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Abstract

Pseudorandom numbers are generated by deterministic algorithms and are
not random at all. However, in contrast to truly random numbers they guar-
antee certain randomness properties. Their desirable features depend on the
application area. For example, unpredictable sequences are needed for cryp-
tography and uncorrelated sequences for wireless communication or radar.
Some corresponding quality measures are linear complexity and expansion
complexity for unpredictability and autocorrelation or more general correla-
tion measure of order k.

The Legendre sequence possesses several desirable features of pseudoran-
domness in view of different applications such as a high linear complexity
for cryptography and a small (aperiodic) autocorrelation for radar, GPS, or
sonar. In this thesis we prove the first nontrivial bound on its arithmetic
autocorrelation, another figure of merit coming from coding theory and in-
troduced by Mandelbaum. Sequences with small arithmetic autocorrelation
can be used to define good error-correcting codes over the integers.

Furthermore, we analyze the relation between arithmetic autocorrelation
and correlation measures of higher orders. Roughly speaking, we show that
any binary sequence with small correlation measure of order k up to a suffi-
ciently large k cannot have a large arithmetic autocorrelation.

In 2012, Diem introduced a new figure of merit for cryptographic sequences
called expansion complexity. Expansion complexity is essentially the same
as linear complexity in the periodic case but finer in the aperiodic case.
Sequences with small expansion complexity are predictable and thus not
suitable in cryptography.

In this thesis we study the predictability of some number theoretic se-
quences over finite fields by analyzing their expansion complexity. Addition-
ally, we consider the expansion complexity of some linear combinations of
these sequences.



Zusammenfassung

Pseudozufallszahlen, welche von deterministischen Algorithmen erzeugt wer-
den, sind nicht zuféllig, garantieren aber im Gegensatz zu echten Zufalls-
zahlen bestimmte Zufallsmerkmale. Diese gewiinschten Zufallseigenschaften
variieren mit der Art der Anwendung, zum Beispiel ben6tigt man unvorher-
sagbare Folgen in der Kryptographie, unkorrelierte Folgen in der drahtlosen
Kommunikation oder bei Radar. Einige dazugehorige Qualitatsmafle sind
die lineare Komplexitdt und die Expansionskomplexitit fiir die Unvorher-
sagbarkeit und die Autokorrelation oder allgemeiner das Korrelationsmafl
der Ordnung k.

Die Legendre Folge besitzt einige wiinschenswerte Eigenschaften der Pseu-
dozufilligkeit im Hinblick auf verschiedene Anwendungen, wie eine grofle
lineare Komplexitat fir die Kryptographie und eine kleine (aperiodische)
Autokorrelation fir Radar, GPS oder Sonar. In dieser Arbeit beweisen wir
die erste nichttriviale Schranke fiir ihre arithmetische Autokorrelation, eine
weitere aus der Kodierungstheorie stammende Giitezahl, welche von Man-
delbaum eingefithrt wurde. Folgen mit kleiner arithmetischer Autokorrela-
tion konnen zur Definition guter fehlerkorrigierender Codes iiber den ganzen
Zahlen herangezogen werden.

Weiters analysieren wir den Zusammenhang zwischen der arithmetischen
Autokorrelation und dem Korrelationsmafl der Ordnung k. Grob gesagt
zeigen wir, dass bindre Folgen mit kleinem Korrelationsmafl der Ordnung
k bis zu einem hinreichend grofien k keine grofle arithmetische Autokorrela-
tion haben konnen.

Im Jahr 2012 fithrte Diem die Expansionskomplexitat als neue Giitezahl fiir
kryptographische Folgen ein. Die Expansionskomplexitéit entspricht im pe-
riodischen Fall im Wesentlichen der linearen Komplexitat, im aperiodischen
Fall ist sie jedoch feiner als die lineare Komplexitit. Folgen mit kleiner
Expansionskomplexitit sind vorhersagbar und somit nicht geeignet in der
Kryptographie.

In dieser Arbeit studieren wir die Vorhersagbarkeit einiger zahlentheo-
retischer Folgen, indem wir ihre Expansionskomplexitat analysieren. Zusatz-
lich betrachten wir die Expansionskomplexitédt von einigen Linearkombina-
tionen dieser Folgen.
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Chapter 1

Introduction

The Legendre sequence (of period p) satisfies several desirable features of
pseudorandomness. For example, Turyn [42] proved that it has a high lin-
ear complexity (see also [12] and [9, Chapter 9.3]), which is necessary but
not sufficient for cryptographic applications. It also provides a high linear
complexity profile, see [39, Theorem 9.2].

Autocorrelation measures the similarity of a sequence and its shifts. A
small (aperiodic) autocorrelation is important for radar and sonar. It is well
known (see [37], [38]) that the (periodic) autocorrelation of the Legendre
sequence is one-valued or two-valued depending on whether p = 3 (mod 4) or
p =1 (mod 4), and that the (absolute value of the) aperiodic autocorrelation
is of order of magnitude at most p'/?In p.

In this thesis we prove the first nontrivial bound on its arithmetic au-
tocorrelation, another figure of merit introduced in [26] for error-correcting
codes. More precisely, we show that the (absolute value of the) arithmetic
autocorrelation of the Legendre sequence is of order of magnitude at most
p**(log, p)*/2.

Finding relations between different measures of pseudorandomness is an
important goal. For example, the linear complexity provides essentially the
same quality measure as certain lattice tests coming from the area of Monte
Carlo methods, see [13, 33]. The correlation measure of order k is a rather
general measure of pseudorandomness introduced by Mauduit and Sarkozy
[28]. A relation between linear complexity and the correlation measure of
order k is given in [5]. Hence, we may roughly say that correlation measure is
a stronger measure than linear complexity. A relation between the arithmetic
autocorrelation and the correlation measure of order k is provided in this
thesis.

Expansion complexity introduced in [10] is another measure which is es-
sentially the same as linear complexity in the periodic case but finer in the



aperiodic case [31] (see also [32]).

In this thesis we analyze the linear complexity and expansion complexity
of some number theoretic sequences over finite fields including the character-
istic sequence of the set of sums of three squares and (linear combinations
of) sequences of binomial coefficients.

Organization of the thesis

This thesis is organized as follows:

Chapter 2

e In Section 2.1 we start with some well-known preliminary results of
elementary number theory. We define the Legendre sequence and show
that it has the best possible distribution of patterns of length 2, see
[11, Proposition 1].

e In Section 2.2 we prove that the (absolute value of the) arithmetic
autocorrelation of the Legendre sequence is of order of magnitude at
most p3/*(log, p)*/2.

e In Section 2.3 we give a relation between arithmetic autocorrelation
and the correlation measure of order k. Roughly speaking, we show
that any binary sequence with small correlation measure of order k up
to a sufficiently large k cannot have a large arithmetic autocorrelation.
We apply our result to several classes of sequences including Legendre
sequences defined with polynomials.

Chapter 3

e In Section 3.1 we provide some basic properties of the linear complexity
and expansion complexity. In particular, we present the proof of [31,
Theorem 1] for (purely) periodic sequences.

e In Section 3.2 we show that the characteristic sequence of the set of
sums of three squares has a very small expansion complexity and thus is
rather predictable. Moreover, we prove that some linear combinations
of p-periodic sequences of binomial coefficients modulo p have a very
small expansion complexity and are predictable despite of a high linear
complexity. As an example, we consider the Legendre sequence and
verify that it does not belong to this class of predictable sequences.
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Chapter 2

Correlation measures

In this chapter we study a different notion of autocorrelation, the arithmetic
autocorrelation introduced by Mandelbaum [26]. Sequences with small arith-
metic autocorrelation can be used to define good error-correcting codes over
the integers (instead of finite fields). Also, see the recent monograph by
Goresky and Klapper [17] for more background and results on arithmetic
correlations.

Throughout this chapter let p be an odd prime number.

2.1 Preliminaries

In this section we provide some basic notions and results of elementary num-
ber theory including the Legendre symbol, 2-adic integers and cyclotomic
numbers of order 2. For more details, see [9], [17], [24], [35], [36] and [40].

2.1.1 Quadratic residues and Legendre symbol

We start with a brief review of some well-known terminologies and results of
elementary number theory.

Definition 2.1. Let a € Z with ged(a,p) = 1. Then a is called a quadratic
residue modulo p if there exists b € Z such that a = b? (mod p). Otherwise
a is called a quadratic nonresidue modulo p.

Since a 4 p is a quadratic residue or nonresidue modulo p, according as
a is or is not, we consider as distinct residues or nonresidues only those that
are distinct modulo p. Hence, we find all incongruent quadratic residues and
nonresidues modulo p in the set {1,2,...,p — 1}.

10



Remark 2.2. If a is a quadratic residue modulo p, then a = b* (mod p)
for some b € {1,2,...,p —1}. Then > = @ = b (mod p) implies that p
divides (r — b)(r 4+ b) and so r = b or r = p — b. Thus, the quadratic residues
modulo p in {1,2,...,p — 1} can all be found by computing * (mod p) for
b=1,2,...,(p—1)/2 (since the remaining integers up to p — 1 are all equal
to p — b for one of these b). Therefore, there are exactly (p — 1)/2 quadratic
residues modulo pin {1,2,...,p—1}, and consequently there are also exactly
(p — 1)/2 quadratic nonresidues modulo p in {1,2,...,p —1}.

Statements about quadratic residues can be formulated in an elegant
manner by using the following notation.
Definition 2.3. Let a € Z. The Legendre symbol (%) is defined as
0 ifp|a,

a
() = 1 if a is a quadratic residue modulo p,

p
—1 if a is a quadratic nonresidue modulo p.

The Legendre symbol is simply a way of identifying whether or not an
integer is a quadratic residue modulo p.

Lemma 2.4 (Fermat’s Little Theorem). Let a € Z with ged(a,p) = 1. Then
a?'=1 (mod p).

Proof. (see [24]). We first claim that the integers a,2a,3a, ..., (p — 1)a are
pairwise distinct modulo p. Otherwise, we would have ia = ja (mod p) for
some i,j € {1,2,...,p — 1}. But this would mean that p divides (i — j)a,
and since ged(a,p) = 1, we would have p | (i — j). Since 1 < 4,5 < p, the
only way this can happen is if 7 = j.

We conclude that the integers a, 2a, ..., (p — 1)a are simply a rearrange-
ment of 1,2,...,(p — 1) when considered modulo p. Hence
a-2a-...-(p—La=1-2-...-(p—1) (mod p),

that is e *(p — 1)! = (p — 1)! (mod p). Thus, p divides (p — 1)!(a?~ — 1).
Since (p — 1)! is not divisible by p, we have p | (a?~! — 1) and the result
follows. O

Lemma 2.5 (Wilson’s Theorem). We have

(p—1D!'=-1 (mod p).

11



Proof. (see [36]). If p = 3, the result is trivial. Thus we may assume that
p > 5. Suppose that i € {1,2,...,p — 1}. Then there exists a unique
j€{1,2,...,p— 1} such that

ij=ji=1 (mod p).

We say 7 and j form a pair. If i = j, then 2 = 1 (mod p) and so i = 1
ori =p—1. Hence, if i € {2,3,...,p — 2} we have i # j and it follows
2:3-...-(p—2)=1 (mod p). Thus

p-=1-2-3-...-p—2)-p—1)=p—1=—-1 (modp). O
The Legendre symbol satisfies the following properties.
Proposition 2.6. Let a € Z. Then
(a) =a? Y2 (mod p).
p
Proof. (see [36]). If p divides a, the congruence is easily verified. Thus we
can assume that ged(a,p) = 1. If ( ) = 1, then there exists a b € Z such

a
p

that @ = 0* (mod p) and by Fermat’s Little Theorem we get
aP V2 =p1 =1 (mod p)

since ged(b, p) = ged(a,p) = 1. Toeach i € {1,2,...,p—1} there exists some
unique j € {1,2,...,p — 1}, so that a = ij (mod p). We say i and j form
a pair. If (%) = —1, then there exists no b € Z such that ¢ = b* (mod p)
and hence ¢ # j. By Wilson’s Theorem and the fact that there are exactly
(p — 1)/2 distinct ordered pairs i, j with ¢ # j and a =ij (mod p) we get

aP V2= (p-1)=-1 (modp). O
Proposition 2.7. Let a,b € Z. Then
(5)-6)6)
p p)\p)

Proof. (see [35]). From Proposition 2.6 it follows that

(ab) = ()77 = gr=D/2r-1)/2 = (“) <b> (mod p).
p p) \p

Now both extreme sides of this congruence have the value 0, 1 or —1 and so
the congruence holds if and only if equality holds. m

12



Example 2.8 (see [35]). Let a = —1. By Proposition 2.6 we obtain
—1
() = (—1)®Y2 (mod p).

p

Both sides of this congruence have the value 1 or —1, and so we get the

equality
-1
<> — (_1)(17—1)/2‘
p

Thus, —1 is a quadratic residue modulo p if and only if p =1 (mod 4).

For sums of Legendre symbols we can state the following lemmas.

£(2)-o

Proof. (see [35]). Let b € Z be a quadratic nonresidue modulo p. If a runs
through {1,2,...,p—1} in some order, then also ab (mod p) does so. Hence

SE)-E®)-0)s0)--20)

and the result follows. O

Lemma 2.9. We have

Lemma 2.10. Let b € Z with ged(b,p) = 1. Then

S0

Proof. (see [35]). To each a € {1,2,...,p — 1} there exists some unique
a~t € {1,2,...,p— 1}, such that a™*a = 1 (mod p). If ged(a,p) = 1, then
by Fermat’s Little Theorem and Proposition 2.6 we get

(/-0 ()= (5)) e

and therefore (%) = (%) Thus

(0) (20)-E(102) £ () ()

by Lemma 2.9 and the observation that if @ runs through {1,2,... ,p—1} in
some order, then a~!(a +b) (mod p) runs through {0} U{2,3,...,p—1} in
some order. O

13



For a € Z with ged(a,p) = 1, we see from Fermat’s Little Theorem that
there is some a”, where 1 < h < p — 1, that is congruent to 1 modulo p.

Definition 2.11. For a € Z with ged(a,p) = 1, the least positive integer h
such that a" = 1 (mod p) is called the multiplicative order of a modulo p.
If the multiplicative order of a modulo p is equal to p — 1, then a is called a
primitive root modulo p.

Using the Legendre symbol we can define the following well-known pseu-
dorandom sequence.

Definition 2.12. The Legendre sequence (£,,)n>0 is defined by

€n=:{1 if (2)=1, 1)

0 otherwise.

Obviously, the Legendre sequence (€,,),>0 is a p-periodic binary sequence.
It has an optimal balance between zeros and ones. A period of (¢,,),>¢ consists
of exactly (p+ 1)/2 zeros and (p — 1)/2 ones.

Definition 2.13. A 2-adic integer is a formal expression
> fa2",
n=0

where f, € {0,1}.

On the set of 2-adic integers we can perform addition and multiplication
with carry which make the set of 2-adic integers a ring. More precisely, the

statement - - -
n=0 n=0 n=0

with fi, gn, hn € {0,1} means that there exist integers co, ¢, ca, ... so that
co=0and for all n > 0

fn + gn +Cp = hn + 2cn+1-

The quantity ¢, is called the carry and obviously ¢, € {0,1}. It is easy to
see, by induction, that c¢,, h, are uniquely determined by f,, g,. In fact

hp = (fo+ gn+cn) (mod 2)

and
Cnr1 = [(fo + gn +cn)/2].

14



Similarly, the statement

n=0 n=0 n=0

means that there exist integers cg, ¢1, ¢, ... so that ¢g = 0 and for all n > 0
Z fign—i +cp = hp + 20n+1a
i=0

although in this case the carry ¢, may be greater than 1.

Remark 2.14. Addition and subtraction of 2-adic integers are not the same
operation. We say that

T2 =D ga2" =D h,2",
n=0 n=0 n=0
if there are integers cg, ¢y, ¢, ... so that ¢ = 0 and for all n > 0

fn —Gn —Cp = hn - 20n+1'

This implies h, = (fn, — gn — ¢) (mod 2) and ¢,1 = — | (fn — gn — ¢n)/2].

2.1.2 Cyclotomic numbers of order 2
In this paragraph let g be a primitive root modulo p and let f = (p —1)/2.

Definition 2.15. For a € Z, the cyclotomic classes D, of order 2 are defined
by
D, ={¢*" (modp):u=0,1,...,f—1}.

The cyclotomic classes Dy and D; of order 2 are exactly the sets of in-
congruent quadratic residues and nonresidues modulo p, respectively.

Lemma 2.16. If g**™* = ¢?*** (mod p) with u,v € {0,1,...,f — 1} and
a,b € {0,1}, thena="b and u = v.

Proof. (see [40]). We have g?**® = ¢?*** (mod p) if and only if
2u+a=2v+b (modp—1), (2.2)

that is p — 1 divides 2(u — v) + (a — b). Since 2 | (p — 1) it follows that
2| (a — b) and thus a = b. Then (2.2) simplifies to 2u = 2v (mod p — 1), or
equivalently u = v (mod f), thatis f | (v —v). But 0 <w,v < f and hence
u=v. [

15



From Lemma 2.16 it follows that the cyclotomic classes D, of order 2 are
pairwise disjoint and Dg19; = D, for j € Z. Hence the cyclotomic classes
Dy; and D ; of order 2 coincide with the cyclotomic classes Dy and D; of
order 2, respectively. Thus we have exactly two different cyclotomic classes
of order 2 and by Remark 2.2 we obtain

Dol = [Do| = |Di| = (p=1)/2= [.
For j € Z put
D,+j={a+j (modp):aecD,}

and
jD, ={ja (mod p):a € D,}.

Lemma 2.17. If r € Dy, then
rDog=Dy and rDy= D;.

If r € Dy, then
rDo= D1 and rD;= D,.

Proof. (see [9]). If r € Dy, then r = ¢** (mod p) for some v = 0,1,..., f—1.
Thus we get

TDOZ{QQ(U+U) (mOdp)u:()7177f_]‘}:D0

and
TDlz{QQ(qu’U)Jrl (mOdp)u:07177f_1}:D1

If r € Dy, then r = ¢?**! (mod p) for some v = 0,1,..., f — 1. Hence we
obtain

rDy = {g*** (mod p):u=0.1,....f~1} =D,

and
rDy = {g*“*) (mod p) :u=0,1,...,f —1} = Dy. O

We now define the cyclotomic numbers of order 2.

Definition 2.18. For a,b € Z, the cyclotomic number (a,b)s of order 2 is
defined to be the number of solutions of the equation

u+1l=v, ué€ DyveE D,

16



That is, (a,b)s is the number of ordered pairs u, v such that
g+ 1=¢"" (modp), w,ve{0,1,...,f—1}, (2.3)
or equivalently
(a,b)2 = [(Dg + 1) N Dy|.
By the definition of D, and (a,b), it follows immediately that
(a+22,b+23)2 == (a,b)27 Z,j e 7.

Thus there are at most four distinct cyclotomic numbers of order 2.
Lemma 2.19. There exists a k € {0,1,..., f — 1} such that
2k+j =_1

g (mod p),

where 7 =0 if f is even, and j =1 if f is odd.

Proof. (see [40]). By Fermat’s Little Theorem we have ¢! = 1 (mod p)
and thus ¢®=1/2 = —1 (mod p) since g is a primitive root modulo p.
If f is even, then

1= g(P—l)/2 = QL?H = 92(%1>+1 (mod p),
that is k= (f — 1)/2. O
The cyclotomic numbers of order 2 satisfy the following properties.
Lemma 2.20. We have
b o
(@02 = (2~ ab—a)p = U even
(b+1,a+ 1)y if f is odd,
Proof. (see [40]). By Fermat’s Little Theorem we have ¢/ = 1 (mod p). If
we multiply both sides of (2.3) by ¢g?/=#=D+(2=9) that is the inverse of g?**+?,

we get
g g = 2w Ema (mod p),

whose number of solutions is (2 — a,b — a)s by definition.

From Lemma 2.19 it follows that there exists a k € {0,1,..., f — 1} such
that g?**7 = —1 (mod p), where j = 0 if f is even, and j = 1 if f is odd. If
we multiply both sides of (2.3) by ¢?**/ = —1 (mod p) we obtain

ARG g = g2utk)Hatd) (o p),

whose number of solutions is (b + j,a + j)o by definition. O

17



Lemma 2.21. We have

(@,0)2 + (a,1)2 = f = Ba,

where
1 if fis even anda=0 (mod 2),

Ba=41 if fisoddanda=1 (mod 2),

0 otherwise.

Proof. (see [40]). We have
(a,0)2 + (a,1)2 = [(Dg + 1) N Do| + |(Dg + 1) N Dy.

From Example 2.8 it follows that p—1 € Dy if and only if p =1 (mod 4), or
equivalently 0 € Do + 1 if and only if p =1 (mod 4). Furthemore, we have
|Do+ 1| = |D,| = f, and the only element of {0,1,...,p—1} not in some D,
is 0 which is neither a quadratic residue nor a quadratic nonresidue modulo
p. Hence if f is even, that is p =1 (mod 4), then

ifa=0 (mod 2),

_ )1
|(Da+1>ﬂDo|+|(Da+1>“D1|—{f ifa=1 (mod 2).

If fis odd, that is p =3 (mod 4), then

f ifa=0 (mod 2),
D,+1)NDy|l+ (D, +1)NDy| =
I ) ol 1 ) 3 {f—l ifa=1 (mod 2).
Thus the result follows. O]

The properties given in Lemma 2.20 and Lemma 2.21 are sufficient to
determine the cyclotomic numbers of order 2.

Proposition 2.22. Ifp =1 (mod 4), the cyclotomic numbers of order 2 are
given by

(0’0)2 = (p - 5)/4’ (Oa 1)2 = (LO)Q = (17 1)2 = (p - 1)/4
If p=3 (mod 4), they are given by

(070)2 = (170)2 - (17 1)2 - (p - 3)/47 (07 1)2 - (p + 1)/4'

18



Proof. (see [9]). If f is even, that is p =1 (mod 4), it follows from Lemma
2.20 and Lemma 2.21 that the four distinct cyclotomic numbers are related
by

(0,0)2 =: A, (O, ].)2 = (1,0)2 = (1, 1)2 =: B,

where A and B satisfy the equations
A+B=f—-1, 2B=.
Solving these equations we get
(0,02=A=(p—-5)/4, (0,1)2=(1,02=(L1)=B=(p-1)/4
If fis odd, that is p = 3 (mod 4), it follows that
(0,0) = (1,0)s = (1,1)s = C, (0,1)s =: D,

where

C+D=f 20=Ff—1.

Solving these equations we obtain

(0,00 = (1,0)s = (1,1)s =C = (p—3)/4, (0,1)e=D=(p+1)/4 O

2.1.3 Pattern distribution of the Legendre sequence

Employing the elementary facts about cyclotomic numbers of order 2 we can
present the proof of [11, Proposition 1], which shows that Legendre sequences
have an ideal distribution of patterns of length 2. But first we introduce the
notion of a pattern.

Definition 2.23. Let s be a positive integer. A pattern of length s is a string
Z'O*"'*il*"'*"'*is—la

where ig,1,...,1s_1 € {0,1} are fixed bits, the *’s indicate arbitrary bits
that could be either 0 and 1, and the distances among ig,%q,...,is_1 are

fixed.

Ding [11] studied the pattern distribution of the Legendre sequence. More
precisely, for ig, i1, ...,is_1 € {0,1} and positive integers dy, ds, . . ., ds_1 with
0<d <dy<...<ds_1<p,put

Pio,il,...,is_1 (gn) - |{0 S n S p— 1: gn = iOagn—&-dl - 7:1, s 7£n+d3_1 = Z.s—l}|-

The parameters P;, ;.. . ,(¢,) count the number of patterns distributed in
a cycle of the Legendre sequence.
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For the distribution of patterns of length 2 in Legendre sequences we
have the following exact result, which means that Legendre sequences have
the best possible distribution of patterns of length 2.

Proposition 2.24 (Ding, [11]). If p =3 (mod 4), then

(p—3)/4 forig=1i; =1,
(p+1)/4 otherwise.

Pio,il (fn) = {

If p=1 (mod 4), then

Pua(ls) = (p—>5)/4 for (p—1)/2 elements dy of {1,2,...,p— 1},
PN (p—1)/4  for the remaining elements,

Prolly) = (p+3)/4 for (p—1)/2 elements dy of {1,2,...,p— 1},
v (p—1)/4 for the remaining elements,

Poa(ln) = (p+3)/4 for (p—1)/2 elements dy of {1,2,...,p— 1},
Bl (p—1)/4 for the remaining elements,

Poolln) = (p+3)/4 for (p—1)/2 elements dy of {1,2,...,p— 1},
o (p—1)/4 for the remaining elements.

Proof. (see [11]). Recall that
(CL, b)g = |(Da -+ 1) N Db‘ = |Db N (Da -+ 1)‘

Note that 0 is neither a quadratic residue nor a quadratic nonresidue modulo
p and the cyclotomic classes are pairwise disjoint.
We have

Prilln) ={0<n<p—1:0, =1 {lnpa, =1} =[DoN (Do + ).

To each d; € {1,2,...,p—1} there exists some unique d;* € {1,2,...,p—1},
such that dyd;' =1 (mod p). Hence

|Do N (Do + dq)| = |dy " Do N (dy ' Do + 1))
and by Lemma 2.17 we get
Pra(ln) = |di ' Do N (di ' Do + 1)] = [D; N (D + 1| = (4, )2,
where d;' € D; for some j € {0,1}.
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Similarly,

Poi(ln) =[{0<n<p—1:0,=0lpg =1} = |(D1U{0}) N (Do + dy)l
= |(d; "Dy U{0}) N (dy " Do + 1)| = |(Dj1 U{0}) N (D; + 1)
= Dy 0(D; + D[+ {03 N (Dj + 1) = (7,5 + D)2 + {0} 0 (D; + 1),

where d;' € D; for some j € {0,1}.
With similar argument, we have

Piolln) =H0<n<p—1:4, =14y =0} = [DyN((D1U{0}) + d1)|
= |di'Do N ((dy "Dy U{0}) + 1)| = |di " Do N ((dy ' Dy + 1) U {1})]
=|d;"DoN (dy'Dy + 1)| + |dy ' Do N {1}
=[D; N (Djp1 + |+ |D; {1} = (G + 1,7)2 + [D; N {1}

and

7300( n) = |{0<”<P_1 1o 0€n+d1_0}|

=[(D1U{0}) N ((D1UA{0}) + i)

= [(dy "Dy U{0}) N ((dy " Dy U {0}) + 1)
= [(dy' Dy U{0}) N ((dy' Dy + 1) U{1})]
=ld;*DyN ((d*Dy+ 1) U{1H)] + {0} N ((dy Dy + 1) U {1})]
= |dy Dy N (d7 ' Dy + 1)+ |dy Dy n {1} + {0} N (d ' Dy + 1))
= [Dj1 0 (Djr + DI+ [Dj 0 {1} + {0} N (D + 1))
=+ 1,7+ 12+ D N {1} + [{0} N (Djsr + 1)1

where d;' € D; for some j € {0,1}.

We have 1 € D, if a = 0 (mod 2) since 1 is always a quadratic residue
modulo p and from Example 2.8 it follows that 0 € Dy + 1 if and only if
p=1 (mod 4). Hence

~ Ja (mod 2) ifp=3 (mod 4),
oy )l_{a—l—l (mod 2) ifp=1 (mod4),
and
B 1 ifa=0 (mOdQ)?
|D“m{1}’_{0 ifa=1 (mod 2).

The result follows then from Proposition 2.22 and the above four formulae

fOI' 7)171 (fn), ,P()’l(gn), ,Pl,()(gn> and ’PO,O(gn)' D
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Example 2.25. For p = 7 the (incongruent) quadratic residues modulo 7
are 1, 2 and 4, the (incongruent) quadratic nonresidues modulo 7 are 3, 5
and 6. Hence, the 7-periodic Legendre sequence is given by

(p)n>0=(01101000110100 ...)
with ¢, 7 = ¢, for all n > 0. If 4o = ¢; = 1, the patterns

11 appear once as (1 {5 in a cycle of (€,)n>0,
1 %« 1 appear once as fy * {4 in a cycle of (¢,),>o0,
1 % =1 appear once as ¢ * * £, in a cycle of (£,),>o0,
1 % % % 1 appear once as f4 * * x {1 in a cycle of (£,),>0,
1 % % % %1 appear onceas {4 * * % x {y in a cycle of (£,),>0,
1 % % % x % 1 appear once as fy % * x * x {; ina cycle of (€,)n>0.

Thus Py1(¢,) = 1 for all d; € {1,2,...,6}. By Proposition 2.24 we have
Pio(ly) = Poa(ln) = Poo(€n) = 2, which means that all remaining patterns
appear twice in a cycle of (£,,),>0.

For the distribution of patterns of length s > 3 in Legendre sequences
Ding proved the following proposition.

Proposition 2.26 (Ding, [11]). For s > 3 we have

1/2(9s—1(¢ _ s—1 B
pl _p/P27 (s—3)+2)+2(s+1)—1
PiOvilw--,isfl(g”) ~ os < B . (2.4)
2 2
Proof. See [9] or [11, Proposition 2]. O

If s =3, the bound (2.4) simplifies to

p| _ 2p"*+15
N I G

23| — 23
Numerical computation shows that these lower and upper bounds for s = 3
are quite tight.

It can be seen from the development of the bounds that they are usually
tight for small s. Hence, Proposition 2.26 shows that Legendre sequences
have a rather ideal distribution of patterns of length s when s is small.

Pio,il,iz (gn)

2.2 Arithmetic autocorrelation of the Legen-
dre sequence

In this section we show that the Legendre sequence of period p has a maximal
(absolute value of the) arithmetic autocorrelation of order of magnitude at
most p3/*(log, p)*/2.
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2.2.1 Periodic autocorrelation

We start with the calculation of the (periodic) autocorrelation of the Legen-
dre sequence.

Definition 2.27. The (periodic) autocorrelation function C(t) of a (purely)
T-periodic binary sequence (ay,)n>o is defined as

T-1
C(t)y=> (=1)= %+ 1<t <T-1.

n=0

The (periodic) autocorrelation C(t) is a measure for the similarity of a
sequence and its shifts by ¢ positions. Note that (—1)% =+t = (—1)%ntantt
since (a,)n>0 is a binary sequence.

Proposition 2.28. The (periodic) autocorrelation function of the p-periodic
binary sequence ({,)n>0 defined by (2.1) satisfies

C’(t):{_l if p=3 (mod 4), l<t<p_L.

—2 (£> —1 ifp=1 (mod 4),

p

Proof. (see [35]). If n £ 0 (mod p), then

Hence for 1 <t < p—1 we get
p—1 p—1

Ct) = 3 (=1t = (=1 4+ (=)t + 3 (=1)fn

n=0 n=1

G- 065

n#p—t

G- 0

n#p—t

(£ e (2) ()

by Proposition 2.6 and the result follows from Lemma 2.10. O]
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Remark 2.29. The (absolute value of the) aperiodic autocorrelation of the
Legendre sequence

M-1
Do (=T 1<t <p—1,

n=0

is of order of magnitude at most p'/?Inp for 1 < M < p—1 (see for example
[41, Theorem 3.1]).

2.2.2 Arithmetic autocorrelation

For an ultimately T-periodic binary sequence (s, ),>0 with preperiod Tp, that
is Spar = 8, for all n > Tp, the imbalance 1(s,) is defined by

I(s,) = No — Ny, (2.5)

where
N={To <n<Ty+T-1:s,=1i}, i=0,1.

The arithmetic autocorrelation function A(t) of a (purely) T-periodic binary
sequence (ay)n>o is defined as follows. For t € {1,2,...,7 — 1} let (an1t)n>0
be the shift of (a,),>0 by lag t. Put

T—-1 [e'e)
Ty = Z 2" and o = Z a2, 0<t<T. (2.6)
n=0 n=0

Note that with respect to the 2-adic norm of Q, that is
2]y =27% ifz = ok ¢ Q\ {0} with odd u and v,
v

the geometric series > 2 ;2™ converges for any even integer x to

s 1
oat=———, |zl <1
oy r—1
In particular we have > °° ;2" = —1, or more general
> 1
M= ———— k=12,
TLZ:O 2k _ 17 7 9
and therefore we get
T-1 [e'e) T
ap = Zan+t2”22mT:—2T T 0<t<T.
n=0 m=0 -
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We write
oy — o = Z Spt2" (2.7)

with unique s,,; € {0, 1}.
If 29 > x, note that (s,+)n>0 is (purely) periodic with period T since

Z 542" = (2o — 4) Z onT’
n=0 n=0
If ¢y < x4, note that
0< ant2n—2T+ Z n— Unye)2" =27 + 1y — 2, < 27

and thus (s,+)n>0 is ultimately periodic with period 7" from 7" on (see also
Goresky and Klapper [14, Proposition 2]) since

D 52T =14 Z — )2 = (2" =14 ag—axy) Y 2" (2.8)
_ n=0
In both cases we define

Alt) =1I(spy), 1<t<T—1.

Remark 2.30. The arithmetic autocorrelation A(t) is a with-carry analogue
to the (periodic) autocorrelation C'(¢). In Proposition 2.28 we showed that
the (periodic) autocorrelation of the Legendre sequence (¢,,),>¢ is one-valued
if p = 3 (mod 4) and two-valued if p = 1 (mod 4). For the arithmetic
autocorrelation of the Legendre sequence we prove that

[A()] < 4p**(logyp)'?, 1<t <p—1L
For very small min{¢, p — ¢t} we improve this bound.
The arithmetic autocorrelation satisfies the following symmetry property.

Proposition 2.31. The arithmetic autocorrelation function of a periodic
binary sequence (a,)n>o of least period T satisfies

Al)=—A(T—t), 1<t<T-—1.
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Proof. For 0 <t < T, let z; and «; be defined by (2.6). If xy > x;, then we
have

T+t—-1 t—1

—oT+t < Z (an — Apyr—)2" = Z(an — Apyr—1)2" — 2" (29 — 24) < 0.
n=0 n=0
Hence
T+t—1 00 00
ap—ar =24 N (= ngr)2" 420 Y (1= 50)2" = D s 2"
n=0 n=T n=0
< 2T+t

with (s,,4)n>0 and (s,,7—¢)n>0 defined by (2.7). Both (s,,4)n>0 and (sp,7—¢)n>0
are (ultimately) periodic with period T' from 7" on and the number of ones
in a period of (s,¢)n>0 equals the number of zeros in a period of (s, 7-+)n>0-
Hence

AT —t) = I(spry) = —I(sns) = —A(t), t=1,...,T—1.

If xg < x;, then we have

T4t—1 t—1
2T+t > Z (ap — Qpar—)2" = Z(an — Qpyr—1)2" — 24 (wg — 1) > 0
n=0 n=0
and thus
T+t—-1 o'} 00
ap—ar—y = Y (an = nyr-)2" +2" Y (1= $,0)2" =D spr—¢2"
n=0 n=T n=0
by (2.8) and the result follows as in the first case. O

2.2.3 A bound on the arithmetic autocorrelation of the
Legendre sequence

For ¢ = 1 the arithmetic autocorrelation of the Legendre sequence (£,),>0 is
easy to determine. Then

p—1

n

To— 21 =To/2 =21 = D Lp12",
n=0

No=N;+1=(p+1)/2 and thus
Al)=1=-A(p—-1). (2.9)

Now we deal with any 1 <t <p—1.
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Theorem 2.32. The arithmetic autocorrelation function of the p-periodic
binary sequence ({,)n>0 defined by (2.1) satisfies

4p3/* (log, p)*/? if r > m,
27 (4logy p + 2(m* — r?)p'? ifr <m,

[At)| < {

where m = |1/4log, p—1/21log, log, p| and r = min{t,p—t} for1 <t < p—1.

Proof. By (2.9) and Proposition 2.31 we may assume 2 <t < (p —1)/2. In
the following we derive a lower bound on the number /N of ones in a period
of the p-periodic sequence (s,,+)n>0 defined by (2.7).

If p < 4p**(log, p)'/? or p < 2%(4log, p + 2(m? — 2))p'/2, respectively,
then the result follows immediately since the trivial bound |A(t)| < p always
holds. Thus it is enough to prove the inequality for p*/* > 4(log, p)'/? or
p'/? > 2t(41ogy p + 2(m? — t2)), respectively.

Note that 1 < m < 1/4log,p. Take a € {0,1}. For some k and n with
0<k<mandp<n < 2passume

(En—k—la gn—k—l—&—t) = (CL, - CL),
€n7k+j - €n7k+j+t, j - O7 ey ]{7 - 1, (210)
(s bnit) € {0,132

We consider only patterns of length 4 < s = 2k +4 < 1/2log,p + 2 and
therefore we can further estimate (2.4) by sp/2/2, that is

P22 (s —3)+2) + 22 (s + 1)~ 1

p
Piosir,ior (ln) — > < =
< (S_3 +21—S>p1/2+3+1 (2.11)
2 2
s 11 7 s
<(2—==)p2 421 < S

since p'/* > 4(log, p)'/? or p'/? > 2¢(4log, p+2(m? —t?)) > 161og, p, respec-
tively.

First we assume m + 1 <t < (p — 1)/2. From (2.11) we know that (for
fixed a) the number of patterns

En—k—l En—k s gn—l gn
2.12
(ﬁn_k_m bt oo e ot (212)
satisfying the assumptions (2.10) in
R R o o Y S Sy (2.13)
Coipi-1 livpt - Ligp1 livp - Ligopo Llipop '
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is at least p/2%T* — (k + 2)p*/2. We have to distinguish between two cases.
If a =1, then (¢, x_1,0n_k-1+¢) = (1,0). The subtraction of 0 from 1
gives no carry, no matter if there was a carry in the previous step. Hence

Y SO ROy
T 0 il = .

Since there are 2" possible choices for the pattern (2.12) we count at least
p/2k+3 — (k4 2)2F1pl/2 different p < n < 2p with s, = 1.

If a =0, then (¢, _p_1,¢n—x—1+¢) = (0,1). The subtraction of 1 from 0
gives a carry, no matter if there was a carry in the previous step. Hence

1 il = b,
R N R

Just as before there are 251 possible choices for the pattern (2.12) and so
we get at least p/2"3 — (k 4 2)28+1p!/2 additional n with s,,, = 1.
Thus in total we have at least

p/2k+2 . (k + 2)2k+2p1/2

different p < n < 2pwith £, 1 # lpp—14+, (gn—kﬂ', 5n—k+j+t) € {(0,0),(1,1)}
for j=0,...,k—1and s,; = 1.
Summing up all the contributions we get the formula

1 m—1 m—1
Ny > 1 (Z 2k> p—2 <Z 2k () + 2)> p/2.
k=0 k=0

The first sum on the right hand side of the inequality is a geometric series,
hence we have

lm—li _ 1 _27m71
4 =28 2
The second sum can be estimated by
m—1
2Rk +2) = m2mT < 27 M og, p,
k=0

where we used m < 1/4log, p. Thus by the definition of m we get

1
Nz op- 27 — 2mpt2 log, p
D P
>3- p**(log, p)'/? — p**(log, p)V/? = 5 2p*/*(logy p)'/2.
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Analogously N, can be bounded below by
No > g —2p°(log, p)'/?
and therefore since Nog + N1 = p
[A(®)] = [No — Ni| = [p = 2N1| = |p — 2No| < 4p*/*(log, p) /2.

Now we assume 2 < t < m, that means some indices in (2.12) coincide
and so we have to deal with shorter patterns. From (2.11) we know that (for
fixed a) the number of patterns (2.12) satisfying the assumptions (2.10) in
(2.13) is at least

p/2 T — (k+2)p'?, k<t-—2,

E+t+2
p/2k+t+2 _ P2

k>t—1.
2 9 -

Similarly as before if a = 1, then
1 it b, # lyuy,
Spt =
’ 0 ifl, ="0,y,
and if a = 0, then

1 il = b,
"TTN0 if 4, £ .

For each case we have 2¥*! possible choices for the pattern (2.12) if k <t —2
and 2!7! possible choices if & >t — 1 and thus in total we count at least

p/2k+2 . (k‘ + 2)2k+2p1/2’ k S t— 2’
p/2k+2_ (k+t+2)2t_1p1/2, k, Zt_ 1’
diﬁerentp S n < 2]7 with En—k—l 7é En—k—l—&-t? (gn—k—ﬁ-jagn—k—i-j—&-t) € {(07 0)7 (1a 1)}

for j=0,...,k—1and s,; = 1.
Put m’ =2m — ¢t 4+ 1. Summing up all the contributions we get

N> <mZ_I Q‘k) p-2 (tf P+ 2) 422 S (ko 2)> v
k=0 k=0 k=t—1
= £ =27y — 221t — 1) + 27 (') + (28 + 3+ 2+ £ — 362
- g — 27 p = 273 (m! + = 1)° 4 Bm! — 48* + 11t — T)p'/?
> 257 _ 2—2m+t—2p . 2t—2(4m2 42 4 16m)p1/2
> £ — 27— 97 (2(m? — 1) + 2log, p)p' /%
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where we used m < 1/4log, p. Thus by the definition of m

Ny 2 g — 271 (41og, p + 2(m? — 2))p'/2.

Analogously Ny can be bounded below by
Ny > g — 27 (4log, p + 2(m? — 2))p'/?
and therefore
JA(t)] = [No — Ni| < 2'(4logy p + 2(m* — £*))p'/*.
Thus the result follows. O

Remark 2.33. Sequences with ideal arithmetic autocorrelation equal to zero
for all nontrivial shifts ¢ are known, see [14]. However, the maximum absolute
value of the (periodic) autocorrelation of these so-called ¢-sequences equals
the period since the second half of a period is the bit-wise complement of the
first half [14, Proposition 1]. Hence, these sequences are far away from looking
random. In contrast to these sequences, the Legendre sequence of (almost)
perfect (periodic) autocorrelation still guarantees a rather small arithmetic
autocorrelation with respect to its period p if p is sufficiently large.

The following table of maximum absolute values of the arithmetic au-
tocorrelation of the Legendre sequence of period p for all primes p < 150
may lead to the conjecture that it is bounded by p'/?In p which we actually
checked for all primes p < 1000:

P 3 5 7 11 13 17 19 23 29 31 37 41
max [A())[ 1 3 3 5 7 7 9 9 7 13 15 15
1<t<p

pInp] | 1 3 5 7 9 11 12 15 18 19 21 23
P 43 47 53 59 61 67 71 73 79 83 89 97
max [A()]| 17 15 13 17 15 17 17 13 23 21 21 27
SU<p

[p7%Inp] | 24 26 28 31 32 34 35 36 38 40 42 45
p 101 103 107 109 113 127 131 137 139 149

max [A(f)][ 21 23 23 20 25 35 20 27 27 2T

SU<p

[p"%Inp] | 46 47 48 48 50 54 55 57 58 61
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2.3 Arithmetic autocorrelation and correla-
tion measure

In this section we prove a relation between the arithmetic autocorrelation
and the correlation measure of order k. Roughly speaking, we show that any
binary sequence with small correlation measure of order £ up to a sufficiently
large k cannot have a large arithmetic autocorrelation. We apply our result
to several classes of sequences including Legendre sequences defined with
polynomials.

2.3.1 Correlation measure of order &

We start with the definition of a more general notion of the (periodic) auto-
correlation.

Definition 2.34. The (periodic) correlation measure of order k > 1 of a
(purely) T-periodic binary sequence (a,),>o is defined as

T-1

Cu(an) =  max O T s
0<d1<..<dp1<T | =

Note that for any (purely) T-periodic binary sequence (a,),>o we have
Ci(an) = |I(an)| and Cy(a,) is simply the maximum over all 0 < d; < T of
the absolute value of the (periodic) autocorrelation of (ay),>o-

For the distribution of patterns of length &

7)7,07117 ’Zk 1( ) |{0 < n < T - ]. CLn ZO, an+dl - Zl, oo 7an+dk71 - Zk_l}l

in (purely) T-periodic binary sequences (ay),>0 Mauduit and Sarkozy [29]
proved the aperiodic analogue of the following proposition.

Proposition 2.35. For k > 1 we have
1 k
~ 7 Z ( )Cl an

‘Pz‘OJ‘l,...,ik_l(an - o

Proof. (see [29]). Put dy = 0. Then
S

Pio,il,...,ik_l(an) 2
n=0 (=1
T—-1 1 k w
A SOOI | (SR

n=0 =1 1<j1<...<jl<k r=j1

1 k T-1
_ 7 T+Z Z H zr 1 Z _1)a"+dJ1 1t +a”+dﬂl 1.

I=11<j1<...<ji<kr=j n=0
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Since (an)n>o0 is a (purely) T-periodic binary sequence it follows

2 ) (a )_ Z < i i Z Til(_1)an+dh,l+--.+an+djl,1
2052152k —1 \ YN Qk >~ 2k S a5

< 15 (Hcan ;

2.3.2 A bound on the arithmetic autocorrelation

Now we estimate the arithmetic autocorrelation of a binary sequence of pe-
riod T in terms of correlation measures.

Theorem 2.36. Put

I, = %Igl?g)i Ci(an).

Then the arithmetic autocorrelation function of a T -periodic binary sequence
(an)n>0 satisfies

A(t) < min {Tl/zrh/oi:rj , 2'T10g ) log T} ;
where r = min{t, T — t} for 1 <t <T — 1.

Proof. The proof is very similar to the proof of Theorem 2.32. By the sym-
metry A(t) = —A(T —t) of the arithmetic autocorrelation (see Proposition
2.31) we may assume 1 < t < [T/2]. In the following we derive a lower
bound on the number N; of ones in a period of the T-periodic sequence
(Snt)n>0 defined by (2.7).

Take ¢ € {0,1}. For some k and n with 1 < k <mand T < n < 2T
assume

(an—k7 an—k+t) - (CJ 11— C)7
ajn,k+j — ajn,k+j+t, j — 1, ey k - 1, (214)
(an, an-i—t) S {O, 1}2

We consider only patterns of length 4 < s = 2k + 2 and therefore it follows
from Proposition 2.35 that

Tl < 212 (‘9) Ci(an) < max Ci(an) =Ty, (2.15)

28 = \! 1<I<s

First we assume m+1 <t < |7/2]. From (2.15) we know that (for fixed
¢) the number of patterns

( Ap—k an—k+1 s Ap—1 Qn ) (216)

Ap—f+t Op—k+t+1 -+ Opn_14t Qnit

Pigsityooiinr (An) —
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satisfying the assumptions (2.14) in

ar— ar—k+1 RN | ar RN €0 ) a2r-1 (2 17)
47—k Q4T —k+1 - - Qppr—1 Gpypr - - Q4272 G271

is at least T'/2%2 — T'y;,». We have to distinguish between two cases.
If ¢ =1, then (a,_g, an_r+t) = (1,0). The subtraction of 0 from 1 gives
no carry, no matter if there was a carry in the previous step. Hence

)1 ifan # anye,
Smt -

0 if Apn = Qptt-

Since there are 2% possible choices for the pattern (2.16) we count at least
T /2812 — 2kTy; 1o different T < n < 2T with s,; = 1.

If ¢ =0, then (a,_g, an—g+¢) = (0,1). The subtraction of 1 from 0 gives a
carry, no matter if there was a carry in the previous step. Hence

1 if a, = apay,
Snt = .
0 if a, # aniy-

Just as before there are 2* possible choices for the pattern (2.16) and so we
get at least T'/28+2 — 2y, 15 additional n with s, , = 1.

Thus in total we have at least T/2! — 2M11,, , different T < n < 2T
with a,_x 7é Ap— k-t (&n,kJrj,CLn,kJerrt) € {(0,0), (1, 1)} for 7=1,..., k—1
and s, = 1.

Summing up all the contributions we get

1 m—1 m—1
Ny > 3 (Z 2—k> T—2 (Z z’frng)
k=1

k=1

1 m—1 m—1 T
(Do 2 )T =20y, [ D 2F) > = —27mT — 2Dy,
2\~ 2

k=1

Vv

where we used ['y = 'y 9 < I'y,, since k < m — 1. Analogously Ny can be
bounded below by

No > Z — 27T — 2™y,
and therefore
|A(t)] = |No — Ny| <27+ 4 272Dy,
since

Ny — Ny =T —2N; < 27y 4 omt2p,
No— Ny = 2Ny — T > — (27" 4 2™+, ).
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Now we assume 1 < ¢ < m, that means some indices in (2.16) coincide
and so we have to deal with shorter patterns. From (2.15) we know that (for
fixed ¢) the number of patterns (2.16) satisfying the assumptions (2.14) in
(2.17) is at least

T/2%% —Topre, k<t—1,
T/ Ty, k>t

Similarly as before if ¢ = 1, then

- 1 if anp 7& Aptty
Sn,t -

0 if a, = aniy,

and if ¢ = 0, then

1 if a, = anay,
Spt = .
0 if a, # aniy.

For each case we have 2F possible choices for the pattern (2.16) if k < ¢ — 1
and 2!~! possible choices if k£ > ¢ and thus in total we count at least

T/2Ft — My 0, k<t —1,

T/2M — 2Ty, k>4,
different ' < n < 2T with a,—g # @n—k+t; (@n—ktjs Gnrri+¢) € {(0,0), (1,1)}

forj=1,...,k—1and s,; = 1.
Put m’ = 2m — ¢. Summing up all the contributions we get

1 m’'—1 t—1 m/—1
Ny > 5 > 27| T -2 > 2 Tgp g + 2071 > Thsera
k=1 k=1 k=t
1 m'—1
> 5 ST 27 ) T — 2Ty, (2" — 2) — 2'T e (m’ — 1)
k=1
Z _o—m/m _ ot+1 ot I
> 5 27T — 27 Ty, — 2T g (m/ — )
T

Z E o 2—2m+tT o 2t+1(m —t+ 1)F2m7

where we used oo < 'y or I'pip1 < Ty < Ty, respectively. Analo-
gously Ny can be bounded below by

T
No> 3 - 272mH T 9 (1 — ¢ 4+ 1)Typp
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and therefore
|A(t)| = [Ny — Ny| < 272 T 4 92 (m — t + 1)Tgp.

Choosing

we obtain the result. (Note that we may assume I'|jog7] = o(T) and thus
m > 2 since otherwise the result is trivial.) O

2.3.3 Applications

For a squarefree polynomial f(x) € F,[z] with positive degree d let the p-
periodic sequences (,,),>0 be defined by

I, = {1 if (G4) =1, (2.18)

0 otherwise.

For f(n) = n these sequences are the Legendre sequences.

Corollary 2.37. If d < 0.5logp/loglogp or 2 is a primitive root modulo
p, then the arithmetic autocorrelation function of the p-periodic sequences

(In)n>0 defined by (2.18) satisfies
A(t) < min {d"p**(log p)'/*, 2"dp'*(log p)° }
where r = min{t,p —t} for 1 <t <p-—1.

This result immediately follows from Theorem 2.36 and from the following
proposition.

Proposition 2.38. If f(x) has no multiple zeros in the algebraic closure of
F, and

(1) k < p and 2 is a primitive root modulo p, or
(i) (4k)* <p,
then the (periodic) correlation measure of order k satisfies Cy.(1,) < kdp'/?.

Proof. Similar to the proof of Theorem 1 in [18] (since we consider the peri-
odic correlation measure of order k instead of the aperiodic one we lose the
log p term). ]
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Let ¢ be the power of an odd prime, let g be a primitive element of [F,
and let 7 denote the quadratic character of I, that is

0 ifa=0,
n(a) = 1 if a is a square of an element of [y,

—1 if a is not a square of an element of [},

where a € F,. We denote by (u,),>0 the (¢ — 1)-periodic Sidelnikov-Lempel-
Cohn-Fastman sequence defined by

1 ifn(g"+1) =1,
Uy =
0 otherwise.

Similar to the proof in [5, Lemma 1] it follows that the (periodic) correlation
measure of order k satisfies Cy(u,,) < kq'/?. From Theorem 2.36 we get

A(t) < min {g**(logq)'/?,2"¢"*(log ¢)*} ,

where r = min{t,q — 1 —t} for 1 <t <q—2.

Let A € IF; be of multiplicative order 7" and let f(x) € F,[z] be a polyno-
mial of positive degree d not of the form bz”(g(x))? with b € F,, g(z) € F,[z]
and [ a positive integer. Define the T-periodic sequence (vy,),>0 by

. {1 if (L02) =1,

0 otherwise.

Similar to the proof in [19, Theorem 2] it follows that if 7" is a prime and
either (4k)? < T or 2 is a primitive root modulo T, then the (periodic)
correlation measure of order k satisfies Cy(v,) < kdp'/?. From Theorem
2.36 we get that if d < logp/loglogp or 2 is a primitive root modulo 7', then

A(t) < min {d"/2p!/* T2 (log T)'/2, 2"dp'/* (log T)? },
where 7 = min{¢t,T —t} for 1 <t <T — 1.

Remark 2.39. For fixed 1 <t < T, Goresky and Klapper [15, 16] proved
that the expected arithmetic autocorrelation, averaged over all binary se-

quences of period T, is
T

9T —ged(t,T) "

Actually, the correlation measure of order k was defined for finite se-
quences. Analogs of our results for finite sequences can be easily obtained
with the obvious definition of arithmetic autocorrelation. Moreover, for a
truly random sequence of length 7', Alon et al. [2] showed that the correla-
tion measure of order k is of order of magnitude &'/27"/2?(log T)'/? and thus
its arithmetic autocorrelation is at most of order of magnitude T%/4(log T)*/2.
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Chapter 3

Complexity measures

Expansion complexity introduced by Diem [10] and linear complexity are
both measures for the unpredictability of a sequence. Sequences with small
linear complexity or expansion complexity are predictable and thus not suit-
able in cryptography. Expansion complexity is essentially the same as linear
complexity in the periodic case but finer in the aperiodic case [31]. For
more background and results on linear complexity and related measures see
(30, 34, 41, 43].
Throughout this chapter let ¢ be a power of the prime number p.

3.1 Preliminaries

In this section we provide some basic properties of the linear complexity and
expansion complexity. A large linear complexity or expansion complexity is
necessary but not sufficient for cryptographic applications. For more details,
see [9], [23], [31] and [43].

3.1.1 Linear complexity and expansion complexity

First of all we have to define the linear complexity and expansion complexity.

Definition 3.1. Let k be a positive integer. A sequence S = (s,,),>0 over I,
is called a linear recurring sequence if it satisfies a linear recurrence relation

Sptk + Qk_1Spyk—1 + Qp_2Spqik—2 + -+ s, =0, n >0,
for some g, oy, ..., 041 € F,.

For more information on linear recurring sequences see [25, Chapter §].
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Definition 3.2. For a positive integer N, the Nth linear complexity Ly (S)
of a sequence S = (s,,),>0 over F, is defined as the length of a shortest linear
recurrence relation

Ln(S)-1

Sn+Ln(S) + Z AySpip = 0, 0 <n< N — LN(S> — 1,
=0

for some oy € F,, which is satisfied by the first /NV elements of the sequence.
We use the convention

Ly(S§)=0 ifs,=0for0<n<N -1, (3.1)
Ly(8)=N ifs,=0for0<n<N—2and sy_; #0. '
The linear complezity L(S) is

L(S) = sup Ly(S).

N>1

It is well-known, see for example [25], that the linear complexity L(S) is
finite if and only if S is ultimately periodic, that is, S is a linear recurring
sequence.

Definition 3.3. The generating function Gs(x) of a sequence S = (s,,)n>0
over [, is

Gs(z) =D spa™.
n=0
We call a generating function Ggs(x) algebraic over F [z] if there exists a
nonzero polynomial h(z,y) € Fy|x,y] such that h(z, Gs(x)) = 0.

Definition 3.4 (Diem, [10]). For a positive integer N, the Nth ezpansion
complezity En(S) of a sequence S = (s,,)n>0 over F, is defined as the least
total degree of a nonzero polynomial h(z,y) € F [z, y] with

h(z,Gs(z)) =0 (mod 2™).
We use the convention
En(S)=0 ifs,=0for0<n<N-—1.
The expansion complexity E(S) is
E(S) = sup En(S).
N>1

Note that Ex(S) depends only on the first NV elements of S. By a famous

result of Christol [7, 8] the expansion complexity E(S) is finite, that is Gs(z)

is algebraic, if and only if S is an automatic sequence. For more details on
automatic sequences we refer to the monograph of Allouche and Shallit [1].
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3.1.2 Growth of Ly(S) and Eyn(S)

We start with the description of the possible growth of the nondecreasing
function N — En(S).

Proposition 3.5 (Mérai, Niederreiter, Winterhof, [31]). Let S = (s,,)n>0 be
a sequence over F,. Then

En(S) < Exsi(S) < En(S) + 1.

Proof. (see [31]). Evidently the function NV — Ey(S) is nondecreasing since
h(z,Gs(z)) =0 (mod xN¥*1) implies h(z, Gs(x)) =0 (mod z).
If h(z,Gs(z)) =0 (mod x), then

zh(z,Gs(z)) =0 (mod 2™ 1),
from which the second inequality follows. O

For comparison, we state the corresponding result on the possible growth
of the nondecreasing function N — Lx(S) called the linear complexity profile
of S. But first we prove the following lemma.

Lemma 3.6. Let S = (s,,)n>0 and T = (t,)n>0 be sequences over F,. Then
Ln(S+T) < Ln(S)+ Ly(T).

Proof. (see [23]). Put U = Ly(S) and V = Ly(T). Let

U-1
Sn+U+ZOé7;Sn+i:07 0<n<N-U-1,
i=0

be a shortest linear recurrence relation satisfied by the first N elements of S

and let
V-1

tn—i—V_‘_Zﬁjtn-i-j:Oa OSRSN_V_lv
=0
be a shortest linear recurrence relation satisfied by the first N elements of
T. Then S and T satisfy the linear recurrence relations

U-1
SntU+V T ZOéiSnﬂ'JrV:O, 0<n<N-U-V-1,
i=0
and
V-1
trsusv + Y Bitnrjru =0, 0<n<N-U-V -1,
j=0
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as well, respectively. Adding the last two equations we get

U-1 V-1
SntUu+v + lnrusv + Qi(Sntiv + tngivyv) + Z Bi(Sntjv + tnrjtv)
i=0 j=0
- V- Uu-1  v- V-1
Z Qitnyirv + > BisSnsjiv = — Z Z Bitnyivi — Z B; Z Qi Sptitj
1=0 7=0 1=0 7=0 =

U-1V—
Z zﬁ] Sn4itj +tn+z+]) 0<n< N_U_V_]-a

i=0 j5=0

that is a linear recurrence relation (but not necessarily the shortest one) of
length U + V for the first N elements of S + 7. Thus the result follows. [

The proof of the following proposition is constructive and provides the
well-known Berlekamp-Massey algorithm [4, 27] for the calculation of the
linear complexity profile of S.

Proposition 3.7. Let S = (S,)n>0 be a sequence over Fy. If Ly(S) > N/2,
then
Ln1(S) = Ly(S).

If Ly(S) < NJ2, then
Lnii(S) € {Ln(S),N+1—Ln(S)}.
Proof. (see [43]). Let

Ln(S)—1

Sniin(S) T D, uSne =0, 0<n<N-—Ly(S) -1, (3.2)
=0

be a shortest linear recurrence relation satisfied by the first N elements of S.
Put
=8N+ QLy(S)-1SN—1 T "+ + QOSN-Lx(S)-

If 4 = 0, then the linear recurrence relation (3.2) holds for n = N — Ly(S)
as well and we have Ly.1(S) = Ln(S).

Otherwise if p # 0 we define the first N + 1 elements of a sequence
T = (tn)n>0 over F, by

ty =5, n=0,...,.N—1 and ty=sy— p.
Then 7 = (t,)n>0 satisfies the linear recurrence relation

LN(T)—l

tsinm + Y. Qitpype=0, 0<n<N—Ly(T),
/=0
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and we have Ly,1(7) = Ly(T). Hence we get

N+1=Lya(S—T) < Lyua(S) + Ly (=T)
= Ln+1(S) + Ly41(T) = Ly41(S) + Ln(T) = Ln+1(S) + Ln(S),
where we used (3.1), Lemma 3.6 and the fact that the sequences 7 and —7T

trivially have the same linear complexity profile. Since the linear complexity
profile of S is nondecreasing, that is Ly11(S) > Ly(S), we obtain

LN+1(S) Z maX{LN(S), N + 1-— LN(S)}

We show equality by induction on N. We may assume that there is a
positive integer M < N — 1 such that

Ln(S) =Ly 1(S)=... = Ly1(S) > Ly (S).
Then by induction hypothesis we have
Ly1(S) = max{Ly(S),M +1—Ly(S)} =M +1— Ly(S),
that is Ly (S) = M + 1 — Ly1(S). Let

M—Lp41(S)

SniMil-Lya(S) + O, Besne =0, 0<n < Lyia(S) -2,
=0

be a linear recurrence relation satisfied by the first M elements of S and put

V=38y+ Br—rai1(S)SM—1+ -+ Bosryis)-1 7 0.
If Ly(S) > N/2, then

Ln(S)-1
SntLy(S) T Z aspie— R =0, 0<n<N-—Ly(S),
=0

with
M—LJ\[+1 (S)

Ry = ! <5n+M—N+LM+1(8) + Z ﬁ45n+Z—N+2LMH($)—1) ;
=0

is a linear recurrence relation of length Ly (S), and if Ly(S) < N/2, then

Ln(S)-1

SneN+1-Ly(S) + D QUuSniein—2ry($)+1 — Re =0, 0<n < Ly(S) -1,
=0

with

M—Lp41(S)
Ry = /“/71 Sn+M+1-Lar1(S) T Z Besnie | 5
=0

is a linear recurrence relation of length N 4+ 1 — Ly (S) for the first N + 1
elements of S. This completes the proof. m
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3.1.3 Purely periodic sequences

In this paragraph let S = (s,,),>0 be a (purely) T-periodic sequence over F,.
Then L(S) is finite and obviously L(S) < T. In fact, the linear complexity
can be computed explicitly as the following proposition shows.

Proposition 3.8. Put
T-1
= Z spx”.
n=0

Then
L(S) = T — deg(gcd(S* (x),1 — z1)).

Proof. (see [9]). We have

(1—a") anx —anx _an ra" = ST (x)

since S is (purely) T-periodic and hence

(1—2T B ST(x)
gcd(ST(z) Z St = (ST (@) 1 = T)’

(3.3)

Comparing the coefficients of both sides of this equation we get a linear
recurrence relation of length 7' — deg(ged (ST (x),1 — 2T)), which is satisfied
by S.

It remains to show that this is the shortest linear recurrence relation
satisfied by §. Therefore let

L(S)-1
Sn+L(S) T Z QSpqpe =0, n=>0,
=0

and put

L(S)—1 o
f(z) = (1 - > ang(S)_Z) > spx™ € Fylz]. (3.4)
=0 n=0

Note that f(z) is a polynomial of degree at most L(S) — 1. Using (3.3) and
(3.4) we obtain

oo -ty I e 5" ()
/ >gcd(ST(x),1—xT)_(1 2, o 6cd(ST(x), 1 — 2T’
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Since
1-ah) ST
ged(ST(z),1 — «T) ged(ST(z),1 —aT)

are relatively prime, ST (z)/ged(ST(x),1 — 27) divides f(z). Thus

L(S) — 1 >deg(f) > T — 1 — deg(ged(S"(z),1 — 2"))
and the result follows. O]

Next we want to prove a relation between linear complexity and expansion
complexity for (purely) periodic sequences.

Lemma 3.9. The generating function Gs(x) of S is a rational function

Gs(x) = gg; f.g € Fylal, g #0, (3.5)

where deg(f) < L(S) and deg(g) = L(S).

Proof. (see [25]). Let
L(S)

S =0, n=>0, ays) =1,

=0

be a shortest linear recurrence relation satisfied by S. Choose

L(s)
g(z) = Y ™S € F 1]
=0

and
L(S) 00 L(S)
flz) =g(x)Gs(x) = Z K-t Z 51" = Z a Z 5, " HAS)
=0 n=0 =0  n=0
L(S)-1 L(S) ‘ - L(S) |
> ( 2 agsj‘L(S)“) SR ( Oéesj—L(s)Jre) x?
Jj=0 (=L(S)—j F=L(S) =0
L(S)-1 L(S) |
- Z ( Z afsj—L(S)-f-é) € IE‘q[x]
j=0 (=L(S)—j
since
L(S)
Y asipsre =0, j=L(S).
=0
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Obviously deg(f) < L(S) and g(z) # 0 with deg(g) < L(S). But S is
(purely) T-periodic and therefore ag # 0 since otherwise

L(S)-1

> ar1Sne =0, n>0,
=0

would be a shorter linear recurrence relation satisfied by §. Hence we have

deg(g) = L(S). O

Lemma 3.10 (Mérai, Niederreiter, Winterhof, [31]). Let Gs(x) in (3.5) be
not identically zero and let h(x,y) € Fy[x,y| be a nonzero polynomial of local
degree d in y. Put

H(z) = g(2)"h(z, Gs(x)).
If H(x) is the zero polynomial, then the total degree of h(x,y) satisfies

deg(h) > L(S) + 1.

Proof. (see [31]). We write

h(z,y) =Y hi(z)y' € Fylz,y]

1=0

with hg(x) # 0. Then H(z) = 0 implies

that is i
; hi(x) f(2)'g(x)*™" = —ha(z) f(2)?,

and d > 1 since otherwise if d = 0 we would have hq(x) = 0. Hence, hy(z)
is divisible by g(x) and thus of degree at least deg(g) = L(S). Finally, we
obtain

d
deg(h) = deg (Z hiyi> > deg(hqy?) = deg(hy) +d > L(S) + 1. O

=0

The following proposition shows that expansion complexity and linear
complexity are essentially the same for (purely) periodic sequences.
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Proposition 3.11 (Mérai, Niederreiter, Winterhof, [31]). If Gs(x) in (3.5)
is not identically zero, then

Ex(S) > L(S)+1 for N > L(S)(L(S) + 1),
Ve = [N/(L(S)+1)] otherwise,

and
En(S) < L(S) + 1.

Proof. (see [31]). Take

d
= hi(2)y' € Fylz,yl, ha(x) #0,

7

and put H(x) = g(z)?h(x,Gs(z)). We may assume deg(h) < N/(L(S) + 1)
since otherwise deg(h) > N/(L(S) + 1) implies
Ex(S) = [N/(L(S) + 1)].
Then we have
deg(H) = deg(g?) + deg(h) = L(S)d + deg(h)
< L(S)(deg(h) — deg(hq)) + deg(h) < deg(h)(L(S) +1) < N
since deg(h) > deg(hq) + d and therefore
h(z,Gs(z)) =0 (mod 2™)

is equivalent to H(z) = 0. Now the lower bound follows by Lemma 3.10.
Choosing the polynomial

of degree
deg(h) = max{deg(f),deg(g) + 1} = L(S) + 1,
which satisfies
h(z,Gs(z)) =0 (mod 2™),
we get the upper bound. O
Remark 3.12. If N > L(S)(L(S)+1) the lower and upper bound in Propo-
sition 3.11 coincide and we obtain En(S) = L(S) + 1. However, Proposition

3.11 shows that
En(S) < ES)=L(S) +1

for any (purely) periodic sequence S over F,.

Proposition 3.11 can be easily extended to ultimately periodic sequences,
see [31, Theorem 1], but then the expansion complexity becomes finer by the
preperiod than the linear complexity.
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3.2 Linear complexity and expansion complex-
ity of some number theoretic sequences

In this section we study the predictability of some number theoretic sequences
over finite fields and thus their suitability in cryptography. First we analyze
the (not ultimately periodic) binary automatic sequence T = (£,),>0 with
t, = 1 whenever n is the sum of three integer squares. We show that it
has a large Nth linear complexity, which is necessary but not sufficient for
unpredictability. However, it also has a very small expansion complexity and
thus is rather predictable.

Next we study p-periodic sequences of binomial coefficients over IF,. In
particular, we prove that some linear combinations of p-periodic sequences
of binomial coefficients modulo p have a very small expansion complexity
and are predictable despite of a high linear complexity. As an application
we consider the Legendre sequence and verify that it does not belong to this
class of predictable sequences.

Finally, we analyze the expansion complexity of t-periodic sequences over
F, where t | ¢ — 1.

3.2.1 The characteristic sequence of the set of sums of
three squares

We define the (not ultimately periodic) automatic sequence T = (t,,)n>0 over
]Fg by
1 if n = u? + v? + w? for some integers u, v, w,

0 otherwise.

By the Three-Square Theorem, see for example [3], this is equivalent to

0 if there exist nonnegative integers a, k
tn = such that n = 4*(8k + 7),

1 otherwise.

Theorem 3.13. We have

and
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Proof. The generating function G (z) of T is

Gr(z) = tua" = a"+ > Y "D
n=0 n=0

a=0 k=0
1

49 4%
0 0 1 [e¢) .CE7
r+1 ( = ) x+1 a:0<($+1)8>

a=0

We have

1 1 x’

Gr(z) + Gr(z)! = P S P N R P T

which is equivalent to
(z 4+ 1D¥Gr(z) + Gr(x)") + 2% + 2° + 2* + 2* + 2 = 0. (3.6)
Hence the nonzero polynomial
h(z,y) = (x + 1%y +y*) + 2% +2° + 2° + 2% + v € Fyla, 9

satisfies h(xz, Gr(z)) = 0 and we obtain E(T) < deg(h) = 12.
Assume G7(z) is a rational function, that is
f(x)

GT(‘/E):@a fageFQ[x]ﬂ g#oa

with ged(f, g) = 1. Then from (3.6) we get
(z+1)3%(fg* + fH+ (25 +2° + 2+ 27 +2)g* = 0.

Hence (z+1)% | g%, that is (z+1)% | g. Also ¢* | (xz +1)® since ged(f,g) = 1.
This is only possible if g(x) = 22 + 1. Now (2% + 1)Gr(z) = f(z) implies
tnro = t, for n > deg(f). However, if n = 7 (mod 8) and thus n +2 =1
(mod 8), we have 1 = t,19 # t, = 0. Consequently, G7(z) is not rational.
Moreover, the four zeros of h(z,y) are obviously y = Gr(z) + v with v € Fy
and none of them is rational.

Let

Ln(T)
> autnie=0, 0<n<N-—Ly(T)=1, apym=1
/=0

be a shortest linear recurrence relation satisfied by the first N elements of

7. Choosing
Ly (T)

g(x) = Z v (M=t ¢ Fyx]
=0
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we get
9(2)Gr(z) = f(z) (mod z™)
for some polynomial f(x) € Fy[z] of degree at most Ly (7) — 1. Then

(z+1)°(fg* + ) + (@ +2° +2° + 2° + 2)g* = K(2)z"

with K (x) # 0 since h(x,y) has no rational zero. Comparing the degrees of
both sides we get
ALN(T)+7> N.

Thus Ly(T) > (N —T7)/4. O

Note that lower bounds on the Nth linear complexity of many other auto-
matic sequences including the Thue-Morse sequence, the Rudin-Shapiro se-
quence, and the regular paper-folding sequence were obtained in [32]. Roughly
speaking, for the class of (not ultimately periodic) automatic sequences the
linear complexity is a much weaker measure for the unpredictability of a
sequence than the expansion complexity.

3.2.2 Expansion complexity of p-periodic sequences over
Fy

For 0 < k < p — 1 we study the p-periodic sequence Ax = (@mx)m>0 of
binomial coefficients over IF,, defined by

k
Am g = (m]—: ) (mod p).

Proposition 3.14 (Mérai, Niederreiter, Winterhof, [31]). We have

1
Ga(z) = W,
and
L(Ay) =Fk+ 1.

Proof. (see [31]). First verify that

(p—l—k)(_1>mzﬁmz<m+k>

m

(m;— k) (mod p).
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Then we get
p—1—k
(1 —2)PGy (z) = (1 —2P)G 4, (x Zamkx <m+k>xm
0

mz (" k) ()™ = (1 — i,

where we used that

k
<m]—€k )EO (mod p), m=p—=Fk,....,p—1.

Thus
1

G.Ak( )

By Proposition 3.8 we obtain

p—1
L(Ag) = p — deg (gcd (Z A :vp))

= p —deg(ged((1 —2)""7" (1 —2)") =k + 1. =

The following theorem shows that the p-th expansion complexity of se-
quences of binomial coefficients can be very small if the linear complexity is
large with respect to p.

Theorem 3.15 (Mérai, Niederreiter, Winterhof, [31]). For (k+1)(k+2) <p
we have

Ey(Ar) =k +2,
and for (k+ 1)(k + 2) > p we have

{kiQW M’“)<maxﬂki2wk+l){ki1}}’

where {x} = x — | x| is the fractional part of x.
Proof. (see [31]). By Proposition 3.11 and Proposition 3.14 we get
E,(Ay) =k+2

if (k+1)(k+2) <pand

h:}w < E,(Ar)
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it (k+1)(k+2)>p.
Put

a=min{| 24| [25])

hz,y) = y* — (1= 2)P~ 1D € Fyfa, y).
By Proposition 3.14 we have

and take

Gl = =g
and thus
h(z,G 4, (z)) = (1_;)d(k+1) — (1 — )pder) = m
= (1—53;(’““) =0 (mod zP)
since ged(z, (1 — z)) = 1. Hence
=[]

d
E.(A) < deg(h) = d,p—d(k+1)} =
p(Ar) < deg(h) = max{d, p (k+1)} {p—d(k:+1) otherwise,

and the result follows. O

Next we study p-periodic sequences A, , = (A;,)m>0 over F,, of the form
A, = Z Ml (mod p) (3.7)
k=u

with A, Ay #0, Ay €Fpand 0 <u<v<p-1

Lemma 3.16. We have

v )\k
G = —
.Au,'u('r) k;l (1 _$)k+17
and
L(A,,) =v+ 1.
Proof. By Proposition 3.14 we get
o m v o0 m v )\k
G (@) = DA™ =3 N D ampa™ = 3
m=0 k=u m=0 k=u ( - x)
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Since

ged (1 — pij Amxm) = ged <(1 —a)’, (1 -x) Z uf%)

m=0 k=u

3 (1 — z)vk

= 1 — ) (1 — p)Pk=u — (1 — g1V
ged [ (1 —2)P (1 —2) 1o+ (1—2)
it follows from Proposition 3.8 that
L(A.,) =p—deg((1 —2)P ") =0+ 1. O

Remark 3.17. Note that any p-periodic sequence can be written in the form

(3.7). More precisely, any p-periodic sequence S = (S, )m>0 over [, can be
defined by

Sm:f(m)7 mZO,

with a unique polynomial f(x) over IF, of degree at most p — 1. Now the
polynomials

frl@) =D e +k)(z+k—-1)-- (2 +1)= (x—;—k)’ kE=0,...,p—1,

of degree k are a basis of the linear space of polynomials over I, of degree
at most p — 1. Hence, the sequences

A, = (am,k)m207 k=0,...,p—1,

are a basis of the linear space of p-periodic sequences over I, and any p-
periodic sequence is a linear combination of these basis sequences.

The p-th expansion complexity of A, , has the following lower and upper
bound.

Theorem 3.18. The p-th expansion complexity of Ay, = (Am)m>o0, u < v,
of the form (3.7) can be bounded by

min { {pw LU+ 2} < Ep(Auw)

v+ 2
. P p
< 1) —— _
_mm{(u+ ){v+1}+(v u)v+1’

v+2},

where {x} = x — | x| is the fractional part of x.
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Proof. The bound
: p
win{ | 25| v 2f < BAw) <02

follows from Proposition 3.11 and Lemma 3.16.
Recall that

v )\k 1 v
G = = Ae(1 — 2)F.
Auw (l’) kz:% (1 _ I‘)}H—l (1 _ LU)U+1 ]CZ:;L k( .I')
Put
i= |4
v+1
and take
. d
h(z,y) =y" — (Z Ae(1 — w)”"“) (1 — 2P~ € Fylz, y).
k=u
Then

d

( S5 (1 — x)“_k>d - (kgu (1 — x)“_k> (1— 2y
(1 — z)dlw+1)

< > Ae(l - 1‘)vk>d9ﬁp

k=u
(1 _ x)d(v+1)

=0 (mod z?)

since ged(z, (1 — z)) = 1. Hence

E,(Ayy) < deg(h) = max{d,d(v —u)+p—dv+1)}
=max{d,p—du+1)} =p—d(u+1)

and the result follows. O]

Remark 3.19. In Theorem 3.18 we proved that

E,(A) §min{(u—i—l){vf_l}—i—(v—u)vil,v—i—Q} — Z(Au). (3.8)

On the one hand the bound can be very small if v is large with respect to
p and v — u is small. For the case u = v see Theorem 3.15. On the other
hand we have L(A,,) = v+ 1 by Lemma 3.16. Hence, there are many p-
periodic sequences over IF, of large linear complexity but small p-th expansion
complexity and we have the following hierarchy of complexity measures for
p-periodic sequences

Ey(Auy) < Z(Ayy) S L(Ayy) +1=v+2.
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As an application we provide some examples of p-periodic sequences over
[F, for which the bound (3.8) is not small.

Example 3.20. For a positive integer d consider the p-periodic sequence
S = (Sm)m>0 over F, defined by

sm=m® (mod p),
that is s, = 0 for m =0 (mod p) and s, # 0 otherwise.
Assume § = A, ,. Then we need v = d and u = 0 since
v (m +k

Ap =N f )EO (mod p), m=p—u,...,p—1.
k=u

Thus, v is large with respect to p if and only if v — u is large and conse-
quently the bound (3.8) cannot be small.

Example 3.21. Consider the Legendre sequence £ = ({,,)m>0 over F, of
period p defined by (see also Chapter 2)

0 1 if m is a quadratic residue modulo p,
" 0 otherwise,

or equivalently
mP~ 4 m"T
by = — g (mod p).

We prove
Z(L)y=p+0O <p41ﬁ+€> for any € > 0.

Assume £ = A, ,. Then we need v = p—1. If p = 1 (mod 4), then
p — 1 is a quadratic residue modulo p, thus ¢,_; = 1, and hence we must
have u = 0 since otherwise ¢,_; = A,_; = 0. If p=3 (mod 4), then p — 1 is

not a quadratic residue modulo p and also p —u, ..., p— 1 must be quadratic
nonresidues modulo p since ¢,, = A,, = 0 for m = p —u,...,p — 1. This
simply means that 1, ..., u are quadratic residues modulo p since the product

of two quadratic nonresidues is a quadratic residue. Thus
L1e
u:O(p4\/E ) for any € > 0
by the Burgess bound [6, Theorem 2.

Hence, the Legendre sequence does not belong to the class of sequences
for which the bound (3.8) is small.
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3.2.3 Expansion complexity of t-periodic sequences over
F, witht]|qg—1

Let g € FZ be an element of order ¢, where t | ¢ — 1. For 0 < k <t —1 we
study the t-periodic sequence By, = (b;1)i>0 over F, defined by

bi,k _ (_1)t—1g—(i+1)k‘

Proposition 3.22. We have

1
GBk(x) = g"‘ 7
Proof. First verify that
t—1
. =1t _
[[d=97= F=(D)"g" =bos
j=0
J#k
Put
t—1 ‘
z) = bigx' € Fyla]
=0

and note that b; ;, = by g "*. Then

t—1
fk(gj) _ bO’ngz(J—k) — {
i=0

Hence fi(g7) =0 for all 0 < j <t —1 with j # k and since fi(x) has degree
t—1and

0 if j#£k (mod t),
boyt if j=k (modt).

f - bO k= H g )
J#k
we can write fi(z) as
t—1
folz) = TI(¢" — ).
7=0
J#k
This implies
t—1 1 — fL’t
(1—2")Gp, (v szkx = fx(z H(g — 1) = —
=0 g -7
j#k
and thus ]
ng(x):gk_x. O
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The (Nth) linear complexity and t¢-th expansion complexity of By can be
computed exactly as the following theorem shows.

Theorem 3.23. We have
L(Br) = Ly(By) =1,

and
1 ift<2,

2 otherwise.

E(By) = {

Proof. Since b; 411 = g*kbi,k the linear recurrence relation b; 1 y+ogb; , = 0 of
length 1 is fulfilled with ag = —g~* € F,. This implies L(By) = Ly (By) = 1.
By Proposition 3.11 we get

mln{{ﬂ ,2} < Ey(By) <2

and the result follows for t > 3. For t = 1,2 take

t—1 A

hz,y) =y — Y biga' € Fyla,y]

i=0

of degree 1 which satisfies
h(z,Gp,(r)) =0 (mod z').
Thus Ey(By) =1 fort =1, 2. O
Next we study t-periodic sequences B,,, = (B;);>o over [, of the form
B =Y by (3.9)
k=u

with A, Ay #0, Ay € Fpand 0 <u<ov <t —1.

Lemma 3.24. We have

v /\k
GBu,'U (x) = Z _ x’
k=u

gk

and

L(Buy) ={u<k<wv:A #0}.
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Proof. By Proposition 3.22 we get

o . v o0 . v A
GBM7U($) = ZBIZEZ = Z )\kZbi,kxl = Z & b >
i=0 k=u =0 k= 9" T T
that is ) )
S M I (¢ —2)
Y B A0
GBuv( ) = Z k _ = v
= Il (g )
)\kk:;()
Then
t—1 ) v A 1 — t
gcd(l—xt,ZBZwZ):gcd<1—xt,(1—xt)z kk >: - ’
i=0 k=u 9" T Il (¢ — =)
)\kk:uO
and by Proposition 3.8 we obtain
1—2at
L(Byy) =t—deg | /— | =Hu<k<v: X #0}. ]
I (¢ — )
A,;:o

Remark 3.25. Note that any t-periodic sequence can be written in the form
(3.9). Assume

t—1
S Mbig =0, i=0,....t—1,
k=0

which is equivalent to
t—1 A
S g VR =0, i=0,...,t— 1L
k=0

This leads to the system of equations

o 0
A 0
ML= (3.10)
N1 0

56



where

1 g:; (g:;)z (g:; :
A\ 1 g. (g:) . (g .)
L g* (¢")? ... (¢!

is a Vandermonde matrix. Since the determinant

Il 697

1<i<k<t

of the Vandermonde matrix M is nonzero if g~ # g% for i # k it follows
that M is regular. Thus the system of equations (3.10) is solvable and A\;, = 0
for k=0,...,t — 1. Hence, the sequences

Bk — (bi,k)iz(h k:(),,t— 1,
are a basis of the linear space of ¢-periodic sequences over F, with ¢ | ¢ — 1
and any t-periodic sequence is a linear combination of these basis sequences.

The ¢-th expansion complexity of B, , has the following lower and upper
bound.

Theorem 3.26. The t-th expansion complezity of By, = (B;)i>0, u < v, of
the form (3.9) can be bounded by

t
i { ’7[/(81‘,1;)""1“ ’L(Bu’v) + 1} < Et(Bu,v> < min{t -1, L(Bu,v> + 1}
Proof. The bound
t
. ot g 3
i { {L(Buﬂ,) n J L(Buw) + 1} < Ei(Buy) < L(Byo) +1

follows from Proposition 3.11.
Recall that

v )\k
G =
Bu,v (:L‘) k;u gk — 7
Take o
ha,y) =y — Y ey bixz’ € Folz,y]
k=u =0

of degree max{1,t — 1} =t — 1 which satisfies
h(z,Gp, ,(x)) =0 (mod z').

Hence
Ei(B,y) < deg(h) =t — 1. O
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Chapter 4
Outlook

In this chapter we provide some additional results which may be of interest
for further research. In particular, we study t¢p"-periodic sequences over F,,
where p { ¢t and p is the characteristic of F,.

4.1 Arithmetic correlation measure

In this section we introduce a new arithmetic correlation measure which may
be seen in some sense as a generalization of the arithmetic autocorrelation
to higher orders. Proper estimates of this new measure may be used to
estimate the 2-adic span (the arithmetic analogue of the linear complexity).
Unfortunately, bounds on the Legendre sequence, though nontrivial, are too
weak for this purpose. However, as first result we prove a nontrivial bound
on this arithmetic correlation measure of order k of the Legendre sequence.

4.1.1 Arithmetic correlation measure of order k

The arithmetic correlation measure of order k > 1 of a (purely) T-periodic
binary sequence (a,),>o is defined as

Ak(an) =

max
0<di1<...<dp1<T
where (Sp.d,...d._,)n>0 1S the ultimately p-periodic binary sequence defined

by

(4.1)

1 if (—1)tFemsartrtonga, T —
Snydy,di—1 — .
0 otherwise,
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with zg = 0 and for all n > 1

n—1+ Ap—1+d, + -+ Ap—14dj,_4 + Zn—1

We have A;(a,) = |I(a,)| and z, € {0,1,...,k — 1} since, by induction,
2o < |2k —-1)/2] = |k —1/2] =k —1.

Remark 4.1. In contrast to the relation between the (periodic) autocor-
relation and the correlation measure of order 2, the arithmetic correlation
measure of order 2 is not the maximum over all 0 < d; < T of the absolute
value of the arithmetic autocorrelation of (a,),>o since addition and sub-
traction of 2-adic integers are not the same operation (see Remark 2.14).
Thus we cannot say, that Ag(a,) is a direct generalization of the arithmetic
autocorrelation to higher orders.

Let i be a positive integer. In the following put & = 2¢ + 1 and choose
K =log, k] =i+ 1.

Let B**X denote the set of binary k x K matrices, that is

bo,o boi -+ box-1
Bk’XK — bl.,O b1.71 o bl’lfil : bi,j S {O, 1}
bi—10 bp—11 -+ br_1x—1

Obviously, we have |B¥* K| = 2rK,

Algorithm 4.2. Let B € B¥X and c € {0,k — 1}.
1. Input: z.p = c
2. For j=1,2,...,K do

Wj—1 = Zk—1,j—1 — 20,j—1

Doj1+ b1t + -+ D11 + 2o
2oj = | T € {0, k- 1)

3. Output: z.x € {0,1,...,k =1}, wx_1 € {0,1}
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If we identify the i-th row of a matrix B € B**¥ with the 2-adic integer
> b2,
=0

where b; ; = 0 for j > K, then Algorithm 4.2 is simply addition of £ 2-adic

integers with input carry z.o and output carry z. g, where ¢ € {0,k—1}. The

value w;_; computes the difference between the carries 2,1 j_1 and zy;_; in

cach step of the algorithm. If zox = 241 x for some B € BF*E then we

know that B has the same output carry for all possible inputs 0,1,... k—1.
Put

VB (B e B"K: 2k = 21110} (4.2)

and

BREN\ YK (B e BEXK ) (4.3)
Proposition 4.3. We have

(YK | = |BEXE\ hxK| = ghK—1,
Proof. For k = 2+ 1 Algorithm 4.2 gives
WK-1 = Zk—1,K—1 — 20,K—1 = 1

for all B € BMX since w;_1 = w;_o/2 for j = 2,3,..., K. Computing 2 r,

where ¢ € {0,k — 1}, the result follows. O

4.1.2 A bound on the arithmetic correlation measure
of order k of the Legendre sequence

Exchanging (1,0) by (0,0) and (0,1) by (1,1) in the proof of Theorem 2.32
we can show for the Legendre sequence (¢,,),>0 that

Ay(,) < 4p**(log, p)'/2.

Theorem 4.4. Put k = 2' + 1. Then the arithmetic correlation measure of
order k of the p-periodic binary sequence (,)n>0 defined by (2.1) satisfies

KKy

Ax(ly) < 2k‘f{‘l*ﬁlpk2““’(%1“)(log2 p)! T

where K1 = logy k + 1.
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Proof. Put
1/2logyp — logylogyp — k + 1
m =
kK +1

and note that K < Kj. In the following we derive a lower bound on the
number N; of ones in a period of the p-periodic sequence (Snd;. . .di_y)n>0
defined by (4.1).

If

kol g 1L 1— K
p S 2kK1+1 p 2(kKq1+1) (10g2 p) kKq+1 ,

then the result follows immediately since the trivial bound Ag(¢,,) < p always
holds. Thus it is enough to prove the inequality for

1 k=1 4 1
p2(kK1+1) > 2kK1+1+ (10g2 p) kK1+17

that is p!/2 > 2K+ Jog, p.
Note that 1 < m < (2kK) !log,p. For some r and n with 0 < r < m
and p < n < 2p assume

Cp—Kr—K Cp—Kr—K+1 e Cp—Kr—1
y — ganriK+d1 ganriK+l+d1 . ganrilerl c kaK’ (44)
ganererk,l ganerJrlerk,l cee ganrfqudk,l

X; € BN\ YR 5 =0,..r—1, (4.5)

where

Un—KryKj U Kr+ Kj+1 cee Cp—Kr+ Kj+K—1
v Cn—KriKjtd,  In—Kr+Kjti4di - Cn—KrtKjtK—1+d:
i . . .
ganr+Kj+dk,1 ganrJrKjJrlerk,l o ganr+Kj+Kfl+dk,1
and

s bnsdys - - - bray_, ) € BF*L. (4.6)

We consider only patterns of length

E(K+1)<s=k(K+Kr+1)<1/2log,p+k
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and therefore we can further estimate (2.4) by sp'/?/2, that is

pY2(25 (s —3)+2) + 25 (s + 1)~ 1
< 5

— 2k
S (5)23 + 21’6(K+1)> p1/2 + Zj— 3 10g2p (47)

< <3 -3+ (2k+ 11)2—<kK+k+1>> )
< 5 p

p

Piositsoiv—s (Un) — 9

since p'/? > 2K+ Jog, p > 2FHE+) Jog, .
From (4.7) we know that for fixed Y € Y**& the number of patterns

ln
Y Xo ... Xooq o (4.8)
Crvdy_,
satisfying the assumptions (4.4)-(4.6) in
[ el A ol
.gdl—l-p—r—l .gdl—i-p—l ‘.€d1+p .gd1+2p—1 (4.9)
Ca_rap—r—1 - Lay yp-1 Lay_14p - Lap_+2p1

is at least p/2FE+E+1) _ L /9(K + Kr + 1)p'/2. Note that if the integers
di < dy < ...<dp_1 do not fulfill

di > Km,

dj+1—deKm, j:1,2,...,]€—2,

dkfl < p— Km7
then some indices in (4.8) coincide and we would deal with shorter patterns
which would lead to sharper bounds than p/28E+K+1) g /2( K + Kr+1)p'/?
on the number of patterns (4.8) satisfying the assumptions (4.4)-(4.6) in (4.9).
But all these bounds are at least p/2FE+Km+1) _ E/2(K 4+ Kr 4 1)p*/? and

therefore we can continue the proof without taking care of shorter patterns.
By (4.1) we have

. 1 if Zf;ll lptra, + 2z 1S even,
n,di,...dp_1 — . _ .
! 0 if Zf:f lpta, + 2, is odd.

Since there are 2(FK—1r+k=1 hossible choices for the pattern (4.8) we count
at least p/2FKH 1 k(K + Kr+1)20K-Dr+k=2p1/2 different p < n < 2p with
Sndyydyy = 1-
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By Proposition 4.3 we have |Y**| = 2¥=1 Thus in total there are at
least

p/27‘+2 . k:(K + Kr + 1)2(k‘K—1)7‘+kK+k:—3p1/2

different p <n < 2p with Y € YK X, € BM>K\ YK for j=0,...,r —1
and S, 4. d,_, = L.

Summing up all the contributions we get the formula
1 m—1 1 m—1
Nl Z Z (Z 2—7‘) p— Z (Z 2T(kK_1)+kK+k_1(T]€K+ k’K"‘ k)) p1/2'
r=0 r=0

The second sum on the right hand side of the inequality can be estimated by

-1

3

m—1
2T(kK*1)+kK+kfl<rkK+kK+k) S Z 2TkK+kK+kfl<rkK+kK+k)

r=0 r=0

m—1 m—1 /
< Z 2TkK1+kKl+k_1(TkK1 + kK + k) = (Z 2TkK1+kK1+k>

r=0 r=0
_ ((del + k,)(QkKl _ 1) _ kal)ka’Kl‘i’kKl‘i’k*l + k(Kl + 1— 2kK1)2kK1+k71
o <2kK1 _ 1)2
< (mkKy + k)(2M — 1) — kK )2mPEatk=1 4 k(K 4 1 — 2RK1)2k=t
- 2kK1—1

(kal + k)2ka1+k:K1+k’—1 - ) - )
< ST T = (mkK, + k)2mHatk < omklith o0 p,

where we used (28Kt —1)2 > 22kK1i-1 and

1/2logyp —logylogap —k+1 _ logyp k
m < < .
- dK, kK, kK,
Thus by the definition of m we get

N, > g gy, kaK1+k—2p1/2 log, p
> g — 2kf{1i1p172(kf(11+1) (10g2 p)likkKi}l(}rl.
-2

Analogously Ny can be bounded below by

p k=1 q_ 1 1_ kK
No > 5 _ 2kK1+1p 2(kK{+1) (10g2p) kK1 +1

and therefore since Ny + N1 = p

kK7

Au(l) = [No — Ny| < 20501 p! = 20R5T (log, p) 't 0
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Remark 4.5. In the proof of Theorem 4.4 we need that the sets YF*%
and BF*K\ YF*K defined by (4.2) and (4.3), respectively, have the same
cardinality. Unfortunately, this is only fulfilled if k£ is the next larger integer
of a power of 2 (see Proposition 4.3). However, for k& # 2' + 1 we choose
K = [logy k] + 1. Then it can be proven that

‘kaK‘ — 2kK71 4 2k71|yk><K71"
Thus, modifying the sets Y**& and B**E \ Y**E by
kaK \ S —. yka

and

(kaK \ yka) U S — kaK \ nyKa

respectively, where
S={(Y,b): Y € YKL b e B} e BFE

and choosing

we can prove Theorem 4.4 for k # 2 + 1 as well (since the new sets YF*K
and BME\ YK gatisfy |YEXE| = |BRE N\ YPEXE| = okE=L for | £ 20 4 1).

4.2 Expansion complexity of {p"-periodic se-
quences over [,
Let n = ng +nit and & = kg + kit with 0 < ng < t, 0 < kg < t and

0<ny <p,0< k <p', respectively. For 0 < k < tp” — 1 we study the
tp-periodic sequence Cy, = (¢, k)n>0 over F, defined by

k
Cok = (1) (m; 1)9(”0“)’“0-
1

Proposition 4.6. We have

1
(1 —at)l(gro — )’

Gck ({L’) =

and
L(Cy) = thky + 1.
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Proof. Tt follows from Proposition 3.22 that

1 — ot

t—1 t—1
no __ _1\t—1_—(no+1)ko .no __
e S B

no=0

Furthermore we have

pTzl ny + kl Jl‘tnl _ pTikl ni + kl $tn1
ki ki

n1=0 n1=0
e )
= > (p 1>(_$t)n1 =(1—a") 1"
n1=0 n1

where we used that

ny+k ni 4k —pn\ (1
<1k1 1>E<l k:i p)(())EO (mod p), ny=p" —ki,...

k1
)

7pr_17

by Lucas Congruence (see for example [35]) since 0 < ny+ky —p" < ky < p'.

Then we get
tp"—1
T—1
_ tzf pz < t 1 (nl + kl)g(noJrl)ko) protnit
no=0n1=0 kl
r_1 i
— pZ <n1 + kl) it Z g~ (ot Dkogno w'
n1=0 kl nop=0 gko -
Thus 1
GCk( )

(1 —at)l(gho —z)
By Proposition 3.8 we obtain

tp"—1
L(Cy) = tp" — deg (gcd ( Z Crp”, 1 — xtpr>)
n=0

1 — )P~k ;
=1p" — deg (gcd ((CU)’ (1 —a")P >> =tk + 1.

gk —x

O

The following theorem shows that the tp”-th expansion complexity of Cy
can be very small if the linear complexity is large with respect to tp".
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Theorem 4.7. For (tky + 1)(thky +2) < tp” we have
Etpr (Ck) = tkl + 2,
and for (tky + 1)(tky +2) > tp” we have

e
thky + 2

tp" pT}}
< B (C) < _w P
W < By (G) < max{? Lkl J iy {k1 ’

where {x} = x — | x| is the fractional part of x.

Proof. By Proposition 3.11 and Proposition 4.6 we get
Etp"" (Ck) - tkl + 2

if (tky 4+ 1)(tk1 +2) < tp" and

tp”
< FE,r
Lkl n QW < Eiyr (Cr)
if (thy + 1)(thy +2) > tp".
Put , .,
a=min{|7] [ 75 1)
kvl Itk +2
and take

h(l'ay) = yd(gko - x)d - (1 - xt)pr_dkl € ]FQ[xv y]

By Proposition 4.6 we have

1
Celd) = TR (o 2
and thus
_ (g" — x)? t\p"—dki
h(:)ﬁ, GCk(x)) - (1 — xt)dkl(gko _ I’)d - (1 -z )p
1= =g T’

1= o) = 1= )i =0 (mod 2™")

since ged(z, (1 — z)) = 1. Hence

2d if d = [;25],

E(Cp) < deg(h) = max{2d,tp" — tdk,} =
(i) < deg(h) {2d.tp i {t(pr—dkl) otherwise,

and the result follows.
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Next we study tp"-periodic sequences C,, = (C,)n>0 over F, of the form

k=u

with A, A, #0, Ay € Fpand 0 <u <o <tp” —1.
Lemma 4.8. We have

Y A
Ge, () =) £

= (1 _ :L't)kl (gko _ .77)’

and
L(C,,) = toy+ {u <k <wv:A#0}  ifug =y,
s toy + [{tvy <k <wv: A\ #0}  ifug <.
Proof. By Proposition 4.6 we get
v )\k

Ge,,(x Z(Jx —ZMnZOanx _Z<1_xt)k1(gko

u k=u

— )

If u; = vy, that is ug < vy, we can write Ge, ,(x) as

> A ﬁ (97 —x)

1 LY F=u A .
(1 . xt)m Z gko —r - v A . Fl
k=u (I =zt IT (gho — x)
A0

and otherwise if u; < vy as

tvr—1 _ v . . v ‘
2 ?f(xt T H (¢ — ) 11 (go—z)+ X A 12[ (g — )
k=u #ko Z)\:;éj(% U k=tvy Hgk )\v » _ FQ‘
(1—=at)n T (g* — )
S
Hence
tglc " = (1 — 2" qu: A _ (1 -2 F if uy = vy,
=0 ’ iz (L= at)k(ghe — ) (1—a" W' Fy ifu <o
Then
-1
oy (1-— It)pr_v1 kﬁ (Qko — ) if uy = w1,
P =u
ng (1 - mtpT’ Z Cnmn) = )\k750 .
n=0 »
(1 — xt)pr_m I <gk:0 _ x) if u, < o1,
v
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and by Proposition 3.8 we obtain

tp"—1
L(Cup) = tp" — deg (ng (1 — ", Z Cnxn))
n=0

_{tvl+\{u§k§v:)\k7&0}| if u; = vy,

[
tog + [{tv; <k <wv: ) #0}H ifug <oy

For the tp"-th expansion complexity of C,, we can prove the following
theorem.

Theorem 4.9. Let A = [{u < k < v : A\, # 0} be the number of nonzero
linear coefficients \,.. For L(Cy,) + L(Cy.)? < tp” we have

Etpr (Cu,v> = L(Cuﬂ)) + 1,

and otherwise the tp"-th expansion complexity of the sequence Cy,,, = (Cy)n>o0,
u < v, of the form (4.10) has the lower bound

o

and can be upper bounded by the maximum of either

tp" A
tu1 —I— 2

(A+1){

or

tuy {p”A} + (v —ul)tprA +(A-1) VAJ :

v v

where {x} = x — | x| is the fractional part of x.

Proof. By Proposition 3.11 and Lemma 4.8 we get
Fip (o) = L(Cu) + 1

if L(Cuw) + L(Cys)? < tp” and

A

_
L(Cyp) +1

if L(Cyo)+ L(Cup)? > tp".

-‘ S Etp’“ (Cu,v)
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Put

and take
d - .
h(z,y) ﬁ (g™ — ) 2. <d> ﬁ (gho )j¢i§¢odj A (L —at)”
vy) =y ][] (g™ —2)| - g —x) TN
k= b2a \P/ 12y (1 —at)dh
Ak #0 Ak #0
with multiindex D = (d,, ...,d,). Recall that
v )\k
G = )
cu,v(iﬂ) kZ:% (1 — xt)kl (gko _ a:)
Then we have
d ; dj
v d v )\dk (gko . :L‘) J7k,Xj#0
Ge, (@) | [T(6—2)| =X ( ) II =
, Pt A p) 2 (1 — at)dik
A 70 A#0
and therefore
> 4
. d v\ (gko _ $)j¢1€3?¢0
h = (1—(1—a)? i
(z, Ge, () = (1= (1 —2™) )|§d (D) kl:[u (1 — )ik
- Ap#£0
> 4
A A) N d v )\dk (gko . iL‘) j#l]c,:);#O .
=13 LY < ) IT = =0 (mod x™")
(k:l (k‘ |D|=d D ){Ck:;zt (1 — xt)dklﬂ

since ged(z, (1 —x)) = 1. Hence

Eiyr(Cuw) < deg(h) = max < d + dA, I%llai}fl A+dA—1)—t ) dika
o=
< max{d(A+1),tp"A+d(A—1) —tdu, }
. TA
_fda+) if d = [24],
tp"A + d(A — 1) — tdu; otherwise,

since uy < ky < vy for all £ = wu,...,v with Ay # 0. Thus the result
follows. O
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