?2

for p = 4. This bound has been obtained in [42] by computing the mean of the L, dis-
crepancy of Hs (o) over all possible digital shifts. However, from our exact discrepancy
results on the point sets Hs,,(01) and Hy ,(02) we derive the improved constant

(2S(p,p/2))7 = 0.580844 . ..

liminf inf Lun(P) < ! ( 25
N—oo [PI=N y/log N = +/log2 \ 12288

which is the best upper bound on the L, discrepancy of point sets in the unit square
known so far. It can probably be further improved by considering generalized Hammers-
ley point sets for arbitrary bases b and permutations o, but the computations would be
very technical.

)4 — 0.255095. . .,

It is natural to ask for corresponding results on the L, discrepancy at least for even
integers p. However, the combinatorial complexity of the involved calculations explodes
fast as p increases. Already the Lg discrepancy is hard to handle. We propose an open
question:

Open Problem 3.11. For any even p € N: Determine the exact value of the constant

(p) = Tim sup Z2:XFt2n(@))

N—oo V log N

for a suitable shift o, e.g. o or o5. Note that the existence of ¢(p) is confirmed for
these shifts by Theorem 4.2 in Section 4.1.1. Prove or disprove that in order to find ¢(p)
it suffices to consider only the sum

52n Y. Aa, By,
«a,B€Q(27)

as it was the case for the Ly and L4 discrepancy, and provide precise results on this sum.
2

We conjecture that maybe c(p) = gjfg/p, which would be in accordance to the results for

the L, and the L, discrepancy.
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3.1.2. Bounds on the L; discrepancy of H;, (o)

An exact computation of the L; discrepancy of the digit shifted Hammersley point set
is very difficult, since one has to determine for which intervals [0,¢) the discrepancy
function of H, (o) is positive and for which it is negative. This fact makes things far
more complicated as it was the case for the Ly or the L, discrepancy, where it was not
necessary to take care of the sign of the local discrepancy. As a trivial upper bound
on the L; discrepancy we can take the result for the Ly discrepancy. The result of
Vagharshakyan (1.19) gives us an unsatisfactory general lower bound. Surprisingly, it is
easily possible to find an improved lower bound on the L; discrepancy of Hs,,(o1) and
Han(02) by applying Holder’s inequality (1.10). We set F' = |f|*3 and G = |f[*/3 for a
function f € Ly([0,1)?) with ||f]|£,(o,1)2) # 0 and choose p = 3/2 and ¢ = 3. Then we
have

-( /[) sne) ([ swrae)

We have shown || f[17,0.1)2) < ||f||L1 ([o, 1)2)||f||L4 (l0.1)2) and hence

o Mo
e o0)2) = :
il ||f||L4 (0.1)?

This relation between the L;, Ly and L, norms has proven to be useful in the context
of uniform distribution and discrepancy theory before, e.g. in [1] or [2]. We set f =
An(-,P) for a point set P, which yields the following interesting relation between its
Ly, Ly and L4 discrepancy:

(Lon (P))°

(Lan(P))*

We combine (2.7) and Theorem 3.1 to obtain

Ly n(P) >

(5/192)3

m\/—+0( ) = (0.111902...)y/log N + 0 (1)

Ly n(P) >

for P = Hopn(o1) or P = Hapn(oz), where o(1) denotes an expression of order 1 or of
lower order. Altogether, we have

L n L n
0.111902- - - < lim inf Li(Han(9)) < lim sup Li(Han(9)) < 0.1938.
N—00 log N N—so00 Vvlog N

for o0 = o1 or o = o9, where the upper bound stems from the Ly discrepancy.

Open Problem 3.12. Improve the upper bound on Li(Hsa,(01)) or Li(Han(o2)) or
find even the exact value of

i Li(Han(0))

im sup — ——="".

Nooo  VI1og N

This result would probably lead to an improved upper bound on the L; discrepancy of
point sets in the unit square, since the currently best known upper bound is the same
as for the Ly discrepancy according to (1.18).
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3.2. Symmetrized Hammersley point sets

3.2.1. An exact formula for the L, discrepancy of H,,, (o)

Statement of the result In this subsection we consider the symmetrized (digit shifted)
Hammersley point sets in base 2. We show an exact formula for the L, discrepancy
of Hs (o), which gives not only a concrete constant for the leading term, but also

demonstrates that Ly(Hs (o)) solely depends on the number of elements N = 27+1 of
Hs., (o) and not on the shift o whatsoever.

Theorem 3.13. Let n € N and o € {0,1}". Then we have

n ot 1

24 8 2n  9.2tl”

which can be displayed in terms of the number of elements N = 2" as

(Lo(Han(0)))* =

~ log N 4 2 2 :
La(Han(e)) = (2410g2 HER 9N2>

......

Figure 3.2.: The symmetrized Hammersley point sets ﬁz,g(cn) and ﬁz,g(au), where
or = (0,0,0,0,0,0,0,0,0) and o;; = (0,1,0,1,0,1,0,1,0). The Lo dis-
crepancies of these two point sets have the same value of 1.323613. ..

The proof of Theorem 3.13 relies again strongly on the methods in the papers [42, 43,
46, 58]. The fact that we can write the symmetrized Hammersley point set as a union of
two shifted Hammersley point sets allows us to employ the same techniques for 772,”(0')
by employing Lemma 2.9.

Remark 3.14. Theorem 3.13 shows that the effect of the digital shift o on the L
discrepancy of Hs, (o) cancels out completely. We can therefore simply symmetrize
the classical Hammersley point set itself. This is a remarkably easy construction of a
point set with very low L, discrepancy. However, the coefficient of the leading term
VIOg N of Ly(Hayn(o)) is /1/(24log2) ~ 0.2451 ..., which is slightly higher than for
the shifted Hammersley point set Hs, (o) under the condition that the number of ones
and zeros in o is more or less balanced. In this case Hs (o) achieves an Lo discrepancy
of optimal order of magnitude in N (see Theorem 2.1). The coefficient of the leading

term of Lo(Han(0o)) is then 1/5/(1921log2) ~ 0.1938... (see (2.7)).
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Auxiliary results In the following, we collect several auxiliary results which will be
required in order to prove Theorem 3.13. Like in Section 3.1.1, we must again study sums
involving the terms ||2%|| as well as a,—y, ® yp1— (), Which stem from Theorem 2.5. We
write Ay (v, B) for the discrepancy function of Hs (o) and Ag(a, 8) for the discrepancy
function of Hsy, (o).

Throughout the next lemma, we always write j;(u) if the function j(u) appearing in the
first part of Theorem 2.5 refers to A;(a, §) and ja(u) if it refers to As(a, ).

Lemma 3.15. Let a = % + -+ + 5% andﬁ:%+~--+§—2 be n-bit.

1. Foruj,us € {0,...,n — 1} with uy # uy we have

Z (an_ul D Oén+1—j1(u1))(05n—u2 @ an+1—j2(U2)> =22
aeQ(2m)

2. Foru e {0,...,n— 1} we have

> (e @ g1y @) (W © A1)
a€Q(2")
o if ue{0,1},
2 (14 S 2(( @ D + (e ©1) ifue {2, n—1}

In the last expression, we define v; := B; & o; for all j € {1,...,n—1}.

Proof. We show the first assertion. W.lo.g. we may assume that u; < wy. Since
j1(uy) does only depend on the digits a4, 41, .., @, and jo(ug) only on the digits
Qp—ugt 1y - - - 5 Oy, We have

Z (an—m S an+1fj1(U1))(O‘n—U2 D O‘nJrlsz(uz))
acQ(2m)
1 1
= Z Z Op—uy % Op1—jq (ur)
Qe On—ug—1=0 An—ug+1,...,0n=0
1 1 1

> 3 > 1=2""72

A1,y O —ug —1=0 Qo +15e3Q8n—u _1=0apn—u +17~~-7an:0
2 2 1 1

We show the second claim. For v = 0 we have j;(u) = 0 and js(u) = 0 by definition
and hence

1 1
Z (an D O‘n—i-l)(an b an+1) = Z Ay = Z 1 =21 =gn vl
OCEQ(Q'”) at,...,0n, =0 Q.0 —1=0

If u =1, we use the fact that j;(1) and jo(1) only depend on «,, and write

Y (a1 @ ani ) (a1 @ angi_j))
aeQ(2m)

1 1
=2 ( Y. (1 @ anp—j) (@ @ an+1—j2(1)))

an=0 \ai,...,ap-1=0
1

=22 Z (an+1*j1(1)an+1*j2(1) + (OénJrl*jl(l) S5 1)(an+1*j2(1) ©® 1)) .

an=0
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We have to distinguish between the cases a,, = v; and «,, = 71 @ 1. In the first case we
obviously have j;(1) = 0 and j5(1) = 1 whereas in the second case we have j;(1) = 1
and js(1) = 0. We conclude

1
2y (an+1—jl(1)04n+1—j2(1) + (Qnr1—ji(1) ® 1)(Qnr1—j1) © 1))

an=0
=2"72 3 (a, ®1)+2"* > (a,®1)
Qn="71 Oén:')’l@l

:271—2(71 D 1) + 277,—2,}/1 — 2n—2 _ Qn—u—l'

We turn to the case u € {2,...,n—1}. Since j;(u) and js(u) only depend on the digits
Qpil—u,- -, but not on ay, ..., a,_,, we observe that

Z (an—u D Oén+1—j1(u))<an—u S an+1_j2(u)>
acQ(2n)

1 1
- ( > (A ® i) (Qn—u @ Oén+1—j2<u>)>

Oén+1—u7-~~7an20 Q1 yeees O —qy =0

1
=2" 7 Y (@ @@ + (@1 @ D (@1 @ 1))

Qn4l—uyn=0

u—1 1
=2 S (G et F (@, ® D) (@1 © 1))

.j1:0 Oén+1—u7---70¢n:0
Ji(uw)=j1

u—1 1
+ 2nut Z Z (anJrlfjl(u)an—&-l—jz + (anJrl*jl(“) & 1)(Oln+1—j2 @ 1))

j2:0 an«kl'fuw-'vFVn:O
J2(u)=j2

== Tl + TQ.

One might wonder why the sums over j; and js end in w — 1 instead of w and why they
do not coincide. The reason is that ji(u) € {0,...,u—1} implies jo(u) = w and ja(u) €
{0,...,u — 1} implies ji(u) = u. This can be seen as follows: ji(u) € {0,...,u — 1}
implies a,11-, = Y4, because otherwise we would have j;(u) = u. But from the fact
that api1-u = Yu 7# Yu ® 1, we immediately derive jo(u) = u. The other way round can
be explained analogously. This means that the case jo(u) = u is actually contained in
the sum over j; and reversely. We find

Tl :2n—u—1 Z (an+1an+1fj2(u) + (an+1 S¥ 1)(an+1fj2(u) % 1))

AUn41—u=Yu

An—1=72
Qan=71

u—1 1
+ 2n—u—1 Z Z

J1=1 ant2—jy,...;,an=0

Z (O‘n+1*j1an+1—j2(u) + (Oén+1*j1 D 1)(an+1—j2(“) ©® 1))

AUn+1—u="Yu
On—j1 =7j1+1
An+1—351 =751 @1

u—1

=2"" 0 (o, @ 1) + 277N 20 (5 @ 1)+, (e @ 1)) -

Jji=1
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Similarly we argue that

u—1
Ty =2""""1y, + 207071 Z 271 ((vj2 ® Dy + 75 (7 © 1)) -

Jo=1
Adding T} and T completes the proof of the second item of this lemma. O
The next lemma involves again the parameter | = (o) := |[{i € {1,...,n} : 0, = 0}
Lemma 3.16. We have
1 n2 2 In n 5 1
A A = — = — — — =
2 aﬁe%% ven )R B) = =61 = 16 T 16 " Tz 144 g gm

Proof. In this proof we write for the sake of simplicity A(a, 3,0, u) := n—y ® ny1-j(u)
where we emphasize the dependence of j(u) on «, f and o. With the first part of
Theorem 2.5 we get

1
Y Aia )0, )
a,B€Q(2m)
1 n—1
=z 2| 2 I29BI(=1) A, B0, w)
a,8eQ(27) \u1=0
n—1
’ (Z ||2“25||<—1>%+1A<a,5,a*,u»)
u=0
1 n—1
== 5 2| X I2UBI-) T Al B0, w)
a,8eQ(27) \u1=0
n—1
X (Z 1242 B]|(=1)7>** A(a, B, 0*,uQ))
u2=0
1 n—1 n—1
— o Y| Y sl || Y 2B A 5o )
a,BeQ(2™) u1=0 u2=0
Ouq+1=0 Oug+1=0
1 n—1 n—1
T 5an ) > 1298l A, 8,0, ) 3 1298)| A, B, 0", us)
a,BeQ@m) | u1=0 220
Ouq+1=0 Oug+1=1
1 n—1 n—1
+ 2Tn Z Z ||21L16HA(O[7570-7U1) Z H2u26||A(Oé,6,0'*,U2)
a,BeQ(27) u1=0 us=0
Oug+1=1 Oug+1=0
1 n—1 n—1
_2771 Z Z ||2u1/8”A(a7/670-7u1) Z ||2U25”A(067670'*,U2)
a,BEQ(2™) u1=0 u2=0
Oug+1=1 Oug+1=1

:Z—R1+R2+R3—R4.

With the first part of Lemma 3.15 and the first formula in Lemma 3.6, respectively, we
obtain

Z Z Soo2eslll2es] Y. Ale, B0, w)Ale, B, 0", up)

u1=0 u2=0 BeQ(2") acQ(2m)
Ouq+1=— 00’11.2«&»171
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— 1
Ly ¥z —ln—=1).
u1=0 u2=0 64

Ouy+1= 00u2+1 1

In the same way we show R3 = él(n—l). To calculate 7y and R4, we need to distinguish
between the cases where u; = us and where u; # uy. This leads to

S -

u1=0 ua=0
Oui+1=— Oo'u2+1 O

u1¢U2
2271 Z Z H2u6H2 Z A ﬁ,U,U)A(O&,ﬂ, O'*,U>
u+10_ BeQ(2m) acQ(2m)
64l(l Z Z 12432 Z Ao, 8,0,u)Ala, B, 0", u).
LU 0 BEQ(Q”) acQ(2n)
Similarly, we obtain
1
Ry = 64(71-[)(71-[-1 Z Z |2u6||2 Z A(Q,B7G7U)A(Oé,6,0'*7u>.
u=0 peQ(2") aeQ(2m)
Out+1=1
Our results for Ry, Ry, R3 and Ry yield
1
2% Z Al(aaﬁ)AQ(a7B)
a,feQ(2m)
1
=— 6—4(71 +41* — 4ln — n)
1 n—1 .
o 22n Z Z ||2UB||2 Z A B,O',U)A(OZ,B,O' ,U).
u=0 BeQ(2") acQ(2n)

Hence, our final task is to compute the last expression in the above line. We employ the
second part of Lemma 3.15 and the third formula in Lemma 3.6, respectively, to obtain

1 "o 1 . )
e > 2617 X Ao, u)Ala. B0t )
u=0 eQ(2") acQ(2n)
1 n—1 n - ,
22n Z ! Z ||2 BH2
BeQ(2™)
1 "= 1 1 2u71 ]
Q%E:T“/ > 28I X0 2 (v @ D+ 75( 1))
peQ(2) 7=1

n—1 22n+22u+1

2n+1 Z 3. 9n+2

WZ?“ZW > 1128178 @ 05 © 1)(By @ o)

Jj=1 BeQ(2)
ST S T R € o) 0@ 1) = B e s
J peQ(2m
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Finding the value of 3, is a matter of straightforward calculation. We have

1 1
= — (1 —).
! 12( 22n)

For ¥ we find

1 n—1 u—1 1 1
_ 1 2
B =g 22 Y > > 28l
u=2 J=1  B1,Bi—1,8j+15-Bu—1=0 But1,....n=0

Bj=0;
Bu:Uu@l

We remark at this point that ||2%43]|*> depends only on B,,1,. .., 3,. Hence,

1 ) B 1 ) B ) B 22n + 22u+1
> ll2Bl* =2 . l2eslF=2 Y [12UBIIF =2 W
ﬁu+1 ----- Brn=0 Blyeees Bn=0 ﬂEQ(Q")

We arrive at

22n + 22u+1
u u—2 u
Yo = 2n+1 22 2212 A YT
22n + 22u+1
u—2 [
e Z 2 =2 s

n 7 N 1
96 288 9.22n+1°

It is clear that X3 = ¥,. Thus, after adding all the results the proof of the lemma is
finally complete. O]

Proof of Theorem 3.13 We apply Lemma 2.9 to write

(Lo H?n / / t17t27ﬁ2n(0')))2 dt; dt,

_// Lt 1)) dtldt2+// (Ao(tr, £2))2 dty dt

+2/0 /0 Ar(tr, £2)As(tr, t2) Aty dts
=(Lao(Ham(0)))? + (La(Han(¥)))”
+2/01 /01 As(tr, ) Mgt 1) dty dy. (3.11)

We know the values of (Ly(Han(0)))? and (Lo(Han(o*)))? already from Theorem 2.1

(where in the latter case we have to insert n — [ instead of [ in this formula). This yields

2 2
9 o2 0t F In dn 3 1 1
(La(Hon(0)))" + (Lo(Hen(07))" = 5+ g =gt g t 1 Vo ~ g ooz

We split the integrals in (3.11) in four parts:
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' ' 1-2—n 1—2—"n
/0 /O Ailff2)Balln o) dbr :/0 /0 Ay (th,t2)Ag(ty, ta) dty dis
1-2—™n 1
* /0 /1_2,,1 Aq(ty, t9)Ag(ty, o) dty dty
1 1—-2—"n
* /1_2% /0 Aq(ty,t2) Ag(ty, tp) dty diy

1 1
+/ / Ay (ty,t2)Ag(ty, ta) dty diy
1—2-n J1—g-n
=0 + Iy + I3 + 1y

We can calculate I5, I3 and I, with aid of the second part of Lemma 2.5. Since this
proceeds analogously as in the proof of [42, Theorem 1], we only give the results here.
We have

=1, = 25 _ 5 _ 25 n 2 _ 1
36-27 9.4  36-4" 3-8 9.16"
and
Iy = ! + L 2 .
6-4  9-16" 3-8

It remains to evaluate I;. We use the second part of Lemma 2.5 to obtain
1-2-7 1-2-7"
I :/ / (A1(t1(n), t2(n)) 4+ 2" (t1(n)t2(n) — til2))
0 0
X (AQ (tl (n), tg(n)) + 2”(?51 (n)t2 (77,) — tltg)) dtl dtz
1277 p1-27n
— /0 /0 Av(t1 (), t2(n)) Ag(t1 (), ta(n)) dty dts
1277 p1-2-n
w2 [0 [T A(), () (t(n)ta(n) — tata) iy dy
0 0
1277 p1-2-7"
+ 2n/ / AQ (tl(n), t2 (n))(t1 (n)tg(n) — tltg) dtl dtQ
0 0
1—2-n ,1-2-n
+ 22"/0 /0 (t1(n)ta(n) — tite)® dt; dty = Sy + Sy + S5 + S,

The value of Sy can be calculated in a straightforward way and is

1
7216

Sy (2" —1)%(25 - 4" — 32-2" + 8).

The expression Sy was computed in the proof of [43, Theorem 1] and is given by

g _ga 2T =1 (l(a) n)

4n 8 16

Analogously, we have

4n 8 16

where [(o*) is the number of components in * which are equal to zero. Since we
obviously have () =n — (o), we find Sy + S3 = 0. So far we have

S5, — o ontl _ 1 <l(0'*) n )

I =5+ (2" —1)%(25-4" — 32-2" +8).

72 - 16™
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But since

S=3 / / ( >A2< bn> dt, dt,

a,b=1
1
:ﬁ Z Al(aaﬂ)AQ(a7ﬁ)7
a,BeQ(2")
we also know the value of S; from Lemma 3.16. Putting all results together, we obtain

the claimed formula in Theorem 3.13. OJ

3.2.2. An exact formula for the L, discrepancy of ﬁ?n

Statement of the result The following theorem generalizes Theorem 3.13 to arbitrary
bases b > 2 and permutations o € A,(7). Recall the notation from the lines before
Theorem 2.2 and from Definition 2.6. In particular, A,(7) is the set of all permutations
in &, which commutate with 7.

Theorem 3.17. Let 0 € Ay(7), n € N and ¥ € {o,5}". Then we have

o N2 , 11 1 1-9-(-1)°
(La(HE)) " =nef + 5+ o+ g

where ¢§ = 2(13‘;’(2) + ®7 + %&)gl + %(f)l‘b

Remark 3.18. Theorem 3.17 demonstrates that Lg(ﬁ?n) does not depend on the po-
sitions of ¢ and @ in the tuple ¥ € {o,7}" at all, but only on the base b, on the
permutation o € Ay(7) we choose and on the number of elements N = 2b"™. Hence, for
a fixed o € Ay(7) one should always choose ¥ = (0,0,...,0) and ¥* = (7,7,...,7) if
one is only interested in a low Lg discrepancy of Hl,zn

We would like to derive results for the simplest case o = id. To this end, we need to
compute cid. This is easily possible with aid of Proposition A.1 in the Appendix, which
b2 1

yields ci¢ =365+ 21 — @ This leads to the following corollary.

Corollary 3.19. Let ¥ € {id, 7}" for some n € N. Then we have
2 212 11 1 1-9-(=1)
Li(H:)) =n|—+— — — Sl N

(La(H35)) = (360 MY 45b2>

Remark 3.20. We remark that for b = 2 the formula given in Corollary 3.19 recovers
Theorem 3.13. From [30, Corollary 4] we have

min (LQ(HE’n>>2 - <b2 + 1 13) +0(1).

TS T T T

sefid,m}n 240 72 72002

This means that in the case 3 € {id, 7,}", symmetrizing yields asymptotically a lower
Ly discrepancy than mere digit scrambling for b > 5.

Our proof is based on techniques developed and employed in several papers such as [11,
26, 27, 29, 30, 31]. The formalism we use to verify Theorem 3.17 is rather complicated
and leads to several technical proofs. We therefore would like to proceed in the following
way: In the subsequent paragraph, we present the high level structure of the proof, where
we try to avoid as many technicalities as possible. This subsection gives the reader the
basic idea of the proof. The details of the proof can be find afterwards in an extra
paragraph.
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The basic steps of the proof Throughout this section, we write Aj(¢y,ty) for the
discrepancy function of Hbzn and As(ty,ty) for the discrepancy function of ’Hbzn The
first steps of the proof are similar to those of Theorem 3.13. With the definition of the
Ly discrepancy and Lemma 2.9 we obtain

(La(Hy))? / / (t1,t2, Hi))? dty dt

_/ / tl, tg dtl dtQ + / / AQ tl, t2>) dtl dtg

2 Aty te)Ag(ty, o) dty dt
+ /0/0 1(t1,t2) Aa(ts, to) Aty dty
1 1
:(LQ(HE’H))?JF(LQ(HE,H))2+2/O /0 Ai(t, 1) Ag(ty, to)) dty dty.  (3.12)

At this point, we make use of Theorem 2.2, which yields

(Lo(Hy))* + (La(H,))?

1 1
:(cbg)2(2n2 + 812 = 2n — 8In) + 2n®7® 4

1 9 3g0

Here we regarded the obvious fact that >* contains n — [ entries equal to id whenever
¥ contains [ of such entries. We examine the last integral in (3.12) and therefore regard
Remark 2.8 to write

/1 /1 Al tl, t2)A2(t17 tg) dtl dtg
[ [ () + b (1 (n)ta(n) — 1))
(AQ (tl( ) tz( )) + bn(tl (n)tg(n) - tltg)) dtl dtg
_//Au () Ag(t1(n), ta(n)) dty dty
+ b”/ / A (1 (n), t2(n)) (11 ()ta(n) — tit) Aty dts
+ b /0 /O Aot (), t2(n))(tr (n)ta(n) — trts) Aty dts
+ b /01 /Ol(tl(n)tQ(n) —tity)? dty dty =: By + Xy + Tz + Iy

From the proof of [31, Theorem 2] we already know that

2—25+ 1 N 1
YT T T ropn

1 1

By replacing [ by n — [ in the result for ¥, we obtain
1 1 -

and therefore ¥9+33 = 0. It remains to evaluate ¥;. In the following, we do nothing else
but inserting Theorem 2.7 for Ay (A/b™, M/b") and Ay(A/b", M /b™), and then separating

and
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those indices ¢ € {1,...,n} where o, = o from those where o; = 7. We have

1 X A M AN M
Y, =— A= =)A= —
1 b2n Z 1(bn’bn> 2<bn’bn>

AM=1
1 M M
“pn Z (Zwal)\ME (lﬂ)) (Zwbaj,\MZ)<bJ>)
A M=1
1 & M - M
pon > Z%a AMZ)<bZ>+ Up s (M) <bz>
AM=1 | i=1 i=L
M\ M
X ZwstAME <b1)+ Zwb,s](AMz*)<b]>
j=1 =1
1z M G M
=i > Z Up s (M) <b>) > Vs (AM,5*) <bJ>
AM=1 | =1 =L

+
o
o
s
3
N
<
N——
3

" M
Z vy ei(AME) \ i Z ¢b,5j(A7MuE*) <b1>
ANM=1 | i=1 j=1

0i=0 g =0

1 & n M noo M
t o Do D v (AMZ)<bZ> D Vi oums <bﬂ)
AM=1 | =1 j=1
;=0 oj=0
A N M noo M
tom 2| X eown (5) || 2 vieoes (57)
AM=1 | i=L j=1
0;=0 o;=0

2251+52+53+S4.

Now, for the first time in this proof, we have to deal with the functions 97, which appear
in Theorem 2.7. First, we only need results that have already been proven in previous
papers. The proofs of the following auxiliary results can be found in [30, Lemma 2|, [31,
Lemma 3] and [31, Lemma 4], respectively.

Lemma 3.21. Let 1 < N < b, 1 <i < j<nando € &,. Then we have for
oi,0; € {0,7}

S izinanmn () o () =020 (3) 0 (3F).

where ¥1,%9 € {0,7}" may be different. Then, for 1 < i < j < n and an arbitrary
permutation o € Gy, we have

o M M 2
o o _ in+2 o
St () vt (57) =02(1)”
Finally, for o € &, @ =m,00 and any h € {0,...,b— 1}, we also have the relations

¢g,h - _wg,b—h
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and, as a result from that, 7 = —7 and 1/)27»(2) — %?7(2)

We change the summation order and use the statements of Lemma 3.21 to compute

1 M M 2
=g 55, 007 (37) v (37) = o™ > (o)’ = -0 (97)"
zy_;N 1 JZ_U

2
Similarly, we show S3 = [(n — ) (@g ) = 55. To evaluate S7, we have to distinguish the

cases where ¢ # 7 and where ¢ = j. The first case can be treated analogously to Ss and
Ss. Hence,

1 n b o e M - M
Simm X X0 ()i ()
U“z'?f ’
n M - M

b2n ]Zl )\%: 1wb EJ )\ME (b‘j) wbvsj()‘vaE*) (bj)
n b MN — M

= (a7)"10 Z > Ve s (bj> Vbe,(r01.52) ( W ) -
=1 A\, M=1

0;=0

In the same way we show

o\ 2 - MN M
Sy = —(‘I)b) (n—0Dn—-1-1) b2n ; M\%:l%sj(uwz (b]> Vpe; (AM,5%) (bj> :
O'J:(T

From Lemma 3.22 and the proof of Lemma 3.25 we observe that

bn b"
_ M M MN - M
Z wga' AM,E () wga- A, M T <) = Z %j,a- \M,Y () wlia- A\, M,x* (>
Nt i )\ pi i )\ N i( )\ pi i )\ i
Summarizing, we have
" n MN = M
X = (‘I)b) (—n? — 41> +n + 4ln) + Z Z Vp e, (M) <bﬂ> Vp e, (AM,5%) (bj>
j=1A,M=1
and thus, by putting all results together, we arrive at
75\ _oppe® 181
(L2(H,))” =2n07® + ] + o
MN = M
b2n Z Z Uy, &5 (\M,%) (bﬂ) Vhe, (0,57 (bﬂ) : (3.13)
J=1 A\ M=1

We observe that the remaining step to finally prove Theorem 3.17 is the evaluation of
the expression

MY & M
b2n Z Z v, £ (A\M.T) <bj) @Z)g,gj(A,M,z*) (W) . (3.14)
Jj=1\M=1

This is the most difficult and technical part of the proof, and all the lemmas we present
in the following paragraph aim at calculating this term. The final result is stated in
Lemma 3.25. Inserting the formula given in this lemma (and in Remark 3.26) into (3.13)
completes the proof of Theorem 3.17. O]
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The details of the proof To guide the reader through the proofs in this subsection, we
explain the basic ideas in a few lines preceeding the corresponding lemma, respectively.

Lemma 3.22 is the only lemma where we need the somewhat complicated definition
of the numbers ¢;(\, M, %) appearing in Theorem 2.7. The proof of this lemma may
appear extremely technical on first look, but in fact we only apply basic combinatorial
considerations. The main concern is to investigate for which integers A € {1,...,0"}
the numbers ¢;(\, M, X) and €;(\, M, X*) take certain values h,h +1 € {0,...,b— 1}
simultaneously.

Lemma 3.22. Let 0 € Sy. Foralll < M <0 and 1 < j <n—1 we have

b" 3 MY M
;wb,ej(A,M,z) (bj> wb,aj(&M,E*) (bj)

bty (35) + 07 00 = 1= 2,0, 0) (07 (3) — 0 (i)

g () + b 20 (M, 5) + 1= 0" (g, () = 97 ()

If j = n, then we have

— o M\ M\ o (M
St () sz () = ()
A=1

Proof. The case M = b" is trivial since then the left- and the right-hand-sides of the
above equality are zero. We therefore assume 1 < M < 0" now. We show the case j =n
first. Since e,(\, M, X) = €,(\, M, ¥*) = A, by definition, we can write

b7L

i MY M
Z wb7an(A,M,E) (b") wb,an(A,M,E*) (b")
A=1

b—1 M _ M b" 1% M
=2 () vin (55) X =002 ()
h=0 )\)\Zzlh

Wefix je{l,...,n—1}, M € {1,...,b" — 1} and X € {0,7}". We have to distinguish
between two cases. Let us first assume that v;(M, X) < v;(M,X*). Then we can either

have
gi(AN, M, 3E) =¢;(A\, M,X") or g;(\, M,%) =¢e;(\, M, X*) + 1.

We count the number of A;_; such that ¢;(A\, M, X) = ¢;(A\,M,¥*) = h for any
he{0,...,b—1}. For h € {1,...,b—1} these A;_; are given by v;(M,X)+ (h—1)b+=
for z € {v;(M,%*) — v;(M,3) +1,...,0" 7} and for h = 0 the corresponding A; 4
are 0,...,v;(M,Y) and v;(M,%*) + (b — 1)b"7 + 1,...,b" 7" — 1. Hence for all
h € {0,...,b — 1} we have b" 7 — (v;(M,¥*) — v;(M,X)) values for A;_; such that
g;(\, M, %) = ¢;(\, M,3*) = h. Since there are always &' elements A\ € {1,...,b"}
with the same A;_; we have proven

b

> 1= — (v;(M,X*) — v;(M, X))). (3.15)

A=1
(g5 (\M,X)=¢;(A,M,5*)=h}
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For h € {0,...,b— 2}, we have ¢;(A\, M,X) = h+ 1 =¢;(A\, M, X*) + 1 for A;_; of the
form v;(M, %) + hb+ 2z for z € {1,...,v;(M,X*) —v;(M,%)}. Hence we have

bn
> L=V (M5 — (M E) (316)
{A aj(A7M,E):Ii\+:11, € (A M, 2*)=h}

for all h € {0,...,b—2}. Here we simply neglect the also possible case ¢;(\, M, %) =
0,¢;(A, M,¥*) = b — 1, since the corresponding summands in the sum

bn
Z 1/Jb,gj(>\,M,2) <bﬂ> ¢b,sj(A,M,z*) <b1>
=1

are zero anyway. In the second case v;(M,X) > v;(M,¥*) we only have the possibilities
g;(AM,Y) =¢;(\, M, E") or ¢;(A\,M,%X) +1=¢;(\ M,3").

Apart from that, the situation is quite the same as in the first case and we have

pn

> L= D7 0 — (50, 5) — 1 (M, 57)

A=1
{)\Z £j ()\,M,Z):Ej ()\,M,Z*):h}

for all h € {0,...,b— 1} and
b '
> L= U (M, ) — 1(M,5)
e M) o) OME ) =t 1}
for all h € {0,...,b— 2}. Next we prove the relation v;(M,X*) = 0" — 1 — v;(M,X).
From the definition of v;(M, ¥*) we find
vi(M,57) =05 (M)l 4 4 ol (Ma)b + 07 (M)
:(b - 1 - O'j+1(Mj+1))bnijil + te + (b - 1 - O'nfl(Mnfl))b
+(b—1-0,(M,))
=b—-1)0" 7+ b+ 1) =y (M,E) = 0" — 1 — v (M,Y).
This identity yields the equivalence of v;(M,Y) < v;(M,¥*) and v;(M, %) < bn_Qé as
well as the equivalence of v;(M,X) > v;(M,¥*) and v;(M,%) > =1 Now in the

case v;(M,Y) < bn;ﬁ we find

b’IL

MN M
Z wl?,e- AM,% <>¢g,a A, M, 3* (>
bt ]( ) b] J( ) b]

b—1 b
o M o M
=30t (55) o0 (55) 2 :
h=0 A=1
{Aiej(A\M,X)=¢;(\,M,5*)=h}
M M

¥ Z¢ (&) (%) > .

A=1
(g5 (MM, E)=h+1,e;(\M,5*)=h}
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Using (3.15), (3.16) and the definition of @Z{)’ and 1;{)’71, this leads to

b MN - M
;¢g€j(A7M’E) (bﬂ) wg,sj()\,M,E*) <bﬂ>

i—1/3n—j * 4 M
=V = (v (M) = v (ML 2D (5

0 (00,5 = (0, 9 (55

i (3) 000,57 - on 9 (35, () 3 (A1),

By applying the above relation between v;(M, ) and v;(M, ¥*) we find

Vj(M, Z*) - I/j(M, E) == bn_j —1- 2I/j(M, Z),
which yields the claim of this lemma in the case v;(M,X) < bn_% The other case can
be completed analogously. O]

We are now concerned with the task to compute sums of the form ¥4, b U8 (bM]) (and

analogous sums for % . and wbg) Let us first consider such sums for the special case
o = id, since in this case the functions wb 1, which we introduced in Definition 2.6, can
be written down in a simple way. The rest of the proof of the subsequent Lemma 3.23
contains evaluations of elementary sums and integrals.

Lemma 3.23. Forall j € {1,...,n} we have

S (M) = ([ e+ BOD),

M=1
5%;&%3(@?) = b7</ Bt (@) da + (éJd)>’
A:;m <M> -V </0 Ui () dx+Ab(‘;’2d)>,

where we have
Ay(j,id) = 36b21 (b3 +2b) dif b s even,

and

Ay, id) = —aqz (b —4b) if b s even,
—agzm (VP =0b) if b s odd.

Proof. We use the fact that

i Jo=hz it ze [O’ %} ’
b () = h(l1—2) if =€ [%, 1} ;
and
. b if xelot2],
on(T) = (b—h)z— (b—h) i xe{%,l}a
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which was already mentioned in [30]. Let z € [k/b, (k+1)/b]. Then we have x € [0, h/b]

forhe{k+1,...,
for h € {0,...,

two cases:

b—1} and z € [h/b, 1] for h € {0, ...,
b—k—1}andz € [(b—h)/b,1] for h € {b—

k}. We have x € [0, (b— h)/b]
k,...,b—1}. We distinguish

1. Let £ < (b—1)/2. Then we have k < b — k — 1 and therefore we can write

Jii() = Y- (1 - o)(~ho) + :Z_ (b— h)a - (—ha)
b—1
h_ijk ((b—h)x — (b—h))
= bkz2+bk:—66+g>x — (2]§+k2—|—§>x::Pk( )

2. Let k> (b—1)/2. Then we have b — k — 1 < k and therefore we can write

b—k—1 k

3
2b2k+bk+%—b2+b

6
+ <2b2k —

_kZ_E_
23
+§—bk2+k2—

2_
bk 5

2%
3 3
b3
6

k
bk + =
+3+

> hl—az)(—hx)+ > hl—=x) ((b—h)z—

(b—"h))

—(b—h))

) 2
b+ b2> T

— Z =: Qk(x).

Now we have to consider even and odd bases b separately. For even b we find

k41 k+1 1 7b3
r)dr = z)d / p)dr=——— — L
/ Uiy de =3 |, v Z T 790 720
and
Y 21 (k+1)bit M b—1 (k+1)bi—1
i), 2 nG)r, 2 e
M=1 k=0 M=kbi—1+41 k= bM kbi—141

1
900

b4+ 20+ [ —

72bJ (6% +26) + (

whereas for odd bases b we compute analogously
k41

/011; dx—Z/kHPk dx+2/b

b+1 b

70

_720>

Qr(x)dx =

70

W
720

77_
7200



and

b (ke 1)pi? b—1 (k1)o7 !

Aﬁ%@fﬂ(%) 2 X Pk<b3>+ 2 > Qk(b])

k=0 M=kbi—1+1 k= b+1M kbi—141

1 T
i R (720b 720) '
Tid (M

It is straightforward now to derive the claimed formula for ¥4,_, i (b—]) Since the
proofs of the other two identities may be executed analogously, we omit them at this
point. ]

The next lemma generalizes Lemma 3.23 to arbitrary permutations ¢ € &;. The main
idea of the proof is to reduce the case of general permutations ¢ to the case where
o = 1d. The latter case has been analyzed in the previous lemma already. We advise
the reader to consult also the proof of [31, Lemma 4], since we follow closely the ideas
there.

Lemma 3.24. Let 0 € S;,. Forall j € {1,...,n} we have

bZz/zb(]f) - (/ ¥ dx+A(°72”d>),
Sa(i) - v ([ e 25),

]\4§=:1¢g’2 <Jl¥) - </ wbg dq;_|_A(]27@d)>,

where Ay(j,id) and Ay(j,id) are as defined in Lemma 3.23.

Proof. 1t has been shown in the proof of [31, Lemma 4], by applying Simpson’s quad-

rature rule, that
bI ( .
o J; o)
£ () v ([ a2
= b bJ b D)

o= (6 (50 6 ().

where here and later on by f/'(x — 0) we mean the left-derivative and by f'(z + 0) the

with

right-derivative of the function f at . The only properties of w{,”@) the authors needed
to show this identity are the fact that 1/),?’ @ i quadratic on intervals [k/b, (k4 1)/b) as
well as the 1-periodicity of this function. Since @/Jb has these two propertles as well, an
analogous relation is also true for ¢)7. Now we need the definition ¢ = ¢b Win
to deduce
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b
b r(k—1 e b—1 b
+ Zdjbh( ) ((d} b,k <b+0> _(1/11?,11) <b+0>> :ZZ(Sl—i-Sg).
h=0 k=1 h=0 k=1

We define f, ;, := (¢g,h>/ (% + 0) and ?h,k = (@/}fh)/ (k + O) From the linearity of ¢y,

and %?,h on [k/b, (k+1)/b) we have @Z)gh(k/b) k/b (?/)b h) (r)dz = %Z;‘;_OI fna and also
U7, (k/b) = 3 Y1) [ For k = b, this yields Zl:() fna =02 fry = 0. Hence for every
he€{0,...,b— 1} we have

161 b

. . ]_b 1
251 beh,l > (Fokor — fop) = behlfhl
=0

=0 k=l+1

and analogously

b 1b 1 b 16—1 b
> 8= thl > (fuk—1 — fuk) = Z Frifna=Y_ 51
k=1 bz kS b= =

Finally we conclude

' I b—1b—1 i (1 _ /[
Ab(], o 3b2]+1 Z Z fhlfhl 3b2]+1 Z Z ((%j,h) (b + O) <wl()7,h> (b T O))

e S (0 (10 0) b (20 )

b—10b-1

3b2]+1hzoz<< %) (fﬁo () <é+0>> = Ay(j,id),

where we used the relations

() (5 +0) = (o) (757 +0)
() (5+0) = () (42 +0).

They follow both directly from the definition of ¢7,. The first relation has also been
used in [29, 31]. The proof of the first claim of this lemma is complete. Since the other
two identities may be proven completely analogously, we omit an explicit proof. O

and
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Now we are ready to show the main lemma of this section. We will combine Lem-
mas 3.22, 3.23 and 3.24 to obtain this result.

Lemma 3.25. Let 0 € &,. Then we have for even bases b
2 pn ) Y _ Iy
b2 Z Z wbvﬁj(/\,M,E) ((ﬂ) %,Ej(,\,M,z*) (Zﬂ)
j=1\M=1
= 1 o 1 o = 1 g 1 = 1 1
=0 (9 + 380, + 580) + (8- 5% 330) — 35~

and for odd bases b
9 n b" . M _ M
ban Yo > Yo (bﬂ) Vp e (AM,5%) (bj)

j=1AM=1

U P 1 oo, 1., 1, 1
=N <®b + 5@1)71 + 2(bb,2) + <_36 + [)27_1 (¢b - 5@1771 - 2¢b,2>> (1 - bZn) .

Proof. At first we remark that for M = M,0""' + --- + M; the number v;(M,Y) de-
pends only on the digits M;i4,..., M,, which follows directly from its definition in

Theorem 2.7. On the other hand, the values of @Eg (M), @Zgl (M and @E,C)’Q (bMJ depend

b bJ)

only on the digits My, ..., M;. This can be seen from the 1-periodicity of these functions,
since

e (%) =7 ({2{}) =7 ({J\/[nb”‘j‘1 o My + M 4+ Mlb_j})

=7 (Mjb™ + -+ Myb )
and analogously for &gl and 1;,;’2 We set fy(j) := [(b"7 — 1)/2]. Lemma 3.22 leads to

o M 7 M
¢b,sj(A,M,Z) <b3> ¢b,aj(A,M,E*) <b]>

n=1 | fo(4) b—1 b—1 M
o n—10 (2
S ()

+ VT — 1 - 20) ({55,1 (]b\f) i (%)) )

SRR R (g

l=fp(5)+1 Mj11,...;Mp=0 Mz,...,M;=0

v (M.X)=t
+ VN 20+ 1 — b (1;52 (Jb\f) N 1;;’7 (]lf)) ) }
+ Mé bl (Qf)

2 {J:é) M: (b”%;’ (%) + VT 1= 20) (&gl (é‘f) — (2{)) )

J
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S (e () e e (3 () -5 (3) )

(= fb(J)+
+ Z by ( n)

At this point we need to treat the cases of even and odd bases b separately. Let us first
consider even bases. Then we have f,(j) = 0""7/2 — 1. With Lemma 3.24 we get

n b M 5 M
> Z Vhe; (WMD) (bﬂ> Vhe;(AM,57) (b])

=1\ M=1
—1 ) A _ A ..
:Z {an—]—lb] (b@g + b(]?Zd)>
—~ 2
J
' b3 /2—1 ' ' _ A (i id N Al id
FH S (T — 1200 (b@g‘,l + ”(‘;” ) g — ldd )>
(=0
' bnfj_l ' ' ~ Z . d ~ A . d
FHTY @l — Y (b@;ﬁ Wid) g A >>
(=bn—3 /2 2 2

+ 2 v ()

- 1 ~ ~ 1
_ 2n—1 o 3 2n—1 o o
- }j {b (bCDb - 7%2 (b + 2b)) + b (b@b,l — b + 1%2]._1)

1 2n—1 0 0 1 2n—1 0 1 3
+ b (b(I)m by + 1262]_1)} b (b(I)b (6 + 2b)>

Now a straightforward calculation yields the claimed result for even bases b. For odd
bases b we have f,(j) = (0" 7 — 1)/2 and hence we obtain similarly as above

n b ; M - M
Z > Uiy (lﬂ) Vb ey (A M 5) (bJ>

Ay, id)

_ erIoniz . -
5 ) HHTNY (M = 1= 2000 (b7, - b3))

£=0

PP Y @l (5613;2 — b(fg)} + Z T < n)

n—1 _ 1 1 . ~ ~
o 2n—1 o 3 2n 2 o o
_Z{b (b(I)b — b —b)> G AR

j=1
1 2n 27 e 50 2n—1 50 1 3
= 1) (b, — b@b)} T (bcpb - o (0 - b)) .

The rest of the proof is again a matter of elementary calculations. O]

Remark 3.26. Proposition A.2 from the Appendix provides for o € A,(7) the relation

~ o 1, 1~ —L if b is even,
q)b - 7q)b,1 q)b2 - 214 p2—1 . .
2 2 —5i g2 if bis odd.
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In this case, Lemma 3.25 can be displayed in a much simpler form, namely

2 n b™ " M - M
an Z Z 77/11;,53-(,\,1\4,2) <bﬂ> wb,aj(A,M,Z*) <b3>
j=1\,M=1
1l 1, 5 1—9-(-1)
- b+®b’1+2@”>_72+m4b2n

Note that we have now completed the final task and found an expression for (3.14).
Inserting the formula discovered in Remark 3.26 into (3.13) completes the proof of
Theorem 3.17.

Numerical results We defer all the proofs in this section to the Appendix, since they
contain elementary, but very lengthy and technical calculations.

The constant ¢ which appears in Theorem 3.17 is rather hard to compute. We therefore
present an alternative formula in the subsequent lemma, which is a consequence of
Theorem 3.17 and Proposition A.1 from the Appendix.

Lemma 3.27. Letn € N, 0 € Ay(7) and ¥ € {0,7}". Then we have

im
n—00 /log an \/ logb’
where
16 — 12b — 1116% + 2286 — 1126* 1 — (—1)b
7202 1663
4 b—1
3

b
+ 7 > max{o(k),0(ks)} <2<max{k1, ko} + max{k; + ko, b — 1}) — k2 — k1> :
1, k2=0

o __
G, =

Now we would like to find for each base b the permutation oi"™ € Ay(7) for which the
constant ¢ becomes minimal. We therefore employ computer search algorithms. Note
that the constant ¢f is invariant with respect to switching two complementary elements
in the permutation . To be more precise, for a given permutation o € Ay(7) the
following fact is true: Let d € {0,...,0—1}. Then we define the permutation € A,(7)
in the following way: For k € {0,...,b— 1} \ {d,b — 1 — d} we set (k) = o(k) and
additionally we set 5(d) = o(b—1—d) and 5(b— 1 —d) = o(d). Then we have ¢f = ¢,
which is the result given in Proposition A.3 from the Appendix. This rule allows us
to reduce the number of permutations which we have to check significantly. We do not
have to check every single permutation that is contained in A(7), but only those which
are elements of the subset

By(7) = {0 € Ay(7) :0(k) € {0,1,..., {6_21” for all k € {0,1,..., {bglJ}}

That means we have to check |b/2]! permutations instead of 2L%/21|b/2|! to find the
minimal value for ¢f. Our numerical investigations show that there are often several
permutations ¢ € B,(7) where the minimal value for ¢f is attained. Table 3.1 lists
for each base b € {2,...,27} one permutation o € By(7) where ¢ is minimal and the
number ¢, of permutations in B,(7) which give the minimal value for ¢f. Then there are
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210/2] g, permutations in Ay(7) which yield the lowest constant in each base. Of course,

we also present the corresponding values for ¢f and y/¢f /logb. Since the permutations in
By () are completely determined by the permutation of the digits 0, 1,..., [(b—1)/2], we
only give these partial permutations in Table 3.1. We use the usual cycle notation. For
instance, the permutation (0, 1,2) € B7(7) on the set {0,1,...,6} is given by o(0) = 1,
o(1) = 2 and 0(2) = 0. The values of o(3), o(4), 0(5) and o(6) can then be obtained
through the relation o(6 — k) = 6 — o(k) for k =0,1,2,3.

: ] 4 | JE

2 id 1 1/24 | 0.245178
3 id 1 5/81 0.237039
4 id 2 1/12 0.245178
5 (0,1) 1| 29/375 | 0.219202
6 (0,1) 4| 67/648 | 0.240220
7 (0,1,2) 2 2/21 0.221229
8 (0,2,3,1) 2 3,32 0.212330
9 (0,1,3) 4| 26/243 |0.220671
10 (0,3,4,1) 2 | 111/1000 | 0.219560
11 (0,2)(1,4) 1| 415/3993 | 0.208189
12 (0,3)(2,5) 2 | 35/324 | 0.208500
13 (0,2)(1,5)(3,4) 1| 55/507 | 0.205654
14 (0,2)(1,5)(4, 6) 2 | 983/8232 | 0.212715
15 (0,4)(2,6) 3 | 236/2025 | 0.207450
16 (0,5,4)(2,3,7) 4| 23/192 | 0.207859
17 (0,3,5,6,4,2)(1,7) 2 | 5834/4913 | 0.204829
18 (0,5,8,3)(1,2,7,6) 2 | 241/1944 | 0.207101
19 (0,5)(2,8)(4,6,7) 2 | 827/6859 | 0.202358
20 (0,2,4)(1,8)(3,6)(5,7,9) 8 | 193/1500 | 0.207243
21 (0,6)(2,9)(5,8) 1| 491/3969 | 0.201576
22 | (0,4,2,1,9,8,5,6,10,3,7) 8 | 4219/31944 | 0.206708
23 (0,6)(2,10)(4,8)(7,9) 1 | 4586/36501 | 0.200175
24 | (0,7,11,3,5,8,1,2,10,9,6,4) | 16| 343/2592 | 0.204055
25 | (0,4,6,8,10,7)(1,9,5,3,11,2) | 8 | 1234/9375 | 0.202218
26 | (0,7,12,5)(1,2,11,10)(3,4,9,8) | 2 | 2236/17576 | 0.198792
27 | (0,3,1,10,6,8,11,9,4,12,2,7) | 14 | 289/2187 | 0.200235

Table 3.1.: Numerical results for the full search in B,(7)

Finally, we should compare our numerical results to those in Section 5 of [31]. There
the authors searched for the best permutations o € Ay(7) to obtain a minimal Ly dis-
crepancy of the digit scrambled Hammersley point sets ’Hb%n, where ¥ € {0,7}". The
authors obtained the lowest Ly discrepancy overall in base 22; the corresponding leading
constant is 0.179069... We obtain the lowest leading constant for Lg(ﬁbzn) in base 26,
namely 0.198792.... In general, the minimal constants of the symmetrized Hammersley
point sets are slightly higher than the minimal constants of the digit scrambled Ham-
mersley point sets in every base, at least up to base 23 (Table 1 in [31] ends after this
base). The advantage of the symmetrized point sets is the fact that we do not have to
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care about the arrangement of ¢ and @ in ¥ (see Remark 3.18). As for Lg(’HEn), this is
the case if and only if &7 = 0 (see [31, Table 2]). Additionally, Corollary 3.19 indicates
that the values of ¢f for "good" and "bad" permutations do not spread so much for the
symmetrized point sets as it is the case for the digit scrambled point sets. Indeed, our
numerical results suggest that for even bases the highest value for ¢f of all o € B,(7) is
always attained only for the identity and the permutation which is determined through
the relations o(k) = b/2 — 1 — k for all k € {0,...,b/2 — 1} and that for odd bases
max,ep,(r) ¢ is attained if and only if o = id.

Open Problem 3.28. We state several unsolved problems on the Ly discrepancy of
the symmetrized Hammersley point sets.

e Prove or disprove that max,ecp,(r) ¢ = ci? as conjectured above.

e Find min,ep,(-) ¢f for bases b > 28 (maybe there is a law behind it). Investigate
in particular if mingep,(r) \/cf/(logb) is bounded in b as suggested by Table 3.1.

3.3. L, discrepancy of symmetrized van der Corput
sequences

In Section 2.1.2 we discussed methods to find good bounds on the constants involved
in the Ly discrepancy of the symmetrized van der Corput sequences. The result of
Faure [27] on the sequence V, provides the smallest constant known so far. However, it
is reasonable to assume that there are sequences among the huge class of symmetrized
generalized van der Corput sequences 175 whose L, discrepancy has even smaller con-
stants asymptotically. Since the approach via the diaphony, executed in the papers [11]
and [56], failed to beat Faure’s constant from 1990, we intend to find an exact formula for
Lo, ~(V?). The aim of this section is to find a precise expression for the Ly discrepancy
of the symmetrized van der Corput sequences f/g for any base b and any permutation
o € 6, with 0(0) = 0. The following theorem gives a result for even N. To this end,
we introduce the functions

o o,(2 ~o o ~o > 4 >0 7
My = Py ® + @, Mpa =1 — ¥y and M2 *= Po2 = Po-

Theorem 3.29. Let N =2M with 1 < M < 0", wheren € N and b € N, b > 2. Then

we have
2 iy v;(M, )+ 1| (M
Lon(VY) ( an () 5 ]z:l ’1_W 77b1(bj>
Vj(Mfz)Sbn_;71

1

2 ! w;(M,S) + 1| , (MY \°
T j=1 ‘1 b b2 (bﬂ) o)
v (M,z)> =

7



Proof. We define ]},‘f v to be the ordered set of the first N elements of V. Then we have
Vin = (97 (m))n=g U (1= @ (m))5=5.
We consider the slightly different set
VIV = (@ (m)ni=g U (L= 1/6" = ¢ ()= = (9 (m))i=g U (5 ()i

Note that ¢7 (m) means here that we always apply the permutation @ = 7,00 to the first
n digits of m, even if they are zero from a certain index on. With the same arguments
as used in the proof of Lemma 2.3 we find

|Lan (Vg x) — Lan (Vi) < 1. (3.17)

We therefore compute Ly, N(fi{: }%2)) in the following. An application of Lemma 2.9 yields

An(t VD) = A, V]) + A, ).

Now we derive a useful relation between the discrepancy functions of the van der Corput
sequence and the Hammersley point set. Note that the generalized Hammersley point
set in base b with respect to the n-tuple ¥ = (0, 0,...,0) may also be written as

HE, = {(gpi(m),ZZ) .m e {0,1,...,b”—1}}.

Analogously we have for the generalized Hammersley point set with respect to >* =
(7,7,...,0) the alternative definition

Hbzn = {(gog(m),l:';f) :me{0,1,...,0" — 1}}
Recall the definition of ¢(n) from Remark 2.8. We have
An(t,Vy) =An((0,1), V) = Mt = An ([0, 1(n)), Vi) — Mt

= ([0,(0) oé‘f) ;n)—bné‘ft(nHM(t(n)—t)

— A (t(n), Qf ;;n) + M(t(n) —1).

(see also [57, Lemma 2]) and in the same way we find

_ M _
Ant(t,67) = A (t(n), e H;n> + M(t(n) —1). (3.18)
Now we have

~ 1 ~
(Law (V7)) = [ (Al V7)) e

1 1 _ 1 _
_ /0 (Anr(t, V)2 dt + /O (Anr(t, VT))2dt + 2 /0 Anr(t, V) A (1, V7) dt
= S1+SQ+253

With the above relations we have
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M 2
S — / (Abn (t an) _ ) dt
M M
_/ (Abn (t .- ’HM)> dt + 2M/ A ( n), M’HE”) (t(n) — ) dt
+M2/0 (t(n) — )2 dt = Ay + Ay + As.
At first we have , . )
D M2
As = M2 /b Z ) dt=
To calculate Ay we apply Theorem 2.7 and the fact that
)\leb,sj()\,M,E) (lﬂ) =0 llbb <bﬂ)
(see [31, Lemma 2|) to write
1 M
Ay =oM [ Ay (t(n),,H§n> (t(n) — 1) dt
0 7 )
o /\ M N
" M M " M M & M
= 7[)"71 g () - T 7 () .
an )\Z:ljz:l wb E] )\ MZ) (b] ) b2n ;wb bj bn+1 ;¢b b]

Similarly, we compute with Lemma 3.21

2

Lo N M 2 1 n M
A, Z(Abn <H§n>> = > e s ()

= b pn b o= \io SO pi

1 b n ; MAN 2 n " MN . M

> Z (%,sj(A,M,z) (lﬂ)) + Z;l@/’b,eh (\M,) (bﬂ) Vb esy (\M.5) (bp>
- g
1 o) (M M
2w (5) 5 > v () v ()
bj:l b 31 Je=1 b2
J1#j2

Now we consider Sy and write, similarly as above,

5= 1 (Abn (t(n), ‘;)‘f%l?n) b M(tn) — t))2 at= | 1 (Abn (t(n), Jb\fﬂfn))Q at
oM /O A (t(n), Qf,%b%;;) (t(n) — t) dt + M? / “(H(n) — D)2 dt

0
:IBl+BQ+Bg.

With the same techniques as above and the identities ¢y = —7 and wg‘@ = wf’w) from
Lemma 3.21 one can easily check that By = Ay, B, = —Ay and By = As.
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We turn to S3 and get

5= 1 (40 (10, Jb‘fHEn) M) — 1))
« (Abn (t(n), Jb‘fy,?n) + M(t(n) — t)) dt
-/ " Ay (t(n), é‘f,%gn) Ay (t(n), é‘f,%,ﬁ) dt
0 [ B (1), 1 ) (1) =
vt [, (100). %n H§;> (t(n) — 1) dt
Ve /Ol(tm) ! §:Ab ( an> Apn (;‘Zb‘fﬂbﬂn) + 3]\;;

Here we regarded the fact that

/01 Apn (t(n), Jb\f ’HEn) (t(n) —t)dt = — /01 Apn (t(n), ‘Qf Hb%;;) (t(n) —t)dt

(compare with the computation of Ay and Bs, respectively). We derive

R AN M .
ZAb ( bn’an> Ab (bn’bn’HEn>

5 (5 e () (B0 ()
[

_57; ;¢baJAMZ b> b,ej (A, M,X*) <b]>
M M
+ Z @Z’bah(AMz (bﬂ)%%AMz *) <bﬂ ))
1,j2=1
]]1;]2
MY M
ZZ%@ AM,Y) (bﬂ) Vb, (0M,2¥) <bﬂ> Z (4 (bh)wb (bh)‘
j=1x=1 ]1]; 1
J17#7J2

Now we put all the results together and apply Lemma 3.22 to obtain
(Lon(VN))?

2 o) (M 2 & M M\  4M?
=7 @/)b( <bj)-|—bnzzl/)b,gj(,\,Mz <b]>¢ba]AMz <bJ> 32
7j=1 7=1 =1
6 () ()
_b;<b bi U bi
2 d wi(M,X)+1\ /~, (M M
+3 1= 2R (7, (5) - (5))
j=1

20% (B ) g (M) - () e
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Considering (3.17) completes the proof. O

The following lemma shows that it is not necessary to extend Theorem 3.29 to odd N
in order to obtain results on the asymptotic behaviour of Lo n(Vy), since the difference
between the Lo discrepancies of the first /N and the first N + 1 elements of a sequence
S is always small.

Lemma 3.30. Let Ly n(S) be the Ly discrepancy of an arbitrary sequence S = () n>0
in [0,1). For all N € N we have

|Lony1(S) — Lan(S)] < 1.

Proof. We consider a fixed subinterval [0,¢) of the unit interval [0, 1]. Since Ax(¢,S) =
An([0,%),S) — Nt and An41(t,S) = An+1([0,%),S) — (IV + 1)t and since we obviously
have An([0,1),S) < An41([0,1),S8) < An([0,%),S) + 1, we have

An(t,S) —t < Axsi(t,S) < An(t,S) +1—t.

We derive ‘ANH(t,S) — AN(t,S)’ < 1 and apply the inequality ||z| — |y|| < |z — y]| to
obtain

AN (8, 8)] = [An(E,S)]| <1

and therefore |[An11(t,S)| < |An(t,S)| + 1. Now with the Minkowski’s inequality for
the Ly norm this yields

Lo n1(S) = An11(5,S) ooy < AN, S) ooy + 1
< [JANC ) raqo)) +1 = Lon(S) + 1.

Analogously we can show Ly x(S) < Ly y4+1(S) + 1, which completes the proof. O
Example 3.31. We would like to recover (2.18) from Theorem 3.29. Let b = 2 and
o = id. It is easy to check that 7' = 0 and n5y, = 55, = || - [>. We consider the
expression
n iy 2v;(M, ) + 1| ;4 (M
Moaia(M 2_: ( ) ]Z,: ‘1 T oy |k <2J>
vi(M, 2)<w
s 2v;(M,2) +1| ;4 (M
X PR (5).
vy (M%) > 2=
which we can simplify to
= 2v;(M, %)
MoalM) =2 ‘1 M|l
v (M, E)S2n =
1
j 2v;(M,Y)
cos R e
vy (M,3)> 2=
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Since v;(M, %) = 2"77{2/py(M)}, we obtain further

2

, M
Maa(M) = (1-212e:00)) | 57
j=1
{27p2(M)}<3
n—1
- 1- 20 - 20| |5 + o
j=1

+(’)()

Finally, since N = 2M and @o(M) = 2¢p9(2M), we find

MasulN) = "o

— 22 (N >H>\

1 — 2[|27py(N

n—1

> (
j=1

=>( (1),

]:

where we may include the summand for 7 = 1, since it is zero anyway. We have indeed
recovered Faure’s formula in a slightly less precise form (and only for even N).

We would like to derive several more specific results from Theorem 3.29. More precisely,
we prove that Faure’s best upper bound on the quantity

inf limsup Lan(S)
Sel0, )N Nooo V01og N
(see (2.19)) can not be improved by considering the symmetrized van der Corput se-
quences Vs, Vi, Vs and Vs. To this end, we prove lower bounds on Lo N(Vg) L, N(V4)
Lon(Vs) and Ly y(Vs), respectively. Therefore we evaluate the expression

2.2 MY 2 ol 2v;(M,¥) + 1 M
Moan) =235 (3) 42 5 [ 2B ()
b= bi b = b= SN
vy(M3) <=L
2 = 2u; (M, %) + 1 M
D e
—l—b P =i Tlb,2 bi
v (M,3)> =1

for those numbers 1 < M < 0", for which we conjecture that the above expression is
maximized.

e Let b =3 and o = id. Computations with a computer algebra system lead to the
conjecture that
max M q(M)

1<M<3n

is attained for n = 2k at Mj(n) such that M3(n)/3™ = 0.0101...01 (k times) in
3-ary representation. By inserting these numbers Ms(n) into Ms ;4(M), we obtain
by Theorem 3.29

43

Laoatymy(V3) = <384n>§+(9(1).
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Thus, we have
1

_ 432
L >{(—2 ) Joeg N +0(1
2n(Vs) = <38410g3> og N+ O(1)

for infinitely many /N and hence

Nooo VIog N — \384log3

We conjecture that we even have equality in (3.19). Note that this lower bound
is already larger than the constant given in (2.19), and hence the sequence V3 has
certainly a higher asymptotic Ly discrepancy than Vs.

- L ) 4 3
l2(Vs) = lim sup 2’N(V‘””>>< k ) = 0.319261 ... (3.19)

Now we choose b = 4 and o = id. We conjecture that maxj<prcan Mya(M) is
attained for n = 3k at My(n) such that My(n)/4™ = 0.011011...011 (k times) in
4-ary representation. Based on these integers we find

12(174) >

( 116288

%
"7 ) =0.334402... 2
75014110g4> 035440 (3.20)

We conjecture again the equality in (3.20).

For b = 5 and o = id we find that maxj<y<sn Ms,4(M) is probably attained
at Ms(n) such that Ms(n)/5" = 0.111...111 (n times) (in 5-ary representation).
These integers lead to the lower bound

1
2

1y(Vs) > < —0.373899. . .,

40 log 5)

where we conjecture this lower bound to be the exact value of the limes superior
again.

For b = 6 and 0 = id the maximum max;<y<¢n Mo a(M) is probably attained
at Mg(n) such that Mg(n)/6™ = 0.444...444 (n times) (in 6-ary representation).
These integers lead to the lower bound

104

1

2
o= | = 0.393424 ...
375log 6)

Io(Vs) > (

and again we conjecture this to be the exact value of the limes superior.

Open problems Although we provided a precise formula for Lo, N(f}g ) in this section,
it remains an open question how to extract exact values for lg(f){,’ ) (or at least good
upper bounds) from it and how to determine those permutations which lead to an Lo
discrepancy as low as possible. We propose the following open problems:

Open Problem 3.32. The following problems are still unsolved:

e Prove Faure’s conjecture on lo(Vy); i.e.

N

~ 421
2(V2) (6750 log2> 0.299969
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e Prove or disprove the above conjectures on lg(f)b) for b = 3,4,5,6 and try to find

a general formula for lg(f)b) for all bases b > 2. In particular, investigate whether
l5(Vp) increases as b increases.

Improve (2.19) by finding a base b and a permutation o € &, such that l,(V{) <
l2(1~/2). It appears to be reasonable to try sequences V, for which it is known that
their non-symmetrized versions Vy have low diaphony. Examples of such sequences
can be found in [11] and [56]. Note that from [11] we know that the sequences V7
in bases b = 3,4, 5,6 have higher diaphony than 1, for all permutations. In base
7 there exists a permutation such that V7 has a smaller diaphony than the dyadic
van der Corput sequence, which is given by o = (1,3)(2,5). Since we assume
that smaller bases are easier to handle than larger ones, we suggest to investigate
1,(V?) for this particular permutation to begin with.



4. Optimal L, discrepancy rate and
beyond

4.1. Generalized and symmetrized Hammersley point
sets

One of the central questions of interest in this thesis is to find conditions on the digital
shift & € {0,1}"™ or on the tuple ¥ € {0,7}" which guarantee the optimal order of
L, discrepancy of the corresponding generalized Hammersley point sets. Section 3.1.1
was a first step towards a solution of this problem. It turned out however that a proof
based on the exact formula of the discrepancy function from Theorem 2.5 yields exact
discrepancy results for certain shifts, whereas this approach seems to be useless in order
to characterize good digital shifts in general. The reasons for this drawback are twofold:

1. The fact that the discrepancy of Hs, (o) depends only on the number of zero
digits in o seems to be a peculiarity of the Lo discrepancy. This means that there
exists no simple general formula for L,(H2, (o)) for an arbitrary shift in the style
of Theorem 2.1, from which one can read off desired conditions on the shifts for
low discrepancy.

2. It seems hardly possible to prove an exact formula for L,(H2, (o)) in the first
place, since the combinatorial aspects of the proof would be too hard to handle.

Surprisingly, there exist tools from harmonic analysis which provide quite simple possib-
ilities to investigate the L, discrepancy of point sets and sequences. These tools include
Haar functions, Littlewood-Paley theory and embedding theorems between Besov and
Triebel-Lizorkin spaces of dominating mixed smoothness, as they have been outlined in
Section 2.3. We will exploit these tools throughout this section and also the subsequent
one.

4.1.1. Optimal order of L, discrepancy of H,, (o) and H,,, (o)

In this section we demonstrate the general method how to prove upper bounds on the L,
discrepancy of point sets on the example of digit shifted Hammersley point sets based
on Proposition 2.10. The outline of the proof is taken from a joint work with Hinrichs
and Pillichshammer [39]. We rely heavily on estimates of the Haar coefficients p; ,,, of
AN(-,Han(o)) from [36, Theorem 3.1]. Note that Hinrichs worked with the normalized
version of the discrepancy function; here however we state a non-normalized version of
his result.

Lemma 4.1 ([36, Theorem 3.1]). Let j = (j1,j2) € N3. Then

(i) if j1+ jo <n—1 and ji,j2 > 0 then |pjm| =272
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(ii) if 1 +jo > n—1and 0 < j1,jo < n then |pjm| < 2707271 and |pjm| =
2n—21=22=4 for qll but at most 2" coefficients ij m with m € D; (the latter appears
if there is no point of Ha (o) in the interior of I m).

(iii) if j1 > n or jo > n then |pjy,| = 2" 212274,

Now let 3 = (—1,k) or j = (k,—1) with k € Nyg. Then
(iv) if k <n then |pjm| < 27F.
(v) if k > n then | m| = 27273,

Finally, if l=|{j : o; =0}| as in Section 2.1 then
(Vi) p-1,-1),00) = §(2L +4—n) + 2772,

We use these bounds on the Haar coefficients to show the following result, which classifies
all the digital shifts o such that the L, discrepancy of Hs, (o) is of optimal order
according to the lower bound by Roth and Schmidt. It is remarkable that the condition
on o is the same for all p € [1,00). Consequently, the given condition is the same that
was found in (2.6) to assure the optimal order of L, discrepancy for the digit shifted
Hammersley point set.

Theorem 4.2. Let p € (1,00). Let o € {0,1}" and | = [{j : o; = 0}. The L,
discrepancy of the two-dimensional digit shifted Hammersley point set satisfies

Ly(Han(a)) Sp y/log N
if and only if |21 —n| S, V/n.

Remark 4.3. It follows from the monotonicity of the L, norm that |2l — n| < /n
also implies Li(Hapn(0)) S v/log N, which is best possible according to the result of
Haldsz (1.14).

Proof. First we show the sufficiency of the condition. Using Proposition 2.10 from
Section 2.3.2 (the Littlewood-Paley inequality) with f = An(:, Han(0)) we have

Lyn(Hon(0)) = JAN(, Hon(0))|lL,001)2)
Sp IS(ANC, Han(0) |, 0,0)2)

= Z Z 2% Nim L m

jeN%l meD;

1/2

Lp([071)2)
1/2

= > 2% > Mg,m 11 m

jENz,l meD;

Lp/Q([O’l)Q)
1/2

IA

Z 923l

. 2
JGI\L1

Z M?,m 1Ij7m

mG]D)j

Lp/2([071)2)
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where we used Minkowski’s inequality for the L,/ norm. Hence, in order to prove the
result it suffices to show that

Z 2214l

JEN?

<n. (4.1)

Lp/2([071)2)

Z l“;,m 11j,m

mE]D)j

To this end we split the sum over the j’s into several parts and apply Lemma 4.1:

e j € N2 such that |j| < n —1: According to (i) of Lemma 4.1 we have

2|51 2 _ 2|j|9—2n—4
> 2 Mim L = > 22 > 1y,
icN?2 meD; icN2 meD;
lent 7 Ly /2([0,1)2) fents g Lp/5((0,1)%)
= Z 92lilg—2n—4
JENZ
l7l<n—1
1 n—2 0o
S @2 X 1sn
k=0 J1,52=0
Jitje=k
——
=k+1<n-1

Here we used that for fixed j the intervals I ,,, with m € D; form a partition of
the unit square [0,1)* and hence e, 11;,, = 1.

e [j| >n—1and 0 < ji,j2 < n: Let I3, denote the interior of a dyadic box I .
According to (i) of Lemma 4.1 we have

n
Z 2% Z /@,m 11 m
g o
n .
= Z 22|]‘ Z M?,m ]‘Ij,m + Z lu?,m ]'Ij,m
J1,j2=0 meD; meD;
§>n—1 Ho,n(0)NI5,, =0 Han(o)NI7 , 70 L, 2([0,1)2)
< Z 92lil92n—4ljl-8 |_ Z 22lilg—2l3]-2 Z 1]J_’m ,
=0 B Mo (oyire #D
> = n 3m Ly2(10,1)2)

where we used Minkowski’s inequality again. For the first sum in this estimate we

have
n 2n 22n n 2n 22n n
2ljl92n—4lj|-8 < - - <
A Z 27712 ~ Z 22k Z 1= Z 22k Z L3 n.
Ji,72=0 k=n—1 J1,72=0 k=n—1 Jj1=0
li|>n—1 J1tje2=k 0<k—ji<n

Now we turn to the second sum

S 22lpm2lil Sy, . (4.2)

‘]1|7‘72:0 mG]D)j
jl>n—1 Hon ()N 0D
" J.m Lp/2([0a1)2)
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Note that

Z 1fj,m

mED]‘
Ha o (0)NI3, #0

is the indicator function of a set, say A;, of measure at most 2”719/, Hence (4.2)
can be written as

1 n 1 n 2/p n )
- —_ = n—|j\2/
4 Z HlAj Ly2([0,1)2) ] Z (/[071}2 1Aj (33) dw) S Z (2 ! ) P

J1,j2=0 J1,J2=0 J1,52=0
l7|>n—1 l71>n—1 l7]>n—1
2n 1 n 2n
2n/p 2n/p n
20D oy 2 1S2MP Y o Sn
k=n—1 228/p 71,J52=0 k=n—1 22%/p
Jitje=k

Altogether we obtain that

n
2{31 2
S ooy g, s
1,j2=0 eD;
3on—1 e Ly/2([0,1)%)

as desired.

e j € N2, j; > n: According to (iit) of Lemma 4.1 we have

Z H’?am 1Ij,m

mE]D)j

Sy 2

72=0j1=n

_ S S gzl

j2=0j1=n

— 2277, i i 2—2\j|—8 5 1.

j2=07j1=n

Lp/2([071)2)

Z 1Ij,m

mE]D)j

Lp/2([071)2)

e j € N2, jo > n: Analogous to the case j € N2, j; > n.

e j=(—1,k) with k € Ny and 0 < k < n: According to (iv) of Lemma 4.1 we have

n—1

2k 2
Z 2 Z H(-1,k),m 11(—1,Ic),m
k=0 mEID)(_Lk,)

Lp/Q([071)2)

n—1
S Z 22k‘2—2k‘
k=0

Z 11(71,k),m

meD(,Lk)

Lp/2([071)2)

n—1

= len.

k=0

e j=(k,—1) with k € Ny and 0 < k < n: Analogous to the case j = (—1, k) with
keNgand 0 <k <n.



e j=(—1,k) with £ € Ny and k£ > n: According to (v) of Lemma 4.1 we have

o
2k 2
Z 2 Z u(flvk%m 11(—1,k),m
k= eD,_
" MEN=1R) Ly/2([0,1)?)
o0
- 2ko2n—4k—6
= > 2%2 > L.
k= e, _
" ek Ly/2([0,1)2)
[oe)
g 22n Z 2—2k 5 1
k=n

e j = (k,—1) with k¥ € Ny and & > n: Analogous to the case j = (—1,k) with
k € Ny and k£ > n.

e j=(—1,—1): According to (vi) of Lemma 4.1 we have

2 2
|t 000 Yoty ygore = HEr-n0ol ol s

1 2
_ (8(21 +d—n)+ 2-”—2> L (43)
Now we assume that |20 — n| < y/n. Then we have
Vsl 5
(~1=1,0.0) 0.1l 0,1y2) ~

Altogether this proves inequality (4.1) and therefore also the first point of Theorem 4.2.
It remains to show that the condition on [ is also necessary. We use again Lemma 2.10

with f = An(-, Ha,n(0)) and obtain

Lyn(Hom(o)) = AN, Hon(o)) L, q0.0)2)
Zp IS(AN(s Han(o)lL,01)2)

= > > 22|j‘:“§,m 15 m

jeNil meD;

1/2

Lp([0,1)?)
1/2

= Z 2% Z /v‘im 1im

jENZ meD;
! ’ Lp/E([071)2)
1/2

Lp/2([071)2)

M%_1,_1)7(o,0) 1[0,1]2

1
= é(21 +4—n)427"2

?

where the last equality follows from (4.3). From this it is evident that

Lyn(Han(0) Sp (/log N < v/n

implies |21 — n| <, /1. O
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We employ the same method for the symmetrized Hammersley point sets 772,71(0'). We
use a simple trick to find bounds on the Haar coefficients ji; m of An (-, Han(o)).

Lemma 4.4. Let j = (j1,j2) € N*>|. Then in the case j # (—1,—1) we have
\jm| < 2|pjm|  for all m € Dy,

where ;m are the Haar coefficients of Ay(-, Han(o)). Hence the results in Lemma 4.1
apply accordingly also to |fijm| (the additional factor 2 does not influence the order of
magnitude in n). In the case j = (—1,—1) we have fi_1_1) 00 = 1+27""".

Proof. By Lemma 2.9 we have
Agnsi (t, Hon(0)) = Agn (t, Hon(0)) + Agn (8, Hon(a)).

Regarding the linearity of integration, we obtain

fjam = 1S + 1 (4.4)

where here we write u7,, for the the Haar coefficients of the discrepancy function of
Ha, (o) in order to stress the dependence on the digit shift o and accordingly for M'g’m
Then the triangle inequality yields

jm| < 0S4 11 -

We analyze the case j # (—1,—1). We note that the identities and upper bounds for
145 1| in Lemma 4.1 do not depend on the shift o and therefore we get our desired
results in this case directly from this lemma. In case that j = (=1, —1) we observe that
the shift o* has n — [ zero entries if o has [ zero entries, and thus the result in this case
follows immediately from (4.4) and Lemma 4.1. O

Theorem 4.5. Let p € [1,00). Independently of o € {0,1}" the two-dimensional
symmetrized digit shifted Hammersley point set satisfies

Lyn(H2a(0)) Sp \/log N.

Proof. Tt suffices to consider p > 1. Since the absolute values of the Haar coefficients
of Ax(-,Han(o)) are equal or less than two times the absolute values of the Haar
coefficients of Ay(-, Haon(0)) and since fi(—1,-1),0,0) is bounded in n for every digital
shift o, the proof of this theorem follows the same lines as the proof of Theorem 4.2. [

Theorem 4.5 states that we do not need any conditions on o at all to assure the optimal
order of L, discrepancy for the symmetrized L, discrepancy. This is in accordance

to the results of Proinov on the L, discrepancy and our exact formula as stated in
Theorem 3.13.

4.1.2. Generalizations to arbitrary bases and discrepancy in spaces
with dominating mixed smoothness

In the previous section we were able to fully classify the digital shifts for which

L, n(Hon(o)) = O(y/log N).
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We observed that the required condition on o is the same that follows already from
the exact formula of Kritzer and Pillichhammer for the L, discrepancy. It is there-
fore reasonable to assume that the conditions on X to achieve the optimal order for
L N(Hbzn) match the corresponding conditions for the Ly discrepancy. We have stated
these conditions in the lines after Theorem 2.2. In the dyadic case from the previous
section, we found that the only delicate Haar coefficient is the one where j = (-1, —1),
whereas the other coefficients have the desired order independently of &. We hope to
find the same in the b-adic case and therefore investigate the said first Haar coefficient
N(—l,—l),(O,O),(Ll)(AN(W %En)) in the fOHOWing lemma.

Lemma 4.6. Letn € N, 0 € &, X = (01,...,0,) €{o, a0}  andl = |{i € {1,...,n}:
o; = o}| as defined in Section 2.1. Then we have

(b—1)*

1% 11
. > = —_— T o AT
000,00 (AN (i) = (0 m( bZ >+faw

where N = b" is the number of elements in Hp,,.

Proof. We denote the points of H3,, by {xo,...,zy_1}, where @, = (z{1,z(?) for all
re{0,1,...,N —1}. We have

1,1
M(fl,fl),(0,0),(l,l):/ / AN(t17t2aH1§n)dtldt2

N 1
- / / L. )0t () ity by — N/ / t1ts dt; dts
N-1
N
zzu—#wmm%——
r=0 4
N-1 N-1 N-1
N S Y a0 Y 0,0
4 r=0 r=0 r=0
N-1 N-1
Y S e
4 r=0 N r=0
3N N-—1
r=0
N N-1
== +1+ > Mz, (4.5)
r=0
We regarded the obvious fact that ZTJ,V ZN ! 2) = ZN ! ~- It remains to

investigate the sum S := 2N 1 x(Vz?), We have

=L (on(ay) o1(a1)\ [ n " oy, (g, )a,
S = Z < b LI b ><b+...+bn>: Z Z pntl—kipka

at,...,an=0 at,...,an=0 kq1,ko=1

Next we distinguish between the cases where k; = ko = k and where k; # k9 and change
the orders of the sums, which results in

b—1 n b—1
n—1 Jk(ak)ak n—2 Ok, (ak1)ak2
S = Z b Z pr+1 + Z b Z prtl—kipks
ar=0 k1,ko=1 Ay 50ky =0
k1#£ka
S1
Sa
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The factors b"~! and "2 come from the fact that the summands of S; and S, only
depend on the digit a; or on the digits ax, and ay,, respectively, and hence the sums
over the remaining digits give a factor b each. Now we have

1 n b—1 n
=5 > o(ag)ay, + = Z Z T
k=1 U«k:U k=1 ap= =0
OL=0 O'k:O'
I b—1 (7’L —1 bfli
=5 > o(a)a+ 2 ) d(a)a
a=0 a=0
l b—1 (n o l b—1
=5 az::oa(a)a + 72 ) a:O(b —1—o0(a))a
l—(n—1)°% n—1 it
— = )Zg(a)a—l— ® (b—l)za
a=0 a=0
2l —n ot n—1
= Za(a)a+ Tb(b— 1)2
a=0

and

k‘él,];g}zl akl—O (ZkQ—O
2
b? 2 k1,ko=1
k1#ko

straightforward algebra yields

n n n b
Z bkl—kz — Z bkl—k’g . Z 1 = 2(bn Y 2) —n,
k1,ka=1 k1,ko=1 k=1 (b - 1)
k1#k2
which leads to e o )2
- [ N—2_-
S 1 (N + b )

Altogether we find

b1 _1\2
_ 2 ”Za a+l(b—1)+1<1+N—2—(b D n>

= 2b 4 \ N b
2 1A 1 N 1
= (n —2l) —_—t — — .
( Z ) TINTT T2
Inserting this into (4.5) yields the formula for fi—1,—1),(0,0),(1,1)- O

Remark 4.7. We note that the Haar coefficient pi(—1 _1)0,0),1,1) is of order log N in

general. It can be reduced to the order (log N )% (for 1 < ¢ < oc0) however by either
1

choosing [ such that |2l —n| = O(n4) or by choosing the permutation ¢ such that
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In the latter case we even have p_1 _1),0,0),01,1) = O(1). We remark that these are
exactly the conditions which appear in the subsequent Theorem 4.17 to assure the
optimal S} A B-discrepancy for the digit scrambled Hammersley point set for r = 0.

Remark 4.8. Lemma 4.6 can also be proven with aid of Theorem 2.7. We have

z// (0 (2.2 )+bn(;§4 )

AM=1

/01 An(t,H,)d

12n Z Z baJ( n)+bn Z / / ( 2n t1t2> dt
b AM=1j=1 b A M=1 b" b
Z@"J+1+ 1

4

7j=1

bn bn

and Y4, o7 (an) = b"T1®Y (see [31, Lemma 4]). We conclude (regarding ®7 = —&7)

where we considered the identities 35, e, (M) = b lpg (M) (see [31, Lemma 2])

d oy = Z oy + Z O7 = 1D — (n—1)PJ = (21 — n)dy,
j:

UJ_U 0'] =0

which yields
1 1 1
An(t,Hy, )dt = (2l —n)®] + = + —.
| Ant3,) dt = @1 —n)of + 5+
We recover Lemma 4.6 by considering [31, Lemma 5]. However, in order to keep the
computations in Chapter 4 independent of Faure’s apparatus, we have given a direct
proof of this lemma above.

Remark 4.9. Lemma 4.6 leads to a new proof of the formula for the L; discrepancy
of the classical Hammersley point set Hy,,. It is known that the discrepancy function
of Hy,,, is nonnegative on the whole unit square; i.e. Ay (t,Hy,) > 0 for all ¢ € [0,1)2
This follows from Theorem 2.7 and Remark 2.8. As a result we have

Ly n(Hpp) = /[0 e An(t, Hpp) dt = p—1,-1),0,0,0,0) (AN, Hon))-

Choosing 0 = id and [ = n in Lemma 4.6 leads to

-1 1 1

1 A (- e T I
(=1,-1),00,0),1,1) (AN (-, Hpm)) =1 = T2t

and we recover (2.3). Of course, the proof of this result would be simpler by restricting
to 0 =id and [ = n in the proof of Lemma 4.6 in the first place.

It is necessary to have a look on the remaining Haar coefficients where j # (=1, —1).
To this end, we can mainly rely on Markhasin’s computations in [50] and [52], where he
studied the case ¥ € {id, 7,}". To start with, we state a lemma that can also be found
n [50, Lemma 4.2, 4.3]. We state an one-dimensional version of this lemma together
with its proof in Lemma 4.34.

Lemma 4.10. Let f(t) = b"tity for t = (t1,t,) € [0,1)°. Let j € N2, m € D;, £ € B,
and let pjme(f) be the b-adic Haar coefficient of f. Then
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1. If 3 = (j1,j2) € N2, then
bnf2j172j272

Mjﬁnf(f) = (nglfl — 1) (62;“& _ 1).

2. If j = (j1,—1) or j = (—1,72) with j; € Ny or jo € Ny, then
1 pn—2i—1

S 1

Uj,m,f(f)

with i =1 or i = 2, respectively.

Let now z = (21, 2) € [0,1)? and g(t) = 1jo(2) for t = (t1,ts) € [0,1). Let j € N2,
m € D;, £ € B; and let j1jme(g) be the b-adic Haar coefficient of g. Then fijme = 0
whenever z is not contained in the interior of the b-adic interval I »,. If z is contained
in the interior of I m, then

1. If 3 = (j1,j2) € N2, then there is a k = (ky, ko) € {0,1,...,b—1}* such that z is
contained in If,, (see Section 2.3). Then

r1=0

k1—1
fjme(g) = b7 727 ((bm1 tky — B )R ST o e)

ro=0

ko—1
X ((bmg -+ /{32 b]2+1 2 lkﬂz — Z €%T2Z2> .

2. If 3 = (j1,—1) with j; € No, then there is a ky € {0,1,...,b — 1} such that z is
contained in Ij(.f?r;_l). Then

k1—1
pjme(g) =071 — 2p) ((bml Fky — b e TR Y 622”7“161) .

r1=0
3. If 3 = (—1,j2) with jo € Ny, then there is a ks € {0,1,...,b — 1} such that z is

contained in I( Lk2) - Then

ko—1
pimelg) = b7 (1= =) (<bm2+k2 peisy —z)

ro=0

Lemma 4.11. Let j € N2 such that j; +jo <n—1, m € D; and £ € B;. Then

k1—1
S (o z)

ZEHbEnijA,m r1=0

ko—1
X ((bmg =+ k’Q — bj2+1 7”k:2€2 — Z e b T2£2)

ro=0
bn_jl_j2 +j 2mi k‘ )Z b-1 27'rik Y]
_ 1tj2—n (k1) == kals
=7 1y + b Z o~ k;1 Je'b Z o(ky)e® ,
(e b L — 1) (e b 2 — ].) k1=0 ko=0

where p(k1) = k1 or p(k1) = —k1 — 1 depending on j; and where the sign depends on js.

94



Proof. With the very same argumentation as in the proof of [50, Lemma 4.4] or [52,
Lemma 4.10], we can show that

k1—1
£ (omen - Foe)

2€HE Nl m r1=0

x ((bmg +ky — b 2p)e Rl Z eQé”Tzﬂz)

ro=0
bn*j1 —J2

B (e“’é”fl _ 1) (eQZI‘b — 1)

b—1
. . 2mi 27i
1+j2—n § : k14, k2£2
+ v (n—j € ° § : Uj2+1(aj2+1)e b
k1=0 ko=0
S

where 0,,_j, (a,_j,) = k1 and aj,11 = ko. We analyse the expression S. We have

b—1
_ j1t+j2—n -1 71-1 k101 2m iszz
S = b S ot (ko0 S g (ke

k1=0 ko=0

Sl 52
We have to distinguish the cases 0,,_; = 0 and 0,,_;, = 7 as well as the cases Tjatl =0

and 0,41 = 7, respectively. The case 0,_;, = o leads to S; = Y5 g0~ Lk )e s il
whereas o0,,_;, = 0 yields

b—1 ) b—1 b—1
Sl — Z O.—l(b —1- k_l)e%/ﬂ& — Z (kl) L(b—1—k1)l1 _ Z (kl) _1— kl)f
k1=0 k1= k1=0

Combining these results, we have S; = Y01 o7 (ki)e s PE0A where p(ki) = ky if
Op—jy =0 or p(ky) = —k; — 1 if Tn—j, = 7. Hence, p(ki) depends only on j;. The case

Ojys1 = 0 yields Sy = Y0t o(k 2)e’t B2 whereas 0j,+1 = 0 leads to
b—1 ‘
So= 3 (b 1 ol = - z
ko=0

and therefore we have Sy = izkz 0o (]CQ)G%IQEQ, where the sign depends only on js.
The proof is complete. O

Lemma 4.12. Let j = (j1, —1) such that j; € Ny with j; < n—1, m = (my,0) with
my € Dy, and € = ({4,1) with ¢, € B;,. Then

k1—1
3 ((bm1 kD) TR Y eQZ‘MI) (1—2)

2€HE NI} m r1=0

:bn—jl(l —2e)+b bl—pn bz:l (ke 231y )0y

9 <62g1€1 _ 1) 2 =0
bt [0 b(b— 1)
+ 71-17 k eb p(kl)e - 7 ,

where € is a positive real number depending on j; and my which satisfies eb™ 7t < b and
where p(ki) = ki or p(k1) = —ky — 1 depending on j;.
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Proof. With the very same argumentation as in the proof of [50, Lemma 4.10] or [52,
Lemma 4.17], we can show that

ki1
> ((bm1 +ky — b 2’”k1£1 -y e%Ml> (1 — 2)

zeH?nﬂI'm r1=0
n—j1—1
-2 +b
n+1 n =k 4
2771[ Z hb]l bjl Z CI,n ]1 1ol
2 (e b ) k1=0
T
pr—ii—lq bzl
Trl
+ Z b ”Zan DI
k1=0 r1=0
Ty

where 0,,_j, (a,—;,) = k1. Analogously as in the proof of Lemma 4.11, we find

b_l - b‘jl_n -1 27i
T = — k b P(k’l)g
1 92 klz:o ( 1)6‘ )

where the value of p(k;) depends only on j;. We also obtain

1 . . -1 2mi
o n—j1—171751—n ) =0kl
15 —625%1 — 1b v’ klz:o Ap—j; (e b ].)

b 1 _ 27r1k Z b(b - 1)

_ezmzl 1 (klzo QA — j1 T
b 1 _ 2mi b(b - 1)

= o (ky)e ™ plkn)b _ .

el — 1 (IQX:O ) 2
The proof is complete. O

Lemma 4.13. Let j = (—1, j2) such that jo € Ny with jo < n—1, m = (0, my) with
mg € D, and £ = (1,4;) with {; € Bj,. Then

Z (1 — Z1> ((bﬂh + ko — b]2+1 2 Fkals _ Z eQmTQEQ)

z€HY  NLjm r2=0
br2(1—2e) + b, b7l —bm b i
= (2m by, > o(ky)e’tht
2 (e 5l — 1) 2 ko=0

b 1 27ri b(b - 1)
+ ng (:‘: Z kola 2) ,

S k=0

where €' is a positive real number depending on jo and my which satisfies €'b" 72 < b
and where the signs depend only on js.

Proof. This fact follows from

ko—1
oo (1—=) ((bmz + kg — b2z 27”"’242 -y eQbm’”?éQ)

zeHEnijym r2=0
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_bn*j2(1 _ 26’) + b prr—J2—1

2—n+11j2—n 27”’62[2
i, Z ht! v Z Ajp+1€ °
2 (e b2 — 1) ka=0
pr—iz—1 1 ka—1
2—n ”1162[2
+ Z v Z Tjor1(ajr1) Y e
ko=0 ro=0

and the relation aj,41 = ko. The argumentation is very similar to the proofs of [50,
Lemma 4.10], [52, Lemma 4.17], Lemma 4.11 and Lemma 4.12. O

Lemma 4.14. Let j € N? |, m € Dy, £ € B, and i m e be the b-adic Haar coefficients of
the discrepancy function of ”Hb%n. We recall the definition |j| = max{0, j;} + max{0, j» }.
Then

1. if € N2 and |j| <n—1, then
2
b—1 —-n —n
el < ("5 ) e o

2. ifj € N2, 4] >n—1 and ji,j2 < n, then |ijmel S b7V and

n—2/j|-2
L < -2
B Ao 1]
for all but b™ coefficients [1j m.e,
3. ifj € N2 and j; > n or jo > n, then
pn—2131-2 )
j e Tl Tl Y bn |]|
tsmel = 12 —1[[eFe 1]

4. if 3 = (j1,—1) org = (=1, j2) with j; € Ny, j1 < n or j; € Ny, jo < n respectively,
then we have

(b2 _ 1)67]’1' 5 p—lil

fori =1 and 1 = 2, respectively,

5.0f 3 = (j1,—1) orj = (—1,72) with j; € Ny, j1 > n or jo > n respectively, then
we have ,
1 bn—2]i—1

‘:uj,m,l’ = 5 SO 20l

_1"\“

a
=

fori=1 and 1 = 2, respectively.

Proof. Point (2) can be verified analogously as [50, Proposition 5.1, (ii)] or [52, Propos-
ition 4.18, (ii)]. Point (3) and Point (5) follow from Lemma 4.10 and the fact that there
are no points contained in the interior of I; ,, for j € N2, if j; > n or j, > n. For the
verification of Point (1) we use Lemma 4.10 and Lemma 4.11 and obtain

pr—ii—iz

pame 7
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b—1 ) (k) b—1 2 . bn72j172j272
+ n i Wlk Y4
:|:b]1 Jo2— Z klebp 1) 120 262 | = =
= 1) ()
b—1 o
—:i:b n—2 Z k1)1€1 Z (k )e 5 erQ
k1=0 ko=0

which leads to

b—1 b—1
s =77 | 5% o7 (et z<k>|
ki= ko=0
b1 b1 bb—1)\*  [(b-1)°
R S N e N e KA
k1=0 ko=0

as claimed, since with k also ~1(k) and o (k) runs through {0, 1,...,b—1}, respectively.

We turn to the case that j = (j;,—1) with j; € Ny, j1 < n and therefore regard
Lemma 4.10 and Lemma 4.12. We have

n—j _ -1 _ pj1—m b—1
de7m7£ :b_jl—l b 1(37” 28) + b + b bjl Z (kl)e2glp(k1)£1
2 (e b — 1) 2 k1=0
b-1 n—2j1—1
= Z o~ k1 okl _ M _ #
e ;‘El k1—0 2 ) (e 2y 1)
pr—2n-lg b= p—i—2 _ pn-l bl 1 2mi
- - i + + o (ke (k)b
62781 -1 2 (ezg”él . 1) 9 k12::0 ( 1)
—j1—2 b—1
+ 2[)]71 0'_1(/{31)62m p(k1)er _ b<b — 1) ]
e -1\ 2 2
The triangle inequality yields (since eb™ 71 < b and 2"~ < pr=7172)
pn— 2j1— 15 b*jl b*j172+b7n—1 b—1 )
Sz + s + o (k
|:u.7m£| ‘ 2mig, 1| 2‘82 A _1’ 9 klz_:o ( 1)
A < b(b— 1)
t e | 2 0 (k) +
|e b — 1| (k1=0 2
b= b= b= =2 4 p T lpb—1 b2
S 27”[ 27Tl£ + ( ) + 271'1[ b<b - 1)
le?s 1 — 1| 2|e L1 2 2 le® & — 1]
5 b b 502 —-1 1 , , .
< <= o< (2= 1)y < pll
—2,e2mel_1‘+ 2 —<2 6 +2> < oS

where we used Lemma 4.31. The case (—1, j2) can be handled completely analogously.
O

In order to prove results on the discrepancy of the symmetrized Hammersley point sets
we also need upper bounds on the absolute values of the Haar coefficients ﬁ?,m,ﬁ =

(Dx(, ﬁ?n), hjmu). Here, N = 2b" denotes the number of elements of ’ﬁbzn
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Lemma 4.15. Let j = (j1,j2) € N?,. Then in the case j # (—1,—1) we have
|ﬂ32,m,£| < 2|:uj,m,£| for all m e ]Dj,ﬁ € Bj7

where the coefficients i me refer to Ay(-, ’ben) Hence the results in Lemma 4.14 apply
accordingly also to |5, .| (up to a factor 2). In the case j = (=1, —1) we have

1 1

ﬂ(Z_L_l)’(O?O):(Ll) = 1 + an — 1 + ﬁ

Proof. The proof is basically the same as for Lemma 4.4 and follows in a similar manner
from Lemma 4.6 and Lemma 4.14. m

Remark 4.16. The Haar coefficient f1(_1 1y 0,0),1,1)(-s An(#}.,)) does not depend on
the position of the components in ¥, but only on the number of o-entries and -entries,
respectively. Therefore Lemma 4.15 is also true for every point set of the form HE;UHE%,
where 31,35 € {0,7}" and where ¥; has [ entries equal to o and 35 has n — [ of such
entries for any [ € {0,1,...,n}. The proof of the subsequent Theorem 4.18 therefore
works also for point sets of this kind. However, these point sets are in general not

symmetrized in the sense of (2.2).
Now we have collected all the tools to show the following theorems.

Theorem 4.17. Let 1 < p,g < oo and 0 < r < %. Then for any integer b > 2 and
r =0 we have

Q|-

<
o1 B0 (log N)

if and only if |2l —n| = (’)(n%) or 130 o(a)a = (b_41)2. For0<r< % we have

< N"(log N

An(-, HE
H (M) Sz B([0,1)2) ™

independently of 3.

Proof. For j # (—1,—1) the bounds on the Haar coefficients of the digit scrambled
Hammersley point set we found in Lemma 4.14 are of the same order of magnitude in
N as the bounds given in [50, Proposition 5.1]. By separating the sum over j in the
estimate

1
N
5 q

<Y (j1+52) (r—1+1)q o

S5, B(0.)?) b v o mel

j€N2_1 mEID)j ,ZEIB]»

HAN(-,HE’n)

in six parts according to Lemma 4.14, we have by [50] that all these parts (expect the
summand where j = (—1, —1)) achieve the order N"(log N)a for all 0 <r < ]%. Let us

now consider the case j = (—=1,—1). If » = 0, we have |p1,-1),0,0),1,1)] S (log N)é if
and only if 3 is such that |2l — n| = O(n%) or 104 o(a)a = % (see Remark 4.7).
However, if 0 < r < Il?, we have |p—1,-1),00,0,n] SlogN S N < N(log N)% for all

tuples ¥ € {o,7}". O
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Theorem 4.18. Let 1 <p,qg< o0 and 0 <r < ;1). Then for any integer b > 2 we have

< N"(log N

(T
HAN(%@”) St ,B([0,1)2) ™

independently of 3.

Proof. The proof is obvious, since the bounds on the Haar coefficients of Ax(-, ﬁbzn)
are (up to a constant factor 2) the same as for Ay(H;,, ), except for the coef-
ficient f4—1,-1),00,0),(1,1), Which is of order 1 independently of ¥. We therefore have
|(=1,-1),00,0,0] S N’”(log]v)% forall 0 < r < % independently of ¥ and we can
refer to the proof of [50, Theorem 1.1] again. O

Corollary 4.19. We have the following estimates of the L, discrepancy for p € [1, 00)
and all b > 2:

. HAN("HE")HLP([OJ)?) < /log N, if and only if
1 b—1 b—1 2
120 — n| = O(yv/n) or EZa(a)a: ( 1 ) ,
a=0
o HAJ\N/("ﬁE")HLP([o,l)Q) < Vlog N independently of 3.

Proof. The results can be obtained from Theorem 4.18 via the embeddings (2.24) or by
a direct application of Proposition 2.12. O

We observe that the conditions for the optimal order of L, discrepancy match again the
corresponding conditions for Ly discrepancy which were known before.

4.1.3. Optimal discrepancy rate in spaces with negative smoothness

Statement of the result Recall that Triebel [69, 70] could show that for all 1 < p,q <
ooand'rERsatisfying%—1<’r<110andq<ooifp:1andq>1ifp:oowehave
for any N-element point set P, N > 2, in [0,1)? that its discrepancy function satisfies

_ 1
HAN('vlp)HSE’qB([O,l)Q) 2 N (log N)s.

Hinrichs showed in [36] that this lower bound is sharp for 1 < p,g < oo and 0 <r < %.
He used digit shifted Hammersley point sets Ha (o) to obtain this result. It follows from
his proof that these point sets can not be used to close the gap also for the parameter
range 1/p — 1 < r < 0. It remained an open problem to find a point set which closes
this gap also for 1/p —1 < r < 0. This problem was again mentioned in [37, Problem 3]
(here also for higher dimensions) and [72, Remark 6.8]. Recall that also Chen-Skriganov
point sets and higher order digital nets, which achieve the best possible discrepancy
rate in Besov spaces in arbitrary dimension, work only if » > 0, see [51, 52, 53]. It is
the aim of this section to show that this problem can be solved in dimension two by
applying some simple modifications to the point sets Hs (o). For our purposes, we need
a new definition of symmetrized Hammersley point sets. To this end we fix H, (o) and
introduce three connected point sets by

Hom(o) = {(z,1=y)l(x,y) € Han(o)},
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H (o) = {(1—2,9)|(x,y) € Han(o)},
(

Hom(o) = {(1—z,1=y)|(z,y) € Han(o)}.

We set H3',' (o) := Hapn(o) U ’HST)L(O') u 7-[52%(0') U 7-[53%(0') and call H3'"(o) a doubly
symmetrized Hammersley type point set. This is because Hélgl(a) is obtained from
Han (o) by reflecting it at the line y = 1/2, and then Hg?)l(a) U H§3,1(a) is the reflection
of Ha (o) U?‘[ST)L(O') at the line # = 1/2. The point set 15" (o) has N = 2"*? elements,
where some points might coincide. Since the following results will all be independent of
the digital shift, we will consequently omit the o and write Ha,, 7-[517)” 7-[%22” Hgs,)l and
H5'," throughout this section. With the point sets H5'," we have the following result.

Theorem 4.20. Let 1 < p,q < 00 and r € R such that 1/p — 1 < r < 1/p. Then the
point sets Hyy' in [0,1)* with N = 2"t elements satisfy

AN H sy, B0 S N7 (log N)Y4.

We would like to stress again that our result improves on [36, Theorem 1.1] in the sense
that we extended the range for the smoothness parameter r to negative values.

We will follow the same approach as Hinrichs and first estimate the Haar coefficients of
An(-, "5, ) and then apply Proposition 2.11.

Proof of Theorem 4.20 To begin with, we state several auxiliary results from [36,
Lemmas 3.2-3.4, 3.6]. These were the fundamental lemmas in order to prove [36, The-
orem 3.1] (see also Lemma 4.1).

Lemma 4.21. Let f(t) = tity for t = (t1,t3) € [0,1)?. For j € N?, and m € D; let
jm be the Haar coefficients of f. Then

(i) If 3 = (1, J2) € Ng then (f, hj’m> — 9-2j1-2j2—4
(ii) If = (=1,k) or g = (k,—1) with k € Ny then (f, hjm) = —272k73.

Lemma 4.22. Fiz z = (21,2) € [0,1)* and let f(t) = 1o (z) fort = (t1,t2) € [0,1)%
For 3 € N2, and m = (my,ms) € D; let wjm be the Haar coefficients of f. Then

tjm = 0 whenever z ¢ I3 .. where I7 . denotes the interior of Ij,,. If z € I3 . then

(i) If 3 = (j1,J2) € N§ then
(fhym) = 270282 (1 — 2y 41— 27712 )(1 = [2my 4+ 1= 2727 29)).
(i) If j = (=1, k) with k € Ny then (f, hjm) = —2"*FD(1—2)(1—|2my+1— 2" 12|
(iii) If j = (k,—1) with k € Ny then (f, hjm) = =27 "D (1—25)(1—|2m + 1281z

Lemma 4.23. Let Hy, be a shifted Hammersley point set with 2" points. Let 3 =
(j1,72) € N2 and m = (my,ma) € D;j. Then, if j1 + ja < n,

S =2mi+1-2" )= Y (1= 2me 41— 27 g|) = 2n it

zGHz,nﬂI]‘?’m zE’Hz,nﬂI;,m

).
).

and; ijl +.]2 <n-— 17
> (= 2my + 1 =2 ) (1 — [2mg + 1 — 272 F ) = 2077272 oy piben,

zE’Hz,nﬂI]‘?ym
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Now we are ready to compute the Haar coefficients of the discrepancy function of H3',".

Proposition 4.24. Let 13" be a doubly symmetrized Hammersley type point set with
N = 2"2 elements and let (1 m be the Haar coefficients of Ay (-, H3y') for j € N2, and
m = (ml,mg) € ]D)j.

Let j = (j1,72) € N2. Then

(1) if j1+j2 <n—1 and j1,jo > 0 then |pjm| = 27".

(ii) if i+ o > n—1and 0 < ji,jo < n then |pjm| < 2777272 and || =
2n21=2122 for qll but at most 2"? coefficients i m with m € D;.

(i) if j1 > n or jo > n then |pjm| = 20212272,
Now let j = (—1,k) or j = (k,—1) with k € Ny. Then
(iv) if k <n then pijm,m = 0.
(v) if k > n then |, = —2" 21,
Finally,

(Vi) p-1,-1),00) = 0.

Proof. The cases (iii) and (v) follow from the fact that no elements of H'," are contained
in the interior of a dyadic box I(j, j,)m if j1 > n or jo» > n, together with Lemma 4.21.
We consider the case (i7). For a fixed j = (j1, j2) the interiors of the dyadic boxes I; m,
for m € D; are mutually disjunct and at most 2" of these boxes can contain points
from H3','. We have pi;m, = 272172274 if the corresponding box I, is empty. The
other boxes contain at most 8 points (because the volume of I; ,, is at most 2=~V due
to the condition j; +j2 > n—1 and because of the net property of Hs,, and its connected
point sets). Together with the first part of Lemma 4.22 and the triangle inequality this
yields |1 m| < 8 - 27019242 4 gn=251-252=2 < 9= —jot2

The case (vi) can be seen as follows:

1 1
H(=1,-1),(0,0) :/0 /O An(t1, te, H ) dty dty

1 r1 1 r1
= > / / Ldt; dt, — 2"+ / / tito dty diy
z1 J 22 0 JO

2EHy
- Z (1—21)(1—29) —2"

2
= > [-20-y)+0-2)y+z1—-y)+ay 2"

(ac,y)G’Hg,n

= Y 1-2"=0

(xvy)EHQ,n

To show the claim in (iv) for the case j = (k,—1) with k& € Ny, & < n, we have to
consider the expression

S = 3 (1—2my +1 =252 ) (1 — 2)

sym
ZG"HQ’H QI(Ok,—l),(ml,o)
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for any m; € {0,...,2% — 1}. We can write

5 5 (1= [2my +1— 2+Ha])(1 — p)

(@y)EH2n NG 1) (my.0)

+ Z (1—[2my 4+ 1 — 25 gy

(x’lfy)EHZ"ﬂI(ok,fn,(ml,0)

+ > (1—[2m;+1 =21 —2))(1 —y)

A=z y)eHa G 1) () 0)

+ ) (1—[2m +1—2"1 (1 —2)))y

(1—z,1—y)€7—[27nﬂ[(°k’71)’(ml’O)

— 3 (1—[2my +1 — 25 1g)

(@) M2, 1y (109

+ > (1—[2my +1 =21 — z)|) =: Sy + S,

(1—x,y)67—[27nﬂ[("k’_1)7(m170)
where we used the trivial equivalences (z,y) € H2,nm]€k,—1),(m1,0) if and (.)nly if (x,1—y) €
Hon VLG 1) (my 0y a8 Well as (1—z,y) € Han NIG 4y 1, o) fand only if (1 —2,1—y) €
HonN (), 1) (my 0) I0 the last step. Since the interval I 4y ,,, o) 18 the same as I§, o ..\ o)
we obtain S; = 2" %! from the first part of Lemma 4.23. To evaluate S, we observe
that

my my+ 1 2k — 1 —my 2k —m

1
<l—-2< = <x<7k<:>xel°~

1l—xz ¢ [,37m1 <~ ? 2k 2k B ki

where we set m; = 2¥ — 1 — my. This yields the equivalence of (1 — z,y) € Han N
I(C}g,—n,(ml,o) and (z,y) € Hap N Ifk 0)° We also find

7_1)1(;;7‘1)
12my +1 — 28711 — )| =[2(my + 1 — 2F) — 1 4 281y
=| —2m; — 1+ 2"z = |2m;, + 1 — 2"
and hence we obtain

Sy = > (1—|2my + 1 =28 g|) = 2n k-1
(z,y)eH2,nNI° -
(k,—1),(m1,0)

where we regarded the first part of Lemma 4.23 again. Altogether, we have
M(k,—l),(th) — _27(k+1)<sl 4 52) _ (_2n+27(2k’+3)) — _2*(7454’1)271*]6 + 27172]671 — 0

with Lemmas 4.21 and 4.22, and this part of the proposition is verified. It is clear that
the result for fi(_1 1) 0,m.) if & < n can be shown analogously.
Finally, we prove (z) and therefore have to analyze the sum

T:= Y (I=2m+1=2""5])(1 = [2my + 1 = 22F ),

2€H2 IS
where j = (j1, jo) € N2 with j; + jo < n — 1. We have

Tr= Z (1—12m; +1— 2j1+1$|)(1 —|2my +1 — 2j2+1y’)
(z.y)€Ha, NI,
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+ > (1 —[2my +1 =22 ) (1 — |2my + 1 — 22F1(1 — y)|)
(x,lfy)E'Hzmﬂf;.”m

+ > (1 —|2mq +1 =211 — 2))(1 — [2mg + 1 — 272t 1y))
(l—x,y)eﬂz,nﬂl;ym
+ > (1—|2my +1 =221 —2))(1 — [2my + 1 — 22711 —g)|)

1-z,1-y) EsznﬁIJ‘?’m

:ZTl + TQ + T3 + T4.

We obtain directly from the second part of Lemma 4.23 that T} = 27 J1—j2=2 4 gjitj2—n,
With the same arguments as in the proof of point (iv) we can show

T, = > (1= |2my + 1 = 27" 2|)(1 = [2m, + 1 — 22T y)),

(z,y)€H2,nNI®

J,(mq,mg)

T, = > (= T2 a1 2my 1 - 22y,

(z,y)eH2 nNI® ~
J.(my,mg)

T = S (L= 2+ 1= 2] (1 - |2 + 1 — 22 y)),

where m; = 2% — 1 —m, for i € {1,2}. But from this and Lemma 4.23 we see that
T, =T5 =T, =T and together with Lemma 4.21 and Lemma 4.22

fjm =271 4 Ty + Ty + Ty) — 202072272
:2*j1*j272(2nfj1*j2 + 2j1+j27n+2) _ on—2j1-2j2-2 _ 9-n

as claimed. The proof of the proposition is complete. O]

Now we are ready to give the proof of Theorem 4.20.

Proof of Theorem 4.20. We choose any doubly symmetrized Hammersley type point set
H3',' (we do not have to specify the digital shift o). For j € N2, and m € D; let pi;,, be
the Haar coefficients of the discrepancy function of H3',". According to Proposition 2.11,
it suffices to show that for all p, ¢, r satisfying the conditions in Theorem 4.20 we have

N
7\ ¢

JeN? | meD;
This yields
AN Haw sz Bony2) S 272 oA (i 4 2)1/7 < N"(log N)V4.

To verify (4.6), we split the sum over j in six cases according to Proposition 4.24 (and
thereby applying Minkowski’s inequality). We remark that the cases (i), (ii), (i77) and
(v) have already been treated in [36, Section 4], since in these cases the bounds on the
Haar coefficients of Ay (-, "3, ) are (basically) the same as those for the Haar coefficients
of An(+, Hz.,). In all cases Hinrichs obtained an upper bound of the form ¢2""n'/4 with ¢
independent of n for the whole parameter range 1/p—1 < r < 1/p. The only cases where
the condition r > 0 was necessary were (iv) and (vi). However, the symmetrization of
Ha,n has the effect that the corresponding Haar coefficients of Ay(-,H5),") in these two
cases vanish, and the result follows. O
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Remark 4.25. Consider the point set Hsg, (o) U ’Hgli(a) with o = (01,...,0,) €
{0,1}*. For j € N2, and m € D; let u;m, be the corresponding Haar coefficients.
Then one can show that j—1_1)0,0) = 3 and fi—1p),©0my) = —2~ 2 4270+ DT for
k € Ng, k <n. Here, T, =1 if 0.1 = 0 and T}, = —1 if 04,1 = 1. Hence, the proof of
Theorem 4.20 does not work for this class of point sets. This is the reason why we have

to deal with the doubly symmetrized Hammersley type point sets.

Discrepancy in further function spaces and numerical integration As pointed out
in Section 2.3.4 one can easily deduce results on the discrepancy of point sets in Triebel-
Lizorkin spaces from the discrepancy estimates in Besov spaces. From the first embed-
ding in (2.24) together with Theorem 4.20 we obtain

—1l<r<

Corollary 4.26. Let 1 < p,q < oo and max{p a Then the point sets

Hyy' in [0,1)* with N = 2"*! clements satisfy

max{p a}’

AN H ) sy, m0,02) S N7 (log N).

This corollary improves on [50, Theorem 6.1], where Hammersley type point sets in
arbitrary base b > 2 have been considered, by extending again the range of r to negative
values. There exist corresponding lower bounds for the norm of the discrepancy function
in Triebel-Lizorkin spaces for ————r- p —-1l<r< l as shown in [52, Corollary 4.2]. This
follows from the lower bounds on the dlscrepancy in Besov spaces as stated in Section 2.4,
together with the second embedding in (2.24).

By choosing ¢ = 2 in Corollary 4.26 we obtain an analogous result on Sobolev spaces.
Further, from the fact that S)H([0,1)*) = L,([0,1)*) we derive from Corollary 4.26 that
the doubly symmetrized Hammersley type point sets achieve an L,, discrepancy of order
VIog N for all p € [1,00), which is best possible in the sense of (1.13). This however is
not so surprising, since in Theorem 4.5 (in conjunction with Lemma 2.3) we have shown
that already a Davenport type symmetrization of Hs, achieves the best possible rate
of L, discrepancy for all p € [1,00), i.e. Ly(Hapn U ’Hgl,)l) < Vlog N. By different means
as employed here, a certain type of symmetrized Hammersley point sets in a prime
base b has been studied by Goda [32, Theorem 24], which matches our construction of
Hy, for b = 2. We notice that the construction of point sets with the optimal rate of
dlscrepancy in Besov, Triebel-Lizorkin or Sobolev spaces with negative smoothness is
even more subtle than to find point sets with the optimal order of L, discrepancy.

We would like to add a few words concerning errors of quasi-Monte Carlo methods for
numerical integration in spaces with dominating mixed smoothness. For a function f
in a normed space F' of functions on [0,1)? we would like to approximate the integral
I(f) == Jjp1)2 f(x)dx by a quasi-Monte Carlo algorithm Qn (P, f) = Ly [,
where P = {x;,...,xzy} is a set of N points in the unit square. The minimal worst-
case error of quasi-Monte Carlo algorithms with respect to a class of functions F' is
defined as

erry(F) = inf sup |I(f) = Qu(P, f).

IPI=N | fllp<1

The infimum is extended over all point sets in [0, 1)? with N elements and the supremum
is extended over all functions in the unit ball of ' which consists of all functions with
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norm smaller or equal 1. We state a remarkable connection between discrepancy and
integration errors in Besov spaces. Let therefore

dlSCN<S;7qB<[O’ 1)2)) = ‘7;‘1/1:fN HAN(7 7)) HSIT,,qB([DJ)Q)

It is known that S, 7 B([0,1)?)", where 1/p+1/p' = 1/q+1/¢ = 1, is the dual space
of St B([0,1)%). Here S}, 7 B([0,1)?) " is the class of all functions in S, 7 B([0,1)?) with
zero boundary on the upper and right boundary line. Let 1 <p,¢ < o0 (¢ < 0 ifp=1
and ¢ > 1 if p=o00) and 1/p <r < 1/p+ 1. Then we have for every integer N > 2

erry(S),B([0,1)%)) =< N~ disen (S 7 B([0,1)%)), (4.7)
which follows from [69, Theorem 6.11]. This relation leads to the following result:

Theorem 4.27. Let 1 < p,g < o0 (¢ < oo ifp =1and ¢ > 1 if p = 00) and
1/p<r<1+1/p. Then for N = 2" with n € N we have

erry (57 B([0,1)%)) < N~"(log N)=a,
Proof. From (4.7) we have
erry (S5, B([0,1)%)) £ N~ 'disen(S) 7 B([0,1)%))
for 1/p <r <1+ 1/p. Theorem 4.20 yields further
N~ disen (Sy 7 B([0,1)?) S N7 H(log N)7 = N~"(log N)' /1

for 1/p' —1 < 1—1r < 1/p'. The last condition on r is equivalent to 1/p <r <1+ 1/p
and the result follows. O

We remark that there exists a corresponding lower bound on erry(S;, ,B([0,1)?) which
shows that the rate of convergence in this theorem is optimal. For the smaller parameter
range 1/p < r < 1 the assertion in Theorem 4.27 has already been found in [52, Theorem
5.6] (for arbitrary dimensions). It has been shown in [72, Corollary 6.4] that the result
in Theorem 4.27 can be extended to 1/p < r < 2, if one does not restrict to quasi-Monte
Carlo rules but chooses more general cubature rules. In the same smoothness range
quasi-Monte-Carlo rules based on Chen-Skriganov point sets can achieve the optimal
order for periodic functions in every dimension, see [38]. In [71] is has been proven that
Frolov’s cubature rules (which are in general not of quasi-Monte Carlo type) achieve
the optimal convergence rate even for all » > 1/p in all dimensions and also in the
non-periodic setting. Our new result shows that in the two-dimensional case at least for
1 < r <14 1/p the optimal rate of convergence can also be achieved with quasi-Monte
Carlo rules (based on doubly symmetrized Hammersley type point sets). With similar
arguments as above we obtain an analogous result on integration errors in Triebel-
Lizorkin spaces (and hence in Sobolov spaces).

Corollary 4.28. Let 1 < p,q < oo and 1/ min{p,q} <r < 1+ 1/ min{p, q}. Then for
N = 2! with n € N we have

erry (S, ,F'([0, 1)) < N "(log N)*~1/4,
Proof. This result is a consequence of the second embedding in (2.24), which implicates
erry(Sp F([0,1)%)) < erry( B([0,1)%))),
and Theorem 4.27. [

.
min{p,q},q
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4.2. Symmetrized van der Corput sequences

4.2.1. Optimal order of L, discrepancy of 17{)’

We consider the generalized van der Corput sequences and their symmetrized variants.
We will prove that the sequences V7 do not achieve the optimal order of L,, discrepancy
for any p € (1,00) and any base b and permutation . However, the symmetrized
sequences ]7,5’ overcome this defect for every b and o. This is stated more precisely in
the following theorem.

Theorem 4.29. Let b > 2 be an integer and o € &y, such that o(0) = 0. Then we have
Ly n(Vy) 2 log N

for all p € (1,00) and infinitely many N € N and

pN(Vb> V3og N
for allp € [1,00) and all N > 2.

Recall that Lo n(VY) < log N, which yields L, v(V7) < log N together with The-
orem 4.29.

The proof is again based on the estimation of the corresponding Haar coefficients. To
show the result on the L, discrepancy of the symmetrized Hammersley point sets, we
need to estimate all the Haar coefficients. We consider here the general case where
the base b and the permutation ¢ may be chosen arbitrarily. The calculations are
less technical if one restricts to the case b = 2, for which we refer to [45]. We write
Mé\fm,e = fime(An(-, V) and ,&fml = /zj7m7g(AN(-,)~/§)), where the upper index N
denotes that we consider the first NV elements of Vy and 175’ , respectively. At first we
need several lemmas.

In the following, we will consequently omit the lower index b and the upper index ¢ in
the radical inverse function ¢f, since we will always consider an arbitrary but fixed base
b and permutation 0. We will further use the shorthand (-1 := gog_l, where 0! is the
inverse permutation of o. Recall the definitions of I, and I}, from Section 2.3.1. We

denote by I3, and ] ., the interior of the intervals I, and I J’-fm, respectively.

Lemma 4.30. The following relations hold for the radical inverse function ¢:

1. p(Vw) = Lp(w) for all j,w € Ny,

2. oY (m )):%forall]’GNoande{O,...,bj—l},

3. p(n) € Ly if and only if n = bjgo “D(m) + bw for some w € Ny, especially
(

n) €I;, if and only if n = =Y (m) + bw for some w € N,

4. ¢(n) € IF,, for some k € {0,1,...,b— 1} if and only if n = VoD (bm + k) +
btlw = bjgo(fl)(m) + vk + bj“w for some w € Ny, especially p(n) € [Jk;; if and
only if n = o=V (m) + bk + ¥+ w for some w € N,
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Proof. 1. Let w = Y% jw;b’, where w; € {0,1,...,b— 1} for all i € {0,...,k}. Then
p(Vw) = p(Sig o(wi)b'7) = S o(wi)b™ 7" = 5 T g o(wi)b™"™ = = pe(w).
2. Since 0 < m < b — 1, m has a b-ary representation of the form m = 720 m;b,
Where m; € {0,1,...,0 — 1} for all © € {0,...,5 — 1} Then V(=Y (m) =
775 o7 (my)b ! and therefore (WD (m)) = Y125 (o~ (m;))b~ Ui =
j—1 i __ m
blj 5_0 'b — i
3. Again we have m = >2-5 m;b’. Let n = >isonib’, where n; € {0,1,...,b—1} and
only finitely many n; are non-zero. We have

mo_mji My mo
v p T g o
wnd (no) _ olny) ()
(A o1y 7’L 1
90(”>: b + b2 +o Tt j +Z pitl

It is evident that ¢(n) € I, if and only if nyg = o~ (mj,l), n = o Y(m;_s)
and so on up to nj_; = o~ *(my), whereas the digits n; for i > j may be chosen
arbitrarily. We conclude that p(n) € I;,, if and only if

n=c""(mj_1)+ 0o (mj_2)b+ -+ 0 (me)V "+ n;b’

i>j
(o (my) o Hmj_y) o (mj_y) : ;
= <b+-~-+ o T +b7§m+jb
:bJQO(il) (m) + b] Z niﬂ-bi,
>0

where w := Z,>0 niy;b' may run through all integers in Ny. For w = 0 we have

p(n) = ("D (m)) = & ¢ I, whereas for w > 1 we have p(n) = 2 + I COS

bJ
I7,,, which proves the addltlonal claim in item 3.

4. This follows from 3.
O]

The next lemma contains several formulas for exponential expressions which will occur
in diverse parts of our proofs.

Lemma 4.31. The following equalities and inequalities hold for all integers b > 2:
1. ZZ;})e%M =0 forallte{l,...,b—1},

v2-1
2 Z 27r1 - 12
e

f_q)2

L bi_” <t Sl forall L€ {1 b1},

Proof. The first item is a well-known result and can be verified by applying the formula
for finite geometric sums. The proof of the second item can be found in [21, Corollary
A.23] or in [52, Proposition 3.5]. The last item can be shown directly with aid of the
triangle inequality and 2., because
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1 e 1 <ye2”‘f w2
1] e 1P e 1 e 1P
b—1 2
2 _ b*—1 <1
27r1£_ 2 6 Nb
=gty 1]
The proof is complete. O

We start with the computation of the first Haar coefficient %, ,:
Lemma 4.32. The Haar coefficient ﬁjfl,m of the discrepancy function Ay (-, 171)) satisfies

1
2 2

o if N = 2M,
Pl TS | <t N =2M 4 1.

Proof. For V¢ = (,)n>0 we have

_ 1 /N-1
ﬁN101—/ An(t, V) dt :/o ( Lio.4)(zn) — Nt) dt
n=0
N N-1 N N Nl
= 1 . S l—,)— — = — — ;
Z/ 0.6 (Tn) 5 T;)( )5 =g DL

We therefore have to investigate the sum YN-' z,,. If N = 2M, then we have

2M—1 M-1 M-1 N

2_:0 Ty = 2_:0 p(m) + Z_:O(l —p(m)) =M = .

For N =2M + 1, we find

2 oM—1 N—1
Y=Y xn+ M) =M+ (M) = —y teM).
n=0 n=0

This leads to the desired result. O

In the following, let i}, ,, u%ﬁf , and p;-\’f;nlzp be the Haar coefficients of the discrepancy

function of the first N elements of the sequences V7, (¢(n))nso and (1 — ¢(n))nso,
respectively.

Lemma 4.33. For all j € Ng, m € D; and ¢ € B; we have

M1,

M,1— .
|l'1 Z|<{ ‘M;mz|+mgmzﬂ ZfN:2M7
o N |:U’],mZ<P|+’N3mZ ‘ ZfN:2M+1

Proof. The proof is simple and similar to the proofs of Lemma 2.9 and Lemma 4.4. [J

We proceed with the calculation of the Haar coefficients of the discrepancy function in
the case j € Ny and prove the following general lemma first.

109



Lemma 4.34. Let j € No, m € D; and ¢ € B;. Then for the linear part f(t) = Nt of
the discrepancy function we have

Np=2-1
Hm,e(f) = ol _q

and for the counting part g(t) = SN} 104 (zn) we have
. b-1 N-l . 27i 271'1
Wime(g) =b777" Z Z ((bm +k— b]+1xn) e s M — Z e Z)
k=
znGIJ m,zn#%
where the last sum in the brackets is empty for k = 0.

Proof. The assertion on p;.,¢(f) may be verified by simple integration. The Haar
coefficients of g are given by

N—-1 .1
ijé / (Z ]-Ot xn jmf )) dt = Z/O 1[0,t)(xn)hj,m,€(t)dt'
n=0

n

It is obvious that Z, = 0 in case that z, ¢ I, or z, = Now we assume that

x, € IF,, for some k=0,1,...,b— 1. Then we have
27r1k€ dt+ Z / 27”7"( dt

m k+
_ /bﬁw
Tn r=k+1

=bpI! ((bm +h4 1=, e T 4 Z ezw>

r=k+1

m
b7 -

_ k
=p ! ((bm +k+1— bj+1xn) ok _ Zeﬁn f)
r=0
. . 2mi it S
=7t ( (b + k= Y, ) e M =30 ewf>
r=0

and the proof of this lemma is done. n

Now we are ready to show a central lemma.

Lemma 4.35. We have

9 Ni—o 1 15
for all 0 < j < [log, N| and
Np-2i-1

|:ujm£| |[’ijé<p| |e%f

_1|

for all j > [log, N.
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Proof. We start with x, = ¢(n) and therefore employ Lemma 4.30. It allows us to
display the sum

(RO z)

which appears in Lemma 4.34, as

b—1 A(k ; k=1
S>> ((bm +k -ty (bjgp(_l)(m) + bk + bj“w)) etk _ > ebM) . (4.8)

k=0 w=0 r=0

We may include the case p(n) = {7 since the corresponding summand is zero anyway.

In the above expression, A(k) = l%;} — M — lzlj‘ We choose this value for the
upper index of the sum, since we have to ensure that the conditions 0 <n < N —1 and
n = o=V (m) + bk + v 'w are fulfilled simultaneously. With the aid of part 1 and 2

of Lemma 4.30 we obtain

oD e ) = ™ m, (k1
gp(lﬂgp (m)+vk+V w)_bj i o(k+bw) = bﬂ+b3 <b+bgo(w) :

the expression (4.8) can be simplified to

_ + Frt) = 8
k=0 w=0

Next we notice that A(k) can only take two possible values, namely A(k) = A or

A(k) = A — 1, where A = {bﬁll - WJ We assume that kg € {1,...,b} is such

that A(k) = A for k € {0,...,k — 1} and, in case that ko < b, A(k) = A — 1 for

k € {ko,...,b—1}. Hence, we can write

ko—1 b—1 A-1
k=0 = k=0 w=0

Sl SZ

We intend to simplify S, and therefore change the order of the sums to obtain

A-1 gy A-1b-1k-1 2y
=2 p(w Z DI I I
w=0 w=0 k=0 r=0
A oy, bA
_eﬁz:‘f_hgg(eb _1)__622“4 1

We combine the previous results with Lemma 4.34 to obtain
1 1 ~ . 1

Now we take the absolute value and apply the triangle inequality. This yields

1 1 - 1

—2j-1
|/’ij€| = ‘ 2aiy T 1| b] J 7bj+1‘S1|.

_|_
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The inequalities z — 1 < |z| < z for all z € R yield

1 < —2j-1 1 (N-1 ¢(m) —2j—1 _ 1 p(m)
EA_Nb Sbj((,jﬂ T — Nb Tp2tl pitl <0
and
1 (N=1 ¢(m) i
- 275—1 - o _ _ 275—1
Liswa LAl e )y,
L _elm) 1 b2 2
b2i+1 bi+1 pi —  pitl —  pi’
thus we get
1 2 1

"uﬂmg‘— e 2miy ‘by+by+l|5|

It remains to estimate |S;|. We have

B ko—1 o ko—1k—1 o
151 S p(A) | DM D D e
k=0 k=0 r=0
e kol — 1| 1 e’ kol 1 .
]eQmE — 1] eFTl—1\ eFt—1 ’
2 2 b < 5b
— ’eQWIZ | |627r1£ . 1|2 ’e27ﬂ€ 1| f— ‘e%é - 1‘27

where we used Lemma 4.31 in the last step. Altogether, we have verified

‘ ’ 1 2 1 E < 1 9

This proves the first estimate of the lemma. It follows from Lemma 4.30, that there are
no elements of {zg,x1,...,2y_1} contained in the interior of I;,,, if ¥¢o(m) + & > N,
which is certainly fulfilled if j > [log, } Therefore, in this case the counting part does
not contribute to the Haar coefficient uj , as we have seen in the proof of Lemma 4.34,

and we have
Nb 25—-1
’M]mé‘ = ﬁ

as claimed.
‘

. . N,1— .
We investigate ‘ Wime | and write

b—1 -1

Z Z ((bm+kr—bj+1(1—g0 ) ik Ze2§lré>
1 go(n)EIk
1—¢(n)¢%

as
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k=0 n=0 X
,0
1—p(n Gijm
b—1 N-—1 k—1 o
=Ty
-2 X Ze =T =T

Ibk’]_o

It is easily shown that 1 — ¢(n) € Ijkni if and only if ¢(n) € ivim_1- In analogy to

preceding parts of this proof we define B(k) := Hﬁf _ e DU’Z m-1) _ b_’Z_IJ

as B = H\gﬁ — ¢’<71)(b2_m_1)J. Let k), € {0,...,b — 1} be such that B(k) = B for

ke {kh,...,b—1} and, in case that k), > 0, B(k) = B — 1 for k € {0,... k) —1}. We
apply Lemma 4.30 to obtain

—ji Nz_:l ((bm+k—b7+1(1—go )) et Zeg””‘f)

bklo
j,bI—m—1

as well

p(n)el

b—1 B(k)

=22 ( (bm + k= (1= o0 VO —m = 1)+ b=k —1) + b w)))

k=0 w=1
) k—1 o
xeb ke Z ebr@)

b—1 B(k)
=33 (o net s S

= k-1 b—1 B-1 1
> (MB) T4 2 e%’:‘“) Bt <(w(w) e T+ > ezl”’"é>

0

T
Ty, 1,2

Similarly as above, we can show that

b(B - 1)
z = -
1,2 e2l7;n£ 1

Altogether, we have

1 1 - oa 1
ijnieip - <bj(B -1 - Vb 1) - W(TM 1)

and so the triangle inequality gives

11 e
|5 < | g(B —1) = Nb ™27 4 (T | + [T2)).
One can check in the L(B-1)- Nb_Qj_l‘ < x5
and |T7,| < | T e . We also find
eb —
b—1 k-1 b—1
27i ]_ 27i b 2b
T < eiré 7117 eTke - 1 ’ - i < i .
s |n ]| | = S
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By combining all these results we finally arrive at

N,1—¢p 1 6 7 2 1 15
|:uj,mj | S 27\—1@("_‘1‘) = 7T
‘e b " — 1‘2 b] b‘7 bj b-j |e b ¢ — 1|2

The equality |z, ;7| = ‘ngijjl for j > [log, N'| can be verified analogously as in the
3170y e b Fo
case of ‘M;an ,| and the proof of the lemma is complete. ]

Corollary 4.36. The Haar coefficients of the symmetrized van der Corput sequence in
base b for j € Ny satisfy

1 6 1 o
S g e i< [logy N,
|ﬁj,m,€| Np-2i-1 N

Proof. We combine Lemma 4.31, Lemma 4.33 and Lemma 4.35 to obtain the result. [

In order to prove the result on the non-symmetrized sequences we only need to consider
the first Haar coefficient p1_1 01 (An (-, VY)).

Proposition 4.37. We have

101 (AN (-, V7)) 2 log N
for infinitely many N € N.
Proof. By Parseval’s equality (2.21) we have

IANC VO 0 0.0y) =lt-1.00 (AN V)P + > 1 15 e (AN (-, V) |2

jENO ,mG]D)]- ,66]]33]-

Using Lemma 4.35, we find

> O 1 e (AN (-, V)P

jGNo,mGDj ,ZGB]'

[logy NT-1 1\2 ) SN2

S0 W)+ X () SaleN,
— b7 . b2
J=0 j=[log, N

for some positive constant ¢; depending only on b and for all N > 2. From the fact that
Lyn(VY) > colog N for a constant ¢o > 0 depending only on b and for infinitely many
N, we derive

1,01 (AN(-, V)P = ¢5(log N)? — crlog N 2 (log N)?
for infinitely many N. O]

Remark 4.38. A direct proof of Proposition 4.37 for b = 2 can be found in [25] (see
also [45, Remark 1]).
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Proof of Theorem 4.29 We first prove the result on the non-symmetrized van der
Corput sequences. Let /,Lé\jmj be the Haar coefficients of the discrepancy function of the
first N elements of V7. We employ the lower bound given in Proposition 2.12 and obtain
for all p € (1, 00)

2/p'
(Lpn V) =IANC VO, 00 2 2 ij(“/pl)( >, |M§,Vm,e|p/)

j€N71 mE]Dj,EEIB%j
’ N 2/p
zb_Q(l_l/p) (‘M]—V1,0,1’p) ” 2 |H]_V1,0,1|2 2 (log N)Q
for infinitely many N, where we regarded Proposition 4.37 in the last step. To verify
the result on the symmetrized van der Corput sequences, we need to take into account
all the Haar coefficients. We use now the upper bound on the L, norm as given in

Proposition 2.12 and insert there the bounds on the Haar coefficients according to Co-
rollary 4.36. We have

2/p
(Lo V) =NAN VI oy S D 090 ( ) \ﬂj,m,elp)

]EN 1 mE]D)j ,éij

B L 2/p [log, N1—1 ‘ B 1 P 2/p
Sbﬁ(lfl/p) (mfm’”p) + Z p2i(1-1/p) Z (bﬂ>
j=0

mG]D)j,KG]E]-
\ 2/p
% o NP
+ Yt 1/p) ( 3y (ij) )

j= flogb N1 me]]])j ,ZE]BJ‘
2(1—1/p) o X 25 (1-1/p)12i/p L 2j(1-1/p) 2‘/-N2
gb p) 4 Z b2 pbjpb + Z b2 pbjloE
j=Tlog, N1
[log, N1—1 ) e 1
Si+ > 1N ) 7 SlogN.
= j=[log, N
The results follows now by taking the square root in both cases, respectively. O]

4.2.2. Optimal discrepancy rate of )75 in several other norms

As we have already seen in Section 2.3, the estimation of the Haar coefficients of the
discrepancy function is the key to give upper bounds of its norm in various normed
function spaces. In this subsection, we will give such upper bounds for the class of
symmetrized van der Corput sequences. We will consider Besov, Triebel-Lizorkin, BMO
and exponential Orlicz norms. We start with a theorem on the Besov norm, which
demonstrates that the symmetrization of the van der Corput sequence is only necessary
if the smoothness parameter r is zero, whereas for » > 0 also the non-symmetrized
version achieves the optimal discrepancy rate.

Theorem 4.39. Let 1 <p,g< oo and 0 <r < %. Then for any integer b > 2 we have

< (log N)s

HAN("T}I?) Sy B([0,1)) ™~

for all N > 2 and
[1AN(, Vb)“ST B([0,1)) 2 log N
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for infinitely many N € N if r =0 and

HAN('v ]71;7)

sy B([0,1) ™

as well as
ANV sy  poay S N

if0<7’<%f0rallN22.

Proof. Let us first consider the symmetrized van der Corput sequences. From Proposi-
tion 2.11 it follows that it suffices to show

2\ T
Z bj(r—%-l—l)q ( Z IELN K‘ﬁ) < {<lOgN)q if r = 0,
J,m, ~ .

T 1
jEN_1 meD; (eB, N if0<r<g

Since g > 1, we have

1
q
(1
AN p+1)q( \%mé‘)
jeN_; me;,leB;

[log, N1-1 L P
S+ >0 bj(rpﬂ)q( D ’%M‘)

j=0 melD;,leB;

Q=

+ Z bj(T*%+1)q ( Z ’Hgmé’ ) =: 51+ 5+ Ss.

j=[log, N meD; LeB;

We apply Lemma 4.32 and Corollary 4.36. We have S; <1 < N forall 0 <r < %. We
also find
[log, NT-1 1\? % [log, N1—1 ‘ %
nsl X P () ) =1 X v
j=0

The assumption r = 0 leads to
[log, N1—1 q L
Se S Z 1] < (logN)aq,

=0

LSRN

whereas for 0 < r < % we obtain

[log, N1—1 ' %
e (") sy

Jj=0

It remains to estimate S3. We have
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1

)q :N( 3 b]’q(m))q
Jj=Tlog, N1

which concludes the proof of the claims on the symmetrized van der Corput sequences.
Now we investigate the non-symmetrized van der Corput sequences V. Note that for
j # —1 the corresponding Haar coefficients of Ay (-, Vy) are of the same order as those of
An(-, f/g ). It is therefore enough to consider only the Haar coefficient p_y 01 (An(-, VY)).
Ifr > 0, we have i1 01 (AN (-, V) S log N S N” and the proof is complete. If, however,
r is zero, then we have p_y101(An(-,V¢)) 2 log N and hence HAN(~,V§)||S;7QB([O71)) >

SRS

[e%s} p
sz 5 wern(v(h))
j=Tlogy N b
< Nblong(r—l) — Nr,

~J

log N by Proposition 2.11. 0

From the embedding Theorem 2.24 we immediately obtain the following results on the
Triebel-Lizorkin spaces:

Theorem 4.40. Let 1 < p,g< oo and 0 <r < maxip T Then for any integer b > 2 we
have 7

lany) < (log N)s

S5 F([0,1))
for all N > 2 and

ANV sy o)) < log N
for infinitely many N € N if r =0 and

< NT
Sr F([0,1))

ax (%)

as well as

AN (VY)

Sr F([0,1)) S N

max

ifo<r< }{pq} for all N > 2.

By putting ¢ = 2 in Theorem 4.40 we obtain results for Sobolov spaces. We recover
Theorem 4.29 by additionally setting r = 0.

For the rest of this section, we restrict ourselves to the dyadic case, where we can use
the apparatus we have for the BMO and exponential Orlicz norms. We first prove the
following result on the BMO norm of the discrepancy function.

Theorem 4.41. We have
AN (-, V2) |l BMo(0,1)) < y/log N

and
HAN<'71~}2)HBMO([0,1)) < \/@
for all N > 2.
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Proof. We start with the classical van der Corput sequence. We fix an arbitrary meas-
urable set U C [0,1). Since for a fixed j € Ny we can estimate

U= > ml=27 3 1,

mG]D)]- mEID)j
Ij,mCU Ij,mCU

we have - mep, 1 < 27|U|. By the definition of the BMO norm we need to prove

U 22 > [wjwl® Slog N,

j€Np me]DJj
Ij7mCU
because then the supremum extended over all U C [0, 1) satisfies this upper bound as
well. We distinguish between two cases and use Lemma 4.35. We first assume that
0 <j < [log, N| and obtain

1[10g2N]—1 ) N 1]’10g2N'\ 1 1
Y 2 Y LS Y 22U S g N,
=0 meD); =0
Ij,mCU
For j > [log, N| we can estimate
(S SREID SRT AP D SRR R
) J,m ~ A 24]- ‘ 22]. ~ L
j=[logy N1~ meDj j=[logy N j=[logy N

IjmCU

This yields the BMO norm estimate for the local discrepancy of V,. We can proceed
completely analogously for the symmetrized version of the van der Corput sequence by
using Corollary 4.36 (note that we do not need the delicate first Haar coefficient ,u]fm
in the estimation of the BMO norm). []

Theorem 4.42. Let f > 0. Then we have
1
[AN( V2)||exp sy S (log N) max{2,8}

Proof. Let us first consider the case = 2. The Chang-Wilson-Wolff inequality (Pro-
position 2.14) and Corollary 4.36 give

N|=

[ANC V)l 2) S (Z 2 3 \<AN<»%>,hj,m>\21zj,m)

JEN_1 meD; Loo([0,1))
% ,
< > 2200 S a1,
JEN_; meD; Loo([0,1))
% |logy N|—1
(Hl[ﬂ 1)HLOO (10,1)) > i DI PP 11""”
J=0 meD; % ([0,1))
+N Z Z Ly \/logiN
j=!logy N meD; Loo([0,1))
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where we regarded Hzmemj 1 ijmH =1

Loo([0,1))
The result for 0 < 8 < 2 follows from the fact that || fllexp ey < || fllexp zp) for 0 < a <
[ < oo. Hence we have |[|An(-, VQ)HeXp L8) log N in this case.

For 8 > 2 we can obtain our result by mterpolatlon between Orlicz spaces and the L
space. For 0 < o < f < oo and f € Loo([0,1)) we have

1l 5) S (1 llowp20) ™ (1 o)

(see [7, Proposition 2.4]). We show Ls n(V2) < log N. Let N = 2M and n € N such
that 271 < M < 2" for an arbitrary n € N. Then we have

IAN V) o)) < 1AM Vo)l o)) + 180 1 = ©2) || Lo (0,1)):

where 1 — o denotes the sequence (1 — o(n))n>o. With similar arguments as in
Lemma 2.3 and in the proof of Theorem 3.29 we find

1201 = @2)llzaory = 184 03) o] < 1,
where @3 is as defined in the proof of Theorem 3.29. This fact yields

IAN V) o)) S AWM Vo)l oy + 180 03 | Los0.1))-

We already know from [26] that ||A (-, Va)||L. o)) Slog M and || A (-, V32 |l o,1)) S
log M. Therefore we have

||AN('J~/2)||LOO([0,1)) < 2log M <logN.

This yields the claim on the star discrepancy of the symmetrized van der Corput se-
quence since n was arbitrary (the proof for odd N is basically the same). Hence we
obtain

AN G Vo) lexp ) S (AN Vo) lexp22))” (1AN G V)2 (0.1)))

S (Viog V) (105 ) < (10g V)~

and the proof is complete. O]

~—

™[

4.3. Conclusions

We would like to summarize several general phenomena which occur with the analysis
of the L, discrepancy of point sets in [0,1)? and sequences in [0, 1).

e We observe that the reason for the large L, discrepancy of the Hammersley point
set and the van der Corput sequence is the large Haar coefficient of the corres-
ponding local discrepancy for j = (—1,—1) and j = —1, respectively, whereas all
the other Haar coefficients are small enough to achieve the optimal order of L,, dis-
crepancy. Modifying the Hammersley point set and the van der Corput sequence
(e.g. by digit scrambling with permutations or symmetrization) leads to a signific-
ant reduction of the aforementioned first Haar coefficient. While for Hammersly
point sets this reduction can occur for suitable permutations, this is not the case
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for the van der Corput sequence. However, the method of symmetrization leads
to the optimal L, discrepancy rate in both cases. It has already been observed
by Davenport [16] that the symmetrization of point sets has the effect that the
zeroth Fourier coefficient of the discrepancy function is reduced and therefore the
symmetrized point sets EN(oz) as considered in Example 1.9 achieve the optimal
order of Ly discrepancy.

We have seen the following: If our modified point sets and sequences achieve
the optimal order of L, discrepancy, they always have the optimal order of L,
discrepancy for all p € (1, 00) simultaneously. We do not know if there is a general
law behind this observation.

Finally, we note that constructions of point sets and sequences with the optimal
order of L, discrepancy seem to achieve the optimal discrepancy rate in other
function spaces such as Besov spaces with dominating mixed smoothness too.



A. Appendix - Some arithmetics
concerning cj

In this paragraph we give all the missing proofs of Section 3.2.2. Our aim is to prove
the following three propositions.

Proposition A.1 provides the formula for the constant ¢ appearing in Theorem 3.17,
which has already been mentioned in Lemma 3.27 and was essential to obtain the nu-
merical results for ¢f in Section 3.2.2.

Proposition A.1. Let 0 € Ay(7). Then we have

16— 12b — 11102 4 2286° — 1126* 1 — (~1)"
B 72b2 1603
4 A b 2
+— > max{o(ki),o(k:)} §(max{k‘1, ko} + max{k; + ko, b — 1}) —ki—ki ).

3
b k1,ka=0

¢

Proposition A.2 contains the relations we used in Remark 3.26 to simplify our formula
for Ly(H;;,) as stated in Theorem 3.17.

Proposition A.2. For o € Ay(7) we have the relation

~. 1~ 1~, —L if b is even ,
(I)b - 7<I>b,1 - 7<I>b,2 = 214 p2—1 . .
2 2 —5i g fbisodd.

Finally, Proposition A.3 confirms the fact that the value of the constant ¢f is invariant
with respect to certain transformations on the permutation o.

Proposition A.3. Let 0 € Ay(1) and d € {0,...,b—1}. Then we define the permuta-
tion & € Ay(1) in the following way: For k € {0,...,b — 1} \ {d,b — 1 — d} we set
o(k) = o(k) and additionally we set 5(d) =o(b—1—d) and 6(b—1—d) = o(d). Then
we have ¢f = cj.

The proofs are similar and of elementary, but technical nature. The fundamental prop-

erties of the function ¢y, which are required for the proofs, are the following: Let
1€{0,1,...,b—1} and 0 € &;. Then we have

P1) i) (5 +0) = iy (7 +0),
®2) o (3) =3 2w (5 +0).

P2y S () (’; + 0) 0.

k=0
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Note that (P2)’ follows directly from (P2) by setting [ = b. We will often use the same
tricks. It is evident that

b1 b—1 b1 b1

D fR)=Dfb=1—=k) or > fla(k)) =2 f(k),

k=0 k=0 k=0 k=0
where f is some expression depending on the index k. We will also need simple relations
concerning the maximum of two real numbers; e.g.

max{a +b,a + ¢} = a +max{b,c} or max{—a,—b} = —min{a,b}

for a,b,c € R.
In order to prove the central propositions in this Appendix, we need several auxiliary

results. First, we proof the following lemma, which holds for arbitrary permutations in
Gp.

Lemma A.4. For all o € &, we have
@2 1- 6b% + 9b> — 4b*

0—7
q)b

1802
1 b=l 2 2
—— Y max{o ' (k1),0 " (k2)} Mkt hy ks bmax{ky, ko }
b 1o 2
and
G _C~ 6b — 33b* + 78b> — 40b*
i 720°
1 b=l 1 1 kj%+kl+k§+k2
3 > max{o ' (ki), 07 (k2)} 5 — bmax{k; + ks, b—1} |,
k1,k2=0

where ¢ = 4 for even bases b and ¢ =1 for odd bases b. We also have

c1 + 18b — 9b? — 54b% + 40b*

Pl == 7202
R k2 — ki + k2 —k
- = > max{o ! (ky), 0 (ko)} ( [ Bl (b — 1) max{ky + ko, b}>
b k1,ka=0 2
1 b—1
+ =] Z max{o ! (k1), 0 (ko) } (k1 + ko — 1),
k1,ko=0
k1+k2>b
as well as
= c1 + 30b + 27 — 102b° + 40b*
Poz = 7202
1 b=l 2 2
-3 Z max{c ' (ky), 0_1(k2>}<k1 3k T K, + 3y
b k1 ,k2=0 2
— (b + 1) max{k1 + kg, b— 2})
1 b—1
~ > max{o " (k1), 0" (k2)} (k1 + ko — b+ 2)
k1]f|}/’€];2>:bo—2

where ¢; = 8 for even bases b and c; = 5 for odd bases b, respectively.
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Proof. The first formula is [31, Lemma 8]. We show the second formula. By Simpson’s
rule we have

3 =, [ () de = 221,21% () 221)21% ( 1>
w85 (5) ()

SR () 129 (90 3t (o)

where in the last step we regarded the fact that 7, and wgh are piecewise linear on

intervals [5 @) for £k € N. Now we have

> ot (3) 05 (5) + 532 = v (5) o) (5 +0)
l

" 1 b 1
b b2z
=0 h=0 0
lblbl
3 Z ¢gh< ) 1/’bh)< +0>
1=0 h=0

1 b—1b—-1 _ I
6b4zz wbh ( 0> (wgh) <b+0> = S1+SQ+53+S4.

1=0 h=0
With property (P1) we can write

b—1

1 bl l 1b71
- EE o (s o) b

0

To calculate this expression, we distinguish two cases:
1. Let I < 1;—717 ie. I <b—1—-1. Then we have

b—1-1 b—1

Zh2+ > (b—h)(=h)+ Z(b—h)2:2(1—62+6l+612).

h=I+1 h=b-1

2. Let [ > b’Tl, i.e. [ >b—1—1. Then we have

= Z h* + _Ebj (b—h)(=h) + i (b—h)?

b

6(1 + 5b% — 6b + 61% + 61 — 120b1).

This leads to ,
g { = bb§2 if b is even
4 p—

LU if bis odd.

We turn to S and S3. Using (P2) we can write it as

=g > 3w (5 +0) 0y (5 +0)

=0 h=0 k=0
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Summing Sy and S3 yields

52+ 53 :31,)422 S (i) (‘7(:') + 0) (7)) (‘Tl(f) + o)

=0 k=0 h=0
- 722( bflh) Q‘i‘o ( b,bh) Q-FO = =25y,
3b* 150050 b b

since the first sum in the last expression vanishes due to property (P2)". So far we have

" 1 b—1b—1 l _ l
oy = ﬁZZ@Dgh (b) @Dg,h (b) — 5y

=0 h=0

We have
1 < - — o\ 1 T\ k2
Si ijz > D (W) ?"‘O (Vi 5) ?‘FO

:% = Zl b_l( iy <0<§1) +O> (Vo) (U(§2) +O>

b k1,k2=0 l:max{k17k2}+l h=0
b—1 2 &2y (olk) v [ O(k2)
I Z( bh) b +0) (¥55) b +0
k1,k2=0 h=0
1 b—1 b—1 ) ]C ]{7
~ e 3wt iy (75 o) iy (76 +o)
bt o h=0 b ’ b
1= 1 1 = a v [ L
=— = > max{o (k),0 (k2)} D (%) | 5 +0) Wh) |5 +0].
b oo h=0 b ’ b
1,R2=— =
X
We have
mil’l{k]_,bflfkg} ) max{kl,bflfkg} b—1
x= S+ Y (he-m+ S (b=
h=0 h:min{kl,b—l—kz}—l-l h:max{kl,b—l—kg}—l-l

b
= (5b% = 6b + 1+ B(k{ + k1 + k3 + k) — Gbky — Gbmax{ki,b— 1 — kp}).
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This leads to

1 bl
0 Z (50* — 6b + 1) max{ky, ko }

k1,k2=0
1 k2 + ki + k3 + ko

- 3 maX{U_l(kl)aU_l<k2)}< ' 2

k1,k2=0

Sy =—

— b(kQ + maX{k‘l, b—1-— k2})>
(b—1)%(4b + 1)(5b — 1)

3602
1 K24+ k +k2+k
> max{al(kl),al(kQ)}< s 1; 2 2—bmax{k1+k2,b—1}>.

k1,k2=0

The result for CTD‘b’ follows. We consider &D‘b’ , and derive analogously as before

N 1 b—1b—-2 l _ l 1 b—1b—-2 l
oy 4 —bjzzqﬂ bht1 (b) (e <b> bgzZ@Z)bhH () @Dbh) ( +O>
=0 h=0
b—1b—-2 l
Z Z ( ) ¢b,h+1>, (b + 0>
b— b—2 l I
@l > (Unt) <b+0> (wbh)/<b+0> =: S + S5 + 53+ 5.

For S we proceed as above and write

1 b—1b—2 l l 1 b—1
r M R o /
34_66 §E(¢bh+l) <b+0>( o) (b ) 6b4ZJ
To calculate this expression, we distinguish two cases:
1. Let [ < g, ie.l—1<b—-1[1-1. Then we have
1-1 b—I—1 b—2
JO=>(h+Dh+ > b-h=1)(=h)+ > (b-h)(b—-h—1)
h=0 h=1+1 h=b—1
:Z(—z +3b — b? — 61 + 61?).
2. Let [ > g, ie. [—1>b—1—1. Then we have
b—1—1 -1 b—2
J(W) = (h+Dh+ > (=h—=1)(0—h)(~h)+> (b~ h)*
h=0 h=b—1 h=1

b
:6(_2 + 3b — 61 + 5b% — 1201 + 617%).

This leads to

72 b2

18-1 it pis odd.

2_ . .

, — L4 if b is even,

S4 -
—5
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As seen above, we have S + S, = —25), and further

Si= =g 5 maxto b G S0l (B 40) 3y (2 40),

k1,k2=0 h=0
X/
In order to evaluate X', we have to distinguish two cases:
1. Assume that &y — 1 <b—1 — ky. Then we have
min{ki—1,b—1—ko} max{k1—1,b—1—ko}
X = 3 h(h+1) + > (=h)(b—h —1)
h=0 h=min{k;—1,b—1—kz}+1
b—1
+ (b—h)b—h—1)=:X].
h=max{k1—1,b—1—ka}+1
2. If ki —1>0b—1— ko, then we have
min{k;—1,b—1—k2} max{k1—1,b—1—k2}
X = > h(h+1) + > (~h—1)(b—h—1)
h=0 h=min{ki1—1,b—1—ko}+1
b—1

+ > (b—h)(b—h—1)

h:max{kl—l,b—l—kg)—l-l
=: X —b(max{k; — 1,0 — 1 — ko} —min{k; — 1,0 — 1 — ks })
X — bk + s — D).

A straightforward calculation yields
b
X =¢ (=2 = 8b+5b” + 3k} — 3ky + 3k3 — 3ky + 6(b — 1) max{ky + k2, b})

and therefore

(b—1)%(4b+1)(5b + 2)
3602

Sl=—
1 b1 2 _ 2 _
— max{o " (k1),o " (k2)} (kl b1 ; by — ko _ (b — 1) max{k; + @,b})

k1,k2=0

1 b—1 B B
+ﬁ Z maX{o 1(]€1),0' 1(k2)}(k1+k2—b)
k1,k2=0
k1+ka>b

This completes the proof for Cf‘gl Since the formula for (53'2 can be shown in the very
same way, we omit an explicit proof. O

We will make excessive use of the property o € A,(7) in all subsequent proofs.
Lemma A.5. Let o0 € Ay(7). With Si(0) = X025 ko (k) we have
b—1

> max{ki, ko }o (k) = éSl(a) + ib(b —1)(56* — 3b — 2).
ey a0 2 24
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Proof. We have

b—1
> max{ky, ko }o (ki)
k1,ka=0
1 b—1 1 b—1
=5 Z max{ki, koo (ki) + Z max{ky, ko}(b—1—0(b—1—Fky))
2 b0 2 b0
1 b-1 b—1 b—1
9 Z (max{kl, ko} —max{b—1— ki, k2}) (k1) + 5 Z max{ky, ka}.
k1,k2=0 k1,k2=0

Now we have

1 b—1 1 b—1
—5 > max{b—1—ki, ko}o(k)=—= > max{b—1—k,b—1—ko}o(k)
k1 ,ka=0 k1 k=0
1 b—1
=5 Z (min{ky, ko} — (b —1))o(ky),
k1 k=0

where we regarded the fact that
max{b —1- ]fl,b —1- ]{32} =b-1 + max{—kl, —1{52} =b—-1- min{kl, ]{?2}

Since max{k:l, ]{32} + min{kl, ]{?2} = ]{?1 + kQ, we get

b—1
> max{ky, ka}o (k)
k1,ka=0
1 b—1 b—1 b—1
=) (k14 ke — (b= 1))o(ky) + 5 > max{ky k)
ki, k2 0 k1,ka=0
- b—1 ! b—1 %
5 Z /{?10' kl Z kgO' k‘l — T Z (kl) + ? Z max{k;l, ]{52}
k1,ko=0 k‘1 ko=0 k1,ko= k1,k2=0
b 1 (b(b—1) bb—1)\> b—1 22
== = — ki, ko}.
251(U)+2 < 5 ) ( 5 + 5 kl%omaX{ 1, k2 }
The rest of the proof is straightforward. ]
Lemma A.6. Let 0 € Ay(7). With Si(0) = Y=t ko (k) and Sy(o) = S0h k2o (k)? we
have
E , 1 b—1 1 )
Z max{k:l, k’g}O’(lﬁ) = *52(0') + 751( ) b(b — 1) (4b —3b + 2)
by 0 2 2 24
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Proof. We have

b—1

> max{ki, koo (ki)
k1,k2=0
1 b—1
=5 > max{ki, koo (ki)?
k1,ka=0
1 b—1
+= > max{k, ko (b—1)*=2(b—1)o(b—1—ki) +o(b—1—k1)?)
2 ko
1 b—1
== > (max{ki, ka} + max{b—1—ky,b—1— ky})o(ky)?
2 k1,ko=0
(b—1)2 b=t b—1
+ 9 Z max{k:l, ]{52} - (b - ].) Z max{k:l, kQ}(b —1- O'(kl))
k1,k2=0 k1,k2=0
1 b—1 (b _ 1)2 b—1
=3 (Iky = ks + (0= 1)) o (ka)? — 5 > max{k, k}
k1,k2=0 k1,k2=0

+(b-1) (251(0) + 214b(b —1)(5b* — 3b — 2)) :

We compute

1b—1k1 1b1 b—1

5 Z |]€1 - kg\a(/ﬁ)2 :i Z (kl - k2 kl + 3 Z Z kl)
k1,k2=0

k1=0 ko=0 kl 0 ko= k‘1+1

L5 ki (ky + D)o (ky)? + = ! bzl (b—1—Fk1)(b—ki)o(k:)?

4k‘1:0 k:l 0
1 1b1 )
— - — ko bb—l k.
Lio) - L5 S hoth + oo )5

k=0

Further we find

> ko(h)? =3 ko (k) = X nk)nloth)* = (01~ K)o~ 1~ o (k)

b—1 b—1

(b—1—k) —20b—-1)S (b—1—k)o(k)

L -1 Y ok Zka

which yields after rearranging this formula

=(b—1)?

Zka = (b—1)S(o )—112b(b—1)(62—3b+2).

Putting all these results together yields the claim of this lemma. O]

Lemma A.7. For all o € A, we have

S max{kr, k) max{o(k)to (k) b—1} = S max{o(k), o(ks)} max{ki ks, b—1}.

k1,k2=0 k1,k2=0
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Proof. We have

b—1

> max{o(ki),o(ks)} max{ks + ko, b — 1}
k1,k2=0
b—1
= > max{o(ki),o(ks)} (ki + max{ks,b— 1 — k1 })
1, kia=0
b—1
= > kimax{o(k),o(k:)} + > max{b—1—0(ki),o(ks)} max{k, ko}
1, kia=0 et k2 =0
b—1
= Y kimax{o(k1),0(k2)} + >  max{o(k1)+ o(ks),b— 1} max{k, ko}
k1,ka=0 k1,ka=0
b—1
— Z O'(kl) max{kl, kg}
k1 ,ki2=0
Further we find by Lemma A.5
b—1 b—1
Z kl max{a(kl), O'(kz)} = Z 0'71(]{1) max{kl, kz}
k1,k2=0 k1,ko=0
—QS (e + ib(b —1)*(5b + 2)
BRIy
b 1 b—1
=—S1(0) + —b(b—1)*(5b+2) = > o(ky) max{ki, k2},
2 24 by a0
which completes the proof. O
Corollary A.8. We have
, 32—57b—90b* + 228b° — 1126 N 1—(=1)°
@ = 7202 16
2 b—1
- > max{c k1), 0 (ko) }(k? + Ky + k3 + ko)
k1,k2=0
) b—1
+ =] > max{oc ' (ki),0 " (k2)} <2bmax{k1, ko} + bmax{k; + ko,b— 1}
ey k2 =0

b+ 1 b—1
+ —|2— max{k1 + /CQ, b— 2} + T max{k’l + kg, b})

_lg z_: max{o "' (k1),0 " (k2)}.

k1, ka=0
k1+ka>b

Proof. At first we compute

1 b—1
g > max{o (k)07 (ko) H(ka + ko — D)
k1,k2=0
k1+ko>b
1 b—1
o Z max{c ! (ki), 0 (ko) } (k1 + ko — b+ 2)
k1,k2=0
k1+ko>b—2
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1 b—1
=5 > max{o ' (k1), 0 (ko) } (k1 + ko — b)
k1,k2=0
k1+ko>b
1 b—1
- (2()3 > max{o " (k1),0 (ko) } (k1 + ko — b+ 2)
k1,k2=0
k1+ka>b
1 b—1
+ 2 > max{o ' (k1), 0 (k2)}(b—1—b+ 2))
k1,k2=0
k1+ko=b—1
1 b—1 1 b—1
=—— > max{o '(k),0 7 (k2)} — =5 > max{o ' (k1),0 " (k2)}.
P ko 20° 4 5
klj‘erZb k1+]762=b—1

Now it holds that

1= ) ) 1 3b—2 1—(-1)
_ - - = — —_ 1 —_ fr—y —
e kl’;@:o max{c~ " (k1),0 " (ko)} T 3:0 max{k,b k} e e
k1+ko=b—1

Summing the results in Lemma A.4 and applying the relation above yields the claim. [
Now we are ready to give the proofs of Propositions A.1, A.2 and A.3.
Proof of Proposition A.1. We set M = max{k; + ko, b — 1}. Then we have

b—1
> max{o " (k1), 0" (k2)} (b max{k; + ko, b — 1}
k1,k2=0
b+1 b—1
+ —|2— max{k1 + kz, b— 2} + 7 max{k1 + k?Q, b})
= b+1 b—1
= > max{o (ki),07 (k2)} <bM + L(M — 1)+ ——(M + 1))
k1 k2=0 2 2
k1+k2<b—2
= b+1 b—1
+ Y max{o ' (k), O'_l(k’g)}<bM + TM + T(M + 1))
kllf‘:];’;i:bo—l
4! 1 —1
S max{a‘l(kl),a_l(k’g)}<bM+ b; Ml - M)
/fllszzzzob

b—1
=2b > max{o '(ki),0 " (k2)} max{ks + k2, b— 1}

k1,k2=0
b + 1 b—1 B B b -1 b—1 B B
- max{c ' (ki),0 " (ka)} + —— > max{c ' (ky), o (ko)}
2 k1,k2=0 2 k1,k2=0
1,R2= 1,R2—=
k1+ko<b—2 k1+ko<b—1

b—1
=2b Z max{ail(kl), O'il(kg)} max{kl -+ kg, b— 1}

k1 ,ka=0

_ -~ -1 -1 b+71 = -1 -1
> max{oc '(k),0 " (k2)} + 5 > max{c ' (k1),0 (k) }.
k1,k2=0 k1,k2=0

k1+ko<b—1 k1+ko=b—1
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The last sum is computed easily, since

b+1 &K b+1
TS max{o (k)0 (k) =t S max{k,b— 1 — k}
2 k1,ka=0 2 =
k1+ko=b—-1
1 b+ 1
=—b(b+1)(3b—2) — ——(1—(=1)".
Sblb+1)(30—2) — 1 - (1)

Now we can combine this result with Corollary A.8 to obtain the expression in Pro-
position A.1 with ¢~! instead of 0. However, Lemmas A.5, A.6 and A.7 allow us to
interchange 0~! and o in this formula, and the proof is complete. n

Proof of Proposition A.2. From Lemma A.4 we observe that

~ o 1s,  1s,  E+3b—4b?
q)b_§q)b,1_*q)b,2:7

2 1262
1 b—1
+ % Z max{o ' (ky), 0 (ko)} (b max{ky + k2,0 — 1}
k1 ,k2=0
b+1 b—1
- —; max{ky + ko, b — 2} — 5 max{k; + ko, b})
1 b—1
— o > max{o (k)07 (ko) }(ki + by — D)
k1,k2=0
k1+k2>b
1 b—1
+ﬁ Z max{ail(kl),afl(kg)}(kl+k2—b—|—2),
k1,k2=0
k1 +ko>b—2

where ¢ = 2 for even bases and ¢ = 1 for odd bases. As in the proof of Proposition A.1
we set M = max{k; + ka,b — 1}. Then we have

b—1
Z max{a_l(/ﬁ), 0'_1<k2)} (b max{kl + kQ, b— 1}
k1 ,ka=0
1 -1
- b—; max{ky + ko, b — 2} — 62 max{ky + ko, b})
= b+1 b—1
= > max{al(kl),al(k:g)}<b]\/[ — L(]\4 —1)— ——(M+ 1))
k1 ,k2=0 2 2
1,R2
k1+ka<b—2
= b+1 b—1
+ > max{o '(k), 01(/{2)}<bM SR A V. —— (M + 1))
ky k=0 2 2
k1 +ka=b—1
= b+1 b—1
+ Y max{o " (k1), 0 (k2)} | OM — i M — M
k1 ,k2=0 2 2
ki1+ka>b
b—1 . ) h—1 b—1 ) .
= > max{o '(k),0 ' (ko)} — 5 > max{o ' (k1),0 " (k2)}
k1,k2=0 k1,k2=0
k1+ko<b—2 ki1+ko=b—1
- -1 -1 b+1 = -1 -1
= > max{o '(k),0 ' (k)} — 5 > max{oc ' (k1),0 (k) }.
k1,k2=0 k1,ko=0
k1+ko<b—1 k1+ko=b—1
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From the proof of Corollary A.8 we already know that

1 b—1
—— Y max{o ' (k1),07 " (ko) } (k1 + ks — b)
2b° k1 ,k2=0
k1-+ko>b
1 b—1
+ — Z maX{O'_l(k?1>,O'_1(]€2)}(]€1+l€2 —b+2)
2b3 k1,ka=0
k1-+ka>b—2
1 b—1 1 b—1
= o > max{o'(k1),0 (ko) } + & > max{o (k)0 (k2)},
2 k1,k2=0 k1,ko=0
k1+ka=b—1 ki+ko>b
and therefore
o1, 1. E+3b—4p® 1 %4
7 — 5‘1317,1 — 5‘1)17,2 =— D@ g gmax{k, b—1-—k}
1 b—1
-+ 73 Z max{kl, kz}
b k1,k2=0
The rest of the proof is straightforward. n
Proof of Proposition A.3. We define
b—1
A(o) = > max{o(k),o(ks)}ki,
k1,k2=0
b—1
B(o) = Z max{o(k), o (ko) } k3,
k1,k2=0
b—1
C(o) = Y  max{o(ki),o(ks)}(max{k, ko} + max{ks + ko,b — 1}).
k1 ,ka=0

It follows from Proposition A.1 that in order to prove Proposition A.3, we have to show

%M@—N@%%M®—B@D+;W®—C@DZU (A1)
We employ Lemma A.5 to obtain
A@)—A@) = Y max{kykodo(k) — 3 max{ks, ko}o (k) = Z(Sl(a) NG)
k1,k2=0 k1,ko=0

:;’(da(d) L b—1—d)b—1—o(d))
—d(b—1-0(d)) — (b—1—d)o(d))
—g(b —1—2d)(b—1—20(d)). (A2)

With Lemma A.6 we find similarly
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b—1 b—1
B(O’) — B(&) = Z max{kl, ]{32}0'(:1{?1>2 — Z II]ELX{k’l, ]{32}5'(]{?1)2
k1,k2=0 k1,k2=0

:1<52(a) — $(3)) + b; 1(51(0> - 51(0))

2
=5 (Po(@? + (6~ 1—aP(b—1 - o(a)

—d*(b—1—0o(d))? = (b—1—d)*o(d)?)

+ b;1<do(d) +(b-1—d)(b—1-0o(d))

—d(b—1-0(d)) - (b— 1 - d)o(d))
b(b—1)
2

It remains to compute C'(0)—C(7). Since all summand with indices ky, ko ¢ {d,b—1—d}
in C(d) are the same as the corresponding summands in C(0), we can write

(b—1—2d)(b—1—20(d)). (A.3)

C(o) — C(5)
= Y (max{o(d).o(ka)} — max{o(b—1 - d),0(ks)})
kggz{]fi?bz—ol—d}
X (max{d, ko} + max{d + ko, b — 1})
o (max{o(b—1—d),o(ky)} — max{o(d),o(k2)})

kot {db—1—d}
x (max{b—1—d ks} + max{b—1—d+ky,b—1})
b—1

N (max{o(k), o(d)} — max{o(ky), o(b— 1 — d)})

(]

k1=0
b {db1-d)

X (max{k;l, d} +max{k; +d,b— 1})

+ > (max{o(kr),0(b—1—d)} — max{o(k:),o(d)})

o
[y

klgé{z,b—l—d}
x (max{ki,b—1—d} +max{k +b—1—d,b—1})
+ (max{o(d), o(d)} — max{5(d),5(d)}) (max{d, d} + max{2d,b - 1})
+ (max{o(d),o(b— 1 — d)} — max{&(d),5(b — 1 — d)})
X (max{d,b —1—d} +max{b—1,b— 1})
+ (max{o(b — 1 - d),o(d)} — max{5(b—1—d),5(d)})
X (max{b —1—d,d} + max{b—1,b— 1})
+ (max{o(b—1—d),o(b—1—d)} — max{G(b— 1 —d),5(b— 1 — d)})
x (max{b—1—d,b—1—d}+max{2b—2—2d,b—1}).
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Let Z; denote the first four sums in the above expressions and Z5 the last four summands,
respectively. Obviously Z; may be written as

b1
Zi=2 Y (max{o(d),o(k)} — max{b—1—o(d),o(k)})
ke {d b d)
X (max{d, k} + max{d + k,b —1})
12 Y (max{b—1—o(d),o(k)} — max{o(d),o(k)})
k¢ {db—d)
X (max{b—1—d,k} + max{b—1—d+k,b—1}).

Since
max{b—1—d, k} + max{b—1—d+k,b—1}

=max{b— 1, k+d} —d+max{d. k} +b—-1—d
=max{b— 1,k +d} + max{d,k} +b—1— 2d,

we can simplify Z; to

b—1
Zy=2b—-1-2d) Y  (max{b—1—o0(d),o(k)} —max{o(d),o(k)}).
kgé{dlfb:folfd}
By including the summands for £k = d and k = b — 1 — d, we find
Zy==—2b—-1-2d)(b—1—20(d))
b—1

+2(0b—1-2d)) (max{b—1—0(d),o(k)} — max{o(d),o(k)}).

k=0

We calculate the last sum. Assuming that o(d) < b—1— o(d) yields

Zi(l)(max{b 1 o(d), o(k)} — max{o(d), o (k)})
_ :<max{b — 1= o(d), k} — max{o(d), k})
zgiol(b 1= o(d) — o(d)) + bézl(b 1 —o(d)— k)
—o(d)(b—1 - 20(d)) + ;(b 1= 20(d)(b — 20(d)
b

=2 (b—1—20(d).

If o(d) > b—1—0(d), we obtain the same result. Inserting it into our expression for
Zy, we find
Zy=0b-=-2)b—1-2d)(b—1—20(d)).

It remains to evaluate Zy. Since max{o(d),o(b—1—d)} —max{a(d),o(b—1—d)} =0,
it is clear that
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Zy =(20(d) — b+ 1)(d + max{2d,b — 1})
+(b—-1-20(d))(b—1—d+max{2b —2 —2d,b—1}).

By the elementary relation
b—1—d+max{2b—2—2d,b—1) =2b—2— 3d + max{2d,b— 1}

we find
Zo=2(b—1-2d)(b—1—20(d))

and hence
Clo)—C(@)=bb—1—-2d)(b—1—20(d)). (A.4)

Now the identity (A.1) can be easily checked by inserting (A.2), (A.3) and (A.4). O
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