NORMALITY ALONG SQUARES

MICHAEL DRMOTA, CHRISTIAN MAUDUIT, AND JOEL RIVAT

ABSTRACT. The goal of this work is to show a first example of an almost periodic zero entropy
sequence (in the sense of symbolic dynamical systems) whose subsequence along squares is a normal
sequence. As an application, this provides a new method to produce normal numbers in a given
base.

1. INTRODUCTION

The study of subsequences along squares or along integer valued polynomials induced a lot of
interest since the questions asked by Bellow [2] and Furstenberg [14] and the proof by Bourgain of
a pointwise ergodic theorem in [5 [6l [7] (see also [3], [9], [L6], [17], [29] for other important results in
this direction). The goal of this work is to give an explicit example of an almost periodic sequence
with zero entropy (the Thue-Morse sequence) which subsequence along squares is normal. This
surprising result is optimal in the following sense:

e the Thue-Morse sequence is one of the simplest example of non periodic sequence on two
symbols (and we can’t expect a similar normality result starting from a periodic sequence);

e the sequence of squares is one of the simplest slowly increasing sequence of integers if we
except arithmetic progressions (and we can’t expect such a normality result by extracting
arithmetic progressions).

In this paper we denote by N the set of non negative integers, by U the set of complex numbers
of modulus 1 and we set e(z) = exp(2imz) for any real number x. If f and g are two functions such
that there exist C' > 0 with |f| < C' g we write f = O(g) or f < g.

1.1. The Thue-Morse dynamical system. Let (t,),.cy and (t.),.cn be the sequences of words on
the alphabet {0, 1} defined by

to=0, th=1, t,.1 =t,t/, and t. , =t't,

(in all this paper we identify words by ... by on the alphabet {0, 1} with sequences (b;)icqo,....k—1} €
{0,1}* and we denote by UV the concatenation of the words U and V' on the alphabet {0,1}). The
sequence (t,),cn converges for the product topology in {0, 1} to an infinite word t € {0, 1} called
the Thue-Morse sequence (or Thue-Morse infinite word).

There are many other ways to define the Thue-Morse sequence t = (¢(n))neny € {0,1}Y. In
particular it is easy to check that, for any non negative integer n, we have

t(n) = s(n) mod 2

where s(n) denotes the number of powers of 2 in the binary representation of n. Since its introduction
independently by Thue in [27] and by Morse in [23], the Thue-Morse sequence has been studied in
many different contexts from combinatorics to algebra, number theory, harmonic analysis, ergodic
theory, geometry and dynamical systems (see [I}, 19]).
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Definition 1. The symbolic dynamical system associated to a sequence u € {0, 1} is the system
(X(u),T), where T is the shift on {0,1}N and X (u) the closure (for the product topology of {0, 1})
of the orbit of u under the action of T.

We say that (bg,...,br_1) € {0,1}* is a factor of the sequence u € {0, 1} if there exists an
integer ¢ such that u(i) = by,..., u(i +k —1) = by_1.

Definition 2. A sequence u € {0, 1} is almost periodic (or uniformly recurrent) if every factor of
u occurs infinitely often in u with bounded gaps.

Morse proved in [23] that t is an almost periodic sequence (see also [19, Proposition 4] or [25]
Proposition 5.1.2]). This property means that the dynamical system (X (t),7") is minimal (i.e. the
only closed T-invariant sets in X (t) are ) and X(t), see [26, Theorem IV.12] or [25 Proposition
5.1.13]).

Remark 1. It follows from a result of Gottschalk and Hedlund (see [15]) that X (t) is exactly the
set of mon overlapping binary sequences i.e. the set of sequences u € {0, 1} with no factor of the
form BBb where b is the first element of B.

1.2. Low complexity of the Thue-Morse sequence.

Definition 3. For any integer q > 2, the symbolic complezity of a sequence u € {0,...,q— 1} is
the function py defined for any positive integer k by

pu(k) = card{(bo, ... ,byp_1) € {0,...,q—1}*, Ji /u(i) =bgy,...,u(i +k—1) = bp_,}
(i.e. pu(k) is equal to the number of distinct factors of length k that occur in the sequence ).

The function p, constitutes a possible measure for the pseudorandomness of the sequence u.
More precisely, it is easy to show that the topological entropy of the symbolic dynamical system
(X (u),T) is equal to limy_,o % (see [18]).

The symbolic complexity of the sequence t is very low: it follows from [8, Proposition 4.5] or
[13, Corollary 4.5] that for any positive integer k we have pg(k) < 1—30k. For any fixed (a,b) € N?
it is easy the check that the sequence t,; = (t(an + b))nen is also obtained by a simple algorithm.
More precisely t,; is generated by a finite 2-automaton (see [I] for a definition of this notion). It
follows that the combinatorial structure of the sequence t,; can be understood from the study of its
associated 2-automaton and that its symbolic complexity is also sublinear: pg, , (k) = O, (k) (see [12,
Theorem 2]). This shows that any symbolic dynamical system (X (t,),7") obtained by extracting
a subsequence of t along arithmetic progressions still has zero topological entropy.

1.3. Main result. The goal of this work is to show that the situation changes completely when we
replace linear subsequences by quadratic ones.

Definition 4. A sequence u € {0,...,q— 1} is normal if, for any k € N and any (by, ..., bx_1) €
{0,...,q — 1}*, we have
A}i_r)noo%card{i <N, u(i) =bg,...,u(i+k—1)=by_1} = q—lk

It follows from Definition |4| that if u € {0,...,q — 1} is normal then every factor occurs in the
sequence u so that, for any non negative integer k, we have p,(k) = ¢* and the topological entropy
of (X (u),T) is equal to log¢. But the converse is not true: normality is a much stronger property
than maximal topological entropy.

Moshe proved in [24] that every factor occurs in the sequence ts answering a question due to
Allouche and Shallit [I, Problem 10.12.7] but his method does not provide any information about
the frequency of occurency of a given factor, which constitute a much more difficult problem.
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Theorem 1. The sequence ta = (t(n?))nen is normal.

Definition 5. For any integer ¢ > 2, a real number is normal in base q if the sequence of its q-adic
digits 1s normal.

The notion of normal number in a given base was introduced by Borel in [4]. The first explicit
construction was given by Champernowne in [11] and only few such constructions are known (see
[10, Chapters 4 and 5]). This theorem provides a new method to construct normal numbers in a
given base.

o

Corollary 1. The real number o = >
n=0

t(n?)

S 18 mormal in base 2.

Remark 2. For any integer ¢ > 2, a generalized Thue-Morse sequence t9 € {0,...,q — 1} can
be defined by
vn €N, t9(n) = s(n) mod ¢.

Our method might be adapted to prove that t\9 is normal, providing an example of a real number
normal in base q: a9 = Y t(q;#z).

n=0
Remark 3. Our proof works (with some extra technicity) if we replace n* by any quadratic polyno-
mial taking values in N.

If we replace n? by P(n) where P is a polynomial of degree > 3 taking values in N it is still an
open problem to determine the frequency of 0 and 1 in the sequence (¢(P(n))) But we believe
that the following much stronger conjecture is true:

neN’

Conjecture 1. For any polynomial P of degree > 3 taking values in N the sequence (t(P(n)))
is normal.

neN

If we replace n? by p, (the n-th prime number) Mauduit and Rivat proved in [21I] that the

frequencies of 0 and 1 in the sequence (t(p,)),cy are both equal to 1. It seems out of reach to
determine the frequencies of 00, 01, 10 and 11 in this sequence, but we believe that the following

conjecture is true:

Conjecture 2. The sequence (t(py)),cy 8 normal.

2. PLAN OF THE PROOF

2.1. Introduction of exponential sums. For any (b, ..., b,_1) € {0,1}* we have
card{n < N : (tp2, ..., tgmik-1)2) = (bo, ..., bp—1)}
1
1 (77| 2
_Z Z ( _bo)> 5 Z e( 5 (S((”+k—1))—bk—1)>
n<N ap=0 ap_1=0

k—

:2_1k Z e<_ozobo+--'2+ak;—1bk—1)ze< Z (n+ ) )

(0ye-yap—1)€{0,1}F n<N =0

N 1
=5 T3¢ )
(@0, ax—1)€{0,1}*\{(0,...,0)}

It follows that in order to prove Theorem/[l]it is enough to prove the following theorem on exponential
sums.

Z e (% i ags((n + 5)2)> ‘

n<N
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Theorem 2. For any integer k > 1 and (ao,...,cx_1) € {0,1}* such that (ap,...,ap_1) #
(0,...,0), there exists n > 0 such that

k—1
(1) So= e (% > aes((n+ W)) < N
/=0

n<N
Remark 4. It follows from our method that the same estimate remains valid for the sums
Y onen € (% Zif:ol ags(m+ (n+ 6)2)> uniformly for m € N, so that Theorem |1| still holds for any
sequence of X (t):

The following result is a consequence of Theorem [I} Remark [I] and Remark [4}
Theorem 3. If u is a non overlapping binary sequence then the sequence (u(n?)),en is normal.

2.2. Strategy of the proof of Theorem [2 The case k = 1 follows from [20], but the method
used in [20] fails when k > 2 for many reasons (the first of them being the huge size and the large
number of variables in the exponential sums) and leads us to introduce a new approach in order to
be able to control the Fourier transform of correlations of any order.

First we use a multidimensional approximation method (of Beurling-Selberg-Vaaler type, see
section which produces exponential sums much shorter than in [20]. Then the method used
in [20] to detect the squares would lead to introduce a huge number of variables (4k) in these
exponential sums and the next idea is to reduce this number to a constant independent of k£ at the
price of Fourier transform terms much more difficult to handle. Then the control of these Fourier
transform terms leads to estimate norms of products of large matrices (of size depending on k).
These estimates constitute the most difficult part of the proof and require a new strategy. In order
to obtain these upper bounds we introduce a method based on combinatorial arguments for families
of weighted graphs associated to these matrices.

Let us describe more precisely the structure of the full proof of Theorem [2] Section [3]is devoted to
some properties of the carry propagation (in particular we have to provide a quantitative statement
of the fact that carry propagation along several digits are rare). The main ingredients of the proof
of Theorem [2|are upper bounds on the Fourier terms G4 (h, d) defined in section |4] by . The other
ingredients include Van-der-Corput type inequalities in order to reduce the problem to sums that
depend only on few digits of n? (n+ 1)%,...,(n + k — 1)2. These reduced sums have a periodic
structure that allows a proper Fourier analytic treatment. After the Fourier analysis the problem is
roughly speaking split into a part where the Fourier terms G4(h,d) appear and into a second part
involving quadratic Gauss sums. The bounds corresponding to the Fourier terms are formulated
in Propositions |1 and [2| (see Section {f) and proved in Sections [7| and . We have to distinguish
in the proof of Theorem [2| between the cases where K = ag + - -+ + ay_1 is even and where K is
odd, and Sections [5] and [6] correspond to this distinction. In Section [5] we prove that if K is even
we can deduce Theorem [2] from Proposition [I] and in Section [6] we prove that if K is odd we can
deduce Theorem [2| from Proposition . Finally, the next two sections (Sections [7| and [8]) provide the
proofs of Propositions [T] and 2] Proposition [I] is a bound on averages of Fourier transforms while
Proposition [2]is a uniform bound much more difficult to obtain. Section [9] contains useful technical
results on exponential sums, quadratic Gauss sums and norms of matrix products.

3. TRUNCATED FUNCTIONS AND CARRY LEMMAS

Let €;(n) € {0,1} denote the j-th digit in the binary representation of a non-negative integer n
and write

fln) = 5 5(m) = 5 S50,

J=0
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For (), ) € N? such that 0 < p < A, we define the truncated function fy and the two-fold truncated
function f, » by

B =5 3 ) and fual) =5 S <) = Hi) - fuln)

0<j<A p<j<A

Lemma 1. Let (v, A\, p) € N? such that v + p < X\ < 2v. For any integer r with 0 < r < 2° the
number of integers n < 2* for which there exists an integer j > X with ;((n + r)?) # ¢;(n?) is
< 2%v+r=A Hence, the number of integers n < 2V with

Alln+71)%) = fa(n?) # f((n+1)*) = f(n?)

is also < 2% +P=2,
Proof. 1t is sufficient to adapt the proof of Lemma 16 of [20] taking A in place of v 4 2p + 1. 0

Lemma 2. Let (A, p,v, 1, p") € N5 such that 0 < p < v < X < 2u, pf >3, 4/ = u—p,
20 <pu<v—p and A\ —v < 2(u—p'). For any integers n < 2¥, s > 1 and 1 < r < 207/2 ype
define the integers up = uy(n), us = uz(n), ug = uz(n), v = v(n), w; = wi(n), wy = we(n) and
w3 = ws(n) by the following conditions:

n? = u; 2" + w; mod 2 0<w < M 0 <y < Up)
(2) (n+r)= 2" + wy mod 2 (0<wy < M 0 < uy < Us)
on = uz2” + wy mod 2* (0 <ws < W 0 < uy < Us)
2sn = v mod 22 7H, 0<v<V),
where
(3) Uy =Uy=2"H Uy =21 7 = n,

Then, uniformly for integers £ such that 1 < £ < 2¥'=3 the number of integers n < 2V for which at
least one of the following conditions

Fur((n +02) # foamprp (ur + Cus)

(4) Far((n+ 04 522 # Forz iy (ur + lug + 027 + €201
Fur((n 41+ 0)%) # forpsp (uz + Cus)
Far((n 47+ 0+ 5292) # For i (g + Cus + 027 + (£ +7)s20F)

is satisfied is < 2V~
Proof. We first consider the case (n+¢)%. The other cases are similar and we will comment on them
at the end of the proof. We have

(n+0)* = (us + EU3)2“, + wy + lws + 2 mod 2*.

This means that if w; +fwz+¢* < 2% then for 0 < j < A — p’ we have €, ;((n+€)?) = &;(us + lus).
However, if wy 4 (ws + €2 > 2% then there is a carry propagation. However, we will show that there
are only few exceptions where more than p’ digits are changed. More precisely the proof is split
into the following two steps:
(1) If the digits block (g;((n + £)?)),<j<x differ from the digits block (gj(u1 + Cus))y<jcr—pt o
where u; = ui(n) and uz = us(n) are defined in (2)), then we have

(n+0)? VWJ)QJ <o or (n+0)? {(n+£)2

(5) 2K 21 21 21

where 0 < a < 1 will be independent of /.

JZl—Oé,
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(2) The number of integers n < 2" with (3] is < 2V,

Of course if these two properties are true then Lemma [2]is proven.
We start with the proof of the first property. As mentioned above we just have to consider the
case where wy + lws + (2 > 2 = 20" Since wy, wy < 2% the carry
o= |27 (wy + g + ) | < D o= |27 (2 4 2378 4 930 |
can only attain values in {0,1,2,...,D}. These values of @ will certainly affect some of (lower
order) digits of u; + Cuz. Let ¥ := u; + fuz mod 2¢" with 0 < 9 < 2¢". Then the digits &;(u; + fus),
p' < j < A—, might be affected by this carry if o € {27 — 1,2 —2,...,2” — D}. Now since
(n+072%  wuy+Llus wy+ lws + £
om 20’ Q' +p’
o 17 w1 + Ewg + 62
= ? + W mod 1,
it immediately follows that holds with 0 < @ = (D + 1) 27# < 1. This completes the proof of

the first part.
Let x, denote the characteristic function of the interval [0, &) modulo 1:

(6) Xa(®) = [2] = [z —a].

Next let Z denote the number integers of n < 2¥ with . We may write
7 = Z (Xa (27 (n + 0)?) + Xa (—27"(n+ 0)?)) .

n<2v

mod 1

Then by Lemma [9] we have

Zgzz (a+%>

|h|<H

> (157

n<2¥

and we can set H = 27, Tt is clear that the main contribution comes from the term with h = 0
which gives an upper bound of the form O(2"~*"). Now every h # 0 with |h| < H = 2 can be
written as h = I/2', where 0 <t < p' and A’ is odd with |h/| < 27~ Then we have by Lemma

Z o (h (n +f)2> _0 (2y+(t—y)/2 I Iu2(,u+t)/2)

I
n<2v¥ 2

> (nt57)

n<2v¥

and consequently

27y

0#|h|<2¢'

< 27 Z or'—t (2V+(t—u)/2 + ug(wt)/?)

0<t<p’

< 2”*#/2 + u2ﬂ/2'

Since p < 2#/% and 2p' < u < v — g’ all contributions are < 2¥~*". This completes the proof of the
second part.

Finally we comment on the other cases. First, there is no change for (n + £ + s2*)? since A < 2u
implies that the term s2# does not affect the discussed carry propagation. Next we have

(n+0+7)?=(uy+ €u3)2“/ + wy + lws + 02 + 2r¢.
Observing that 1 < r < 21" we have

2_ul (w2 + Ewg + f2 + 27’[) S 2_M/ <2M/ + 22;/—3 + 22H/_6 + 22#/_2>

which ensures that 0 < o < 1. The same argument applies for the final case (n + ¢+ s2# +r)2. [



NORMALITY ALONG SQUARES 7

4. FOURIER ESTIMATES

For any k& € N, we denote by Z the set of integer vectors I = (ig,...,ix_1) with 4o = 0 and
i1 <ip <igq,+1for 1 <¢<k—1 (note that Z, consists of 2*~! elements) and for any I € Ty,
h € Z and (d, \) € N?,

k—1
1
(7) GL(h,d) = o d e (Z afr(u+0d +ig) — huz—k> ,
0<u<2A =0

where oy € {0,1} (we assume that oy = 1). This sum can be also seen as the discrete Fourier

transform of the function
k-1
n+—e (Z Oégfx(n + ld + Ze)) .

=0
For any I € 7} we define
k—1
|I| = agip + -+ + agp_1ip—1, K =g+ -+ ap_1 and 0 = Zozgf.
=0
We start with a recurrence for the discrete Fourier transform terms G4(h,d) defined by (7).
For this purpose we define for any (e,&') € {0,1}* the transformations on Zj, defined for any

I = (io,il, e ,Z'kfl) € Ik by
e
T (1) = QMD |
2 2e{0,....k—1}

.....

Lemma 3. For any I € I, h € Z, (d,\) € N? and € € {0,1} we have

(_1)\I\+06 ( 1)|I\+K+o€ ( h/2)\)

G2 (b, d) + 5

(8) Gi(h,2d +¢) = G D (h, d).

Proof. We split up the sum 0 < u < 2* into even and odd numbers and obtain for any e € {0, 1}

k-1
1 . _
G4 (h,2d + €) =5 E e ( E aefr(2u + 20d + le + i) — 2hu2 A)

0<u<2r~1 =0
1 k—1
oD, e (Zam@uwédwgﬂeﬂ) — h(2u + 1)24)
0<u<2A—1 =0
1 k—1
:i Z e (Z Qy (f,\_l(u —+ d —+ L(fe? + Zg)/QJ) + f(60(£€ + Zg))) — hu2_()‘_1)>
0<u<2r=1 =0
k—1
= > e S ar(fi(uttd+ [(te+ip+1)/2]) + fleolle +ic + 1))
0<u<2>\ 1 £=0
— hu2= (7Y — h2‘A>
(_1)\I|+aa ( 1)|IH—K+J& e(_h/z)\)

T G, ) 4 G (h, d),

2 2

since for any non negative integer i we have e(f(0(7))) = e(3(g9(4))) = (=1)% = (-1)". O
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As I € T, implies that (Too(I), Toi (1), Tro(1), T11(I)) € ZiL, it follows that the vector Gy(h,d) =
(G4 (h,d))rer, can be determined recursively.

The next two propositions are crucial for the proof of main result. Since the proofs are quite
involved we postpone them to Sections [7] and [8|

Proposition 1. If K is even, then there exists n > 0 such that for any I € I, we have
> IGhap <2
0<d<2)
uniformly for all integers h, where %)\ <N <A
Proposition 2. If K is odd, then there exists n > 0 such that for any I € I, we have
G (k)] <€ 27 max |G (b, d/2"))|

uniformly for all non-negative integers h,d and L.

5. THE CASE K EVEN

In this section we show that when K = o + - - - + ag_ is even, Proposition [I] provides an upper

bound for the sum
k—1
So=) e (Z apf ((n + 5)2)) .
£=0

n<N
Let v be the unique integer such that

27 < N <2V
and let (\, 1) € N? such that
9) p<v<dand A—v=v—p=1(\—p)

(the precise values will be specified later).

By using Lemma [1] it follows that the number of integers n < N such that the j-th digits of n?,
(n+1)2, ..., (n+k —1)? coincide for j > \ is equal to N — O(N2~-*=%)). Furthermore since K is
even it follows that we obtain for those n

k—1

Zazf,\,oo((n + 5)2) = fA,Oo(n2)K €7,
=0

where f) . = f — fn (notice that 2f) o is integer valued). Consequently, if we set

Si=> e (Z arfa((n +€)2)> :

n<N =0
then
(10) So=S1+0(27*).
Next we apply Lemma (12| with ) = 2# and S = 2¥"* and obtain
(11) 1517 < %2 + %8%(52),
with

S= 3 (1 . %) Si(s)

1<s<S
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and
Sis= 3 e (i ae(fun((n+0) = fun((n+ 0+ szﬂ>2>>> ,
nel(N,s) =0

where I(N, s) is an interval included in [0, N — 1] (that we do not specify).
The right hand side of S(s) depends only on the digits of (n + £)? and (n + £ + s2*)? between p
and . However, we have to take into account also the digits between ' = u — p’ and u, where

(12) 3<p <p/2

will be chosen in a proper way (much smaller than p/2). We define the integers u; = uy(n),
ug = uz(n), v =v(n), wy = wi(n), and wz = ws(n) by the following conditions

n? = u; 2% + w; mod 2* (0<w < M 0 <u < Uy)
2n:u32“/—|—w3 (0§w3<2“/, OSU3<U3)
2sn = v mod 227 0<wv<V),

where Uy, Us and V' are defined by . Then, assuming that
(13) p<v—p and 24 > )

we observe that @, and imply the assumptions of Lemma [2] and applying this lemma it
follows that

Sun((n+ 0)?) = Fornmptp (U1 + lus),
fu,)\((n + 14 + SQ“)Q) = fﬂ'7A—M+p'(u1 + £u3 + UQP’ + £82p/+1)

for any integer n < N except for at most O(2"~*") exceptions. Hence it suffices to consider the sum

k—1
Sé(S) - Z © (Z (fy amprpr (U1 +Luz) — [y (ur + Luz + v+ £82p,+1)) 7
)

nel(N,s =0
since we certainly have
(14) Sy(s) = S3(s) + O(2"").
Next we rewrite S5(s) as

Sis)= D, D

0<u1<U; 0<uz<Us

k—1
Z € (Z Oé@(fply)\*,u+p’(u1 + g’l,l,g) — fp/v/\*llri’p/(ul + €U3 + U(n)Qpl I gszpl+1>>

nel(N,s) =0

n? 2n  us
Xut » T Xuyt ol L )

where the characteristic functions y, are defined by @ Lemma allows us to replace the product
of characteristic functions y, by a product of trigonometric polynomials. More precisely, using
with Hy = U,27" and Hs = U32*" for some suitable p” > 0 (that will be chosen later), we have

(15) Sé(S) = 54(8) + O(El) + O(Eg) + O(Elyg),
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with, by using the representation of AUfl 7, and AU§1 1, We obtain

S) :2M_>\ Z Z Z ah1(U1_17 Hl) ah3(U3_17 H3)

|h1|<H |hs|<H;s 0<h<2)—#

o ()

0<u1 <U; 0<uz<Us 0<v<V

k-1
(§] (Z Oée(fp/)\_#_;,_p/ (U1 + €U3) — fp’)\—,u—i-p’(ul -+ KU3 4 1)2p/ + £S2p/+1)>
£=0

hln 3n 2hsn
e ()

where by ,

jan, (UTY, Hi)| < U and Jan, (U, Ha)| < Us™

where we have filtered the correct value of v = v(n). The error terms E;, E5, Ej3 can be easily
estimated, provided that

(16) p" < /)2 and pf < 2V,
with the help of Lemma [16}

>e ()

< 2 (2 Jru)Z“/2 7 > Veed(hy,2),

|hy|<2P7 1 1 1<h<20”
and
(17) > Veed(h,29) <Y 207 N0 1<y 20 ot
1<hy <20” 8<p” 1<h; <2¢” o<p”
29 | hy

so that F; < 2¥*", and similarly using the estimate and Lemma :

1 h32
Es = 27 Z Ze( ;fL)

lha|<20" | 7
hin®  hs2n
1,3 — " Z Z Z < 1 + ;u )

|h1]<2¢” |hs|<20"

< 2V—p” + p,,2,u/_p// < 2V—p”7

< 2w,

Thus the error terms £, E5, and E) 3 are negligible (if p” — oco) and so we just have to concentrate
on Sy(s).

The first step in the analysis of the main term of Sy(s) is to observe that we only have to take into
account the term that corresponds to h; = 0. Namely if h; # 0 we can estimate the exponential
sum in a simple way. By Lemma [16] we have

hin?  hsn  2hsn _x X X A2 )
Se ot o T < (N2 + 1+ 2) /22 ged (R, 28) < A2M24/ged (b, 22),

n

and similarly to ((17))

Z \/ng(hl,Q/\) < H1

1<hi<Hi
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hln hsn  2hsn
Z + Qv + IA—p

n

so that

o> Y < NH, H 220,

0<|h1|<H1 |hg|<Hs 0<h<2X—#
We assume that

(18) (v =)+ 20N —p) +2(p"+ p") < A/4
(which will be justified later) so that
(19) S4(S> = S5<S) + O(/\23)\/4),

where S5(s) denotes the part of Sy(s) with h;y = 0. By applying the triangle inequality and by
considering the remaining exponential sum we obtain

[55(s) U1U3 Z Z Z

|h3|<H3 0<h<2X—r 0<uz<Us

’ / hv
Z Z (Z ([ a-prp (1 + Cuz) = for amppr (ur + lug + 027 + €527 +1)) - 7) '

0<ui<U; 0<v<V (=0
_1>

. . h3 2h$
X min (N, sin (7r (5 + 2>\—u>>

By setting u; = v/ + 2"} and uz = uf} + 2°'u} (where 0 < u?, u¥ < 2°') we get
fp’,A—qup’(ul + luz) = fA—u(Ul + €U3 +ig),
fp’ /\_M_H)/(ul + £U3 + 112'0, + ESQPI—H) = f)\_u(ull + v+ E(ug + 28) + Zg)

with ip = [(u] + Cu}) /27 ). As I = (ig)o<ear = ([(W] + u) /27 |)o<r<k is contained in Zy, by (3] we
have U U3V = 220~ W)+ and there are 22'” pairs (uf,uj) so that we get

1
S5(s) < 22(A—p)+(v+1—p) Z Z Z

|hs|<Hsz 0<h<2X—# 0<uf<2v—h+1

k—1
: , hv
max Z Z e (Z ap(famp(u) + 0uly +ip) — frop(uy + v+ 0(uy + 28) +ip) — 2/\_—u)

1€,
F =0
_1>

0<uf <2A—# 0<p<2A—H
. . h3 2hs
X min (N, sin <7r (; + 2A_—u)>
By substituting u} + v by another variable @}, by using the definition of G¥_ (R, d) given in ([7) and
by replacing the maximum by a sum we obtain

SO gm X Sk G )

|h3|<Hz 0<h<2X—# 0<ul,<2v—nt1 [T,
_]_)

. . h3 2h$
X min (N, sin (7T (; + 2/\_—u>>

By using the estimate |G} _,(—h,uj +2s)| < 1 and the Cauchy-Schwarz inequality we have

1/2

Z ‘Gi—u(_f%ug)G{\ﬁu(_h?ug + 28)‘ < Q(V_M—H)/Q Z ‘Gi—u(_h/ug)lQ

0<uf<2v—ntl 0<uf<2v—ntl
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Hence by applying Proposition [1] (replacing A by A — 1, N by v — pp + 1 and using (9))) we get

hs | 2hs \\|™'
S5(s) < 9—n(A=p)/2 Z Z min (N, sin (7r (2—3 + 2/\—Su>) ) .

|h3|<H3 0<h<2X—#
It is now convenient to take also into account the dependency on s and to average according to it.
Provided that
(20) v—p +p A= pu<v—2,
we have |h3]2*7# /2" < 1/2 and we obtain from (56))

5 R )

1<s<S 0<h<2A—1
< (A — p) min (2”, |sin (7hs27") |_1) + (X — )22

Finally we have
Z min (2”, |sin (Ths27") ‘71> <Lv2
|h3|<Hs
and thus we obtain the estimate
= Z |S5(s)] < 2712 (122Y 4 Hy(A — )22 )

1<5<S
< 2 MA=p)/2,, 297
Putting all these estimates together, from , , , , we finally get the upper
bound
1So| < 2~ ) 4 gv==n)/2 4 oro=n(i-v)/2 Louh/2 4 gu=p"/2 4 \1/20v/243)/8

provided that the conditions (9)), (13), (16), (18), hold:
0 <pu<v—p, plr<pl/2, @2, 2l >\,
(v—p)+20—p)+2( +p")<N4, v—pu+p +X—pn<v-2
For example the choice
A=v+—andp =p’ v
20 ~ 200

ensures that the above conditions are satisfied for v large enough.
Summing up we have proved that there exists n’ > 0 with

Sy < 2v0=1) « N1

which is precisely the statement of Theorem [2]

6. THE CASE K ODD

In this section we show that when K = ay + -+ + ay_1 is odd, Proposition [2] provides an upper

bound for the sum
=) e (Z af((n+0)? )

n<N
Let p, A, p and p; be integers satisfying

(21) 3<p<p 10p<v<2® p=v—2p, and A =v + 2p.
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to be chosen later ( . ) and (39 . We apply Lemma with @ = 1 and R = 2”7, we sum trivially
for1<r<R; = 2”1 and obtain

N2R, N
1So]” < R1+E > (1—%>%(51(?")),

Ri<r<R

where

Sir) =Y e (Zae (n+ )~ f(<n+r+€)2))>

neli(r) =0
and I;(r) is an interval included in [0, N — 1]. By Lemma [l| we have
Si(r) = Si(r) + 02777,

where

k—1

Sir)= > e (Z ar (flln+ 02 = Al(n+r+ e>2))) ,
nely(r) =0

which leads to

v— v+p— 2v

|50|2 < 92v—ptp1 +23 +p—A + E Z |Si(r)|
Ri<r<R

and by the Cauchy-Schwarz inequality to
2v

2
|SO|4 < 24y—2p+2p1 + 26u+2p—2>\ + f Z |S£ (’I“)|2 .

Ri<r<R

Let p/ € N to be chosen later (in (36)) such that

(22) 3<p <p.
Applying Lemma [12| with Q = 2# and
(23) S =% < gv

observing that for any m € N we have

Hm+s24)?) = fa(m?) = fur((m + s2)%) = fua(m?),

we get

(24) [Sof* < 21220y B2 > IS(ns)l
Ri<r<R1<s<S

with

Salrys) = ) e(Zae (fur((n+0)%) = funl(n+1+0)?)

ne€ly(r,s) =0
— fur((n+ 2%+ 0%) + fur((n+ 52" + 7+ é>2>>>’

where I5(r, s) is an interval included in [0, N — 1].

We can now make a Fourier analysis as in the case where K is even. Let p/ = u—p’ > 0. By
and the conditions of Lemma 2] are fullfilled. We define the integers u; = uj(n), ug = us(n),
us = uz(n), v =v(n), wy = wi(n), we = wa(n), and ws = ws(n) by condition (2).
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According to Lemma uniformly for integers r, s,¢ > 1 such that r < 2“/, /< 2“/’3, the number
of integers n < 2 for which at least one of the conditions is satisfied is < 2", Filtering by
the values of uy, us, us, it follows that

Salris) = D >, D,

0<u1 <U; 0<ua<Us 0<uz<Us

k—1
Z e (Z vy (fp’,kfwrp/(ul + lug) — for a—prpr (U2 + Cug)
)

ne€ly(r,s =0

—Foraeprp (ur 4 Lug +v(n)27 + 05201
+Forne i (g 4 Lug +v(n)2° + (£ + T)SQ”'H)))
2 2
n o (n+r) Uy 2n  us
Yoo\ oy Ty )t oy T )\ T
+0(2"7),
where Uy, Uy, Us and V' are defined by and the characteristic functions y, are defined by @
Lemma allows us again to replace the product of characteristic functions x, by a product of
trigonometric polynomials. More precisely, using with U; = Uy = U and
(25) Hy = Hy, =U2%, Hy=U32%,

where the integers ps and ps verify

(26) 0<pa<p and 0<p3<yp,
we obtain
(27) Sa(r,s) = Ss(r,s) + O(2°) + O (Es(r) + O (E1) + O (Ex(r))

+ O (E23(0)) + O (Ea3(r)) + O (Ei2(r)) + O (E123(1))

with

Sares) = D>, D D )

0<u1 <U 0<u2<U 0<ug<Us 0<o<V
k—1
e <Z Q¢ (fpﬂx\—;ﬂrp’ (u1 + Lug) — fp’,A—Mer’(u? + lug)
=0
—fpr’,\,“er/(ul + 6163 + U2pl + €s2p/“)

+fy aeppr (g + g + 027 + (0 + r>szp’+l)))

n? (n+71)?  uy 2n  ug
> o (=) A (U5 - ) A (3 - 12)

n€ls(r,s)

1 2sn — v
IA—p Z € (h IA—p ) :
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The sums Ey, Ey(r), Es(r), E12(r), Ev3, Ea3(r), Ey123(r) can be estimated by elementary expo-

nential sums arguments:
Z 2h3 Ugn
e
21/

n

Us Us
Ey(r) = 2"+ — Z
Hs H; 1<hy<H;/Us

gives by (55), (3), [25), (26) and (21I), observing that since p3 < p < p—Tp < p— p' — 2 we sum
over less than a period and p < v < 22

v— — : Wh3 - v— —p'— v—p3.
By(r) <2770 4277 37 fsing | 20 p 2t 2
1<hy <23
U hg(n+7")2
ni =g > |Se(M
|ho|<H2/U | n

gives by (for which we have at most 2*~#** complete sums), (1), and

Ba(r) < 2077 27 ST (207 ) 25 fged(ha, 2077,
1<hy <22
hence, since p < v < 22 < 2v=#+¢" (by (21))), observing that p, < p < E<i(u—0p) < ip—0)

(by and (26)), we get similarly to (17),
EQ(’F) < A

P << 21/—,02;
Z o h1n2
DU

2c (hQ(;jUT)Z i 22”7353)‘

n

Similarly we have

< 2”‘02 .

EleE >

1
|h1|<H1/U

Ba)=p g Y

|h2\<H2/U|h3|<H3/U3

similarly gives by (59), > ([21), (25) and (26), with a trivial summation over s,
Bp(r) <2772 4277 3 ged(hg, 207F") < 27712

1<hy <202

Similarly we have

Ba=gg > X

‘h1|<H1/U |h3|<H3/Us

Ba) =z 2. >

H; |h1\<H1/U\h2|<H2/U
similarly gives by (59), (17), (21)), (27)) and (2€]), writing h = hy + ho,

Bio(r) <270 4270 > 225" feed(h, 207) < 2772
1<h<2r2t+1

< 21’—02;

hin?  2hsn
> e +
2 U 20T

Ze <h1n2 +2§7((}1 + r)2> |

n

and

Baa = 5y Y

|h1\<H1/U |h2|<H2/U |h3|<H3/U3

Ze h1n2 + hg(n + T)2 i 2h3n
2 U 2 U,

n
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similarly gives by , , , and , writing h = hy + hs, with a trivial summation over
h37

E17273(T) KL 20TP 4 97P2 Z ng(h, QM_PI) K VP2,

1<h<2r2+1
We deduce from that
(28) Sy(r,s) = S5(r, ) + 02" ) + O(2"7F2) + O(2V )

and we can write

Ss(r,s) = 222 > 3" an (UL H) > an, (U Hy) Y an,(Us ', Hs)

0§h<2>‘_l‘ ‘h1|§H1 |h2|<H2 |h3‘SH3

hauy + hous  hgus  hv
SN IR C i)

0<u1<U 0<u2<U 0<ug<Us 0<v<V

k—1
e (Z Qy (fp’)\—u-i-p/ (Ul + £U3) — fplj)\_;ﬁ_p/ (Uz + EU3)

=0
—fp/’)\_#_i_p/(ul + fu?, + U2pl + 682#4_1)

+fp’,>\—u+p/ (UQ + lus + UQPI + (g + 7»)82P'+1))>

hin® + ho(n +1)?  2hzn  2hsn
Z € 2A + v + 2A—p |-
nelz(r,s)
Let us introduce the decomposition
(29) Ss(r,s) = Sy(r,s) + Sy(r, s),
where Sy(r,s) denotes the contribution of the terms for which hy; + hy = 0 while S(r, s) denotes
the contribution of the terms for which hy 4+ hy # 0. We have by
Si<7a75> < Z a’h1<U717 Hl) Z ahz(U717H2) Z ahs(Ui;lvHi’»)
|h1|<H) |ho|<Ha |hs|<H3
UUsV 22\ /ged(hy + hy, 2*)
< V3U2U3VA2)\/2 2H2 < 1/4 21/4-%(8)\—9,Lt—i-7p/-‘rp2)7

and it remains to consider Sy(r,s). Setting u; = u” 4+ 27w}, uy = ulf + 2°'u} and us = vl + 27 u4
(where 0 < u?, uff, uy < 2°') we get

fo o+ bug) = fuoy (uh + u + | (o + ) 27 ] ).

Ty ia + tus) = fry (uh+ u + | (g + )27 |
Forcprp (g + fug + 027 + 02001 = £, (u’l + v+ L(uf + 25) + L( + (uy)/2° J)
Forcprp (g + lus + 027 + (L +7)s20FY) = fr, (ug + v 4 287 + (ufy + 2s) + L(u;’ + €ug)/2P'J) .

Using the periodicity modulo 2*7#(= V) we replace the variable v by v, such that v; = u} +
v mod 2** and we introduce a new variable vy such that

vy = uh + v + 2sr mod 27 = vy + b — u) + 2sr mod 22,
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If we observe that U/2¢ =V and write U} = Us/2*', we obtain

84(’/’,5) = 22M_2A Z Z Z a—h2(U_ ’HQ)ahz(U_lvHQ) Z ah:s(US_l’H?))

0<h<2XA—1 0<h/ <272~ # |ha|<H> |h3|<H3

—hot” + hout!! hatt!
O S S

0<ul/<2¢" 0<uf <2¢" 0<ul <2¢'

hsuf — 2h'sr
Z el — Ul + P

0<uy<Uj
k—
/ —ho — h &+ W)
> e Z efA—M(U,1+fU§+L(u'{—i—éug')/QpD_( ol >u1>
0<uj <V =0

(h' — ho)uf

e —S gf,\,u(u’2+€ug+“ +€u)/2PD T)

¢ ki g fr—u (”1 + L(uf + 25) + L(u’{ - éug)/Qp'D L —V h)vl)

0<v1 <V =0

_ | h/
(Souton (ot 2 [0 ] - 12)
Vv
0<va<V =0

E e 53} + v +2/\—u )

nelz(r,s)

Using this gives

Sy(r,s) < 2272 Z Z Z min(U 2, hy?) Z min(U; !, |hs| ™)

0<h<2A—1 0K <22~k |ha|<H> |h3|<Hs3

22 2 D

o<u”<2p’ 0<u”<2p’ 0<u"<2p’ 0<uf<U}

G (1 — by — g, )

A—p

Gi(_uu’u“)(h h, ul + 25) HG ) gy, ug+2$)’

2horn 2hsn  2hsn
Z € 92X + v + 2A—p )

ne€la(r,s)

E

u2 u3 (hl_ hg,ug)’

where, for any (u, ) € N?
(| u u+1u u+ (k—1)u
](Uau) = (LWJ ) { o J Y LTJ) .
This leads to

Si(r,s) < 227 Y > min(U k%) Y min(Us b )

0<u/ ulf ulf <2¢" |h2|<Hy |hs|<H3
A—v o -1
. o g hor +2""hz + 2Fhs S-(h.h noonoon
min , |sin A1 5(h, ha, s, uy, uy, uy),

0<h<2r—#
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where

u2 7u3 (h, — hg, Ug)

"o uf u)
Sa(hhays,ulyuguy) =YY (G D — h— ho,ud)
0<uf <UL 0<h/ <27~k

" /l

‘G v ug) (W' — h,ujy +2s) ‘ ‘G Uz g (h’,ug+25)‘
can be bounded above by using the Cauchy-Schwarz inequality:

"noonoon
SS(h7 h?a S, Uy, Ug, U3)

< >y (G “1’“3)(h’—h—h2,ug)2

0<uly<Uh 0<h!/ <2~k

1/2
2

‘Gi(_ug’ug)(h' — h, uy + 25)

1/2
I(ug,ug’ I 2
G (W', uy + 2s)

Z Z ‘ GI(U2 " — ha, u3)

0<ul <UL 0<h/ <27

By periodicity modulo 2*~# and taking h” = h/ — h the first parenthesis is independent of h and we
get

SB(ha hQaS u17u27u3) < SG(h27Sau17u3)1/256(h2a8 u27ug)1/27

where

(30)  Selhasu ) = S S |G~ kg, uh)

0<ul <UL 0<h/ <274

2

’Gl(u” 5) (h', ug + 28)

We obtain

Sy(r,s) < 22 g E min(U 2, hy?) g min(U; L, |hs| ™)
| ( hor + 22~ hy + 2hs
E min | 27, |si —
A1
0<h<2A—H

0<u!! ulf ulf <2¢" [h2|<Ha |h3|<H3
_1) ‘
Observing that using , and we have

Se(ha, s, ul,u3)1/256(h2,s u2,ug’)1/2
]hgr + 2Hh3| /2P < (HoR + 2 "V Hy) /20 < A 7200 Hpatp | 9A=2up!Fpatl < 1 /9

we have by
. ( | har 22 hy 4 2k ‘1)‘
Z min | 2Y, |sin7
A1
0<h<2A—H
h2T+2>‘_Vh3

< ged(s, 2271 min (2”,

1) F (A= p)2M

sin w25
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har+2*"Vh3

and by we have A\ — = 4p < v, thus 2’# < min <2”, sin 7255

—1
) , it follows

Sy(r,s) < (A—pu) ged(s, 28771y 22A-2m Z Z min(U 2, hy?)

O<u’1/,u’2’,ug<20/ |ho|<Hz
1)

Sﬁ(hQ, S U’l’ u3>1/256(h27 S u27 Ug)1/2

Z min(U; !, |hs|™") min (2 ‘smﬂw

|h3|<Hs3
We recall here that in (24])) we have R; < r < R and introduce the integers H) and x such that
(31) Hé _ 2>\—V+1H3/R1 — QA—utp tp3—p142 _ 9K
By (3)), assuming that
(32) P+ ps+2 < p,

19

we will have Hj < 2*7# and the condition |hy| > H} ensures that 227 |hs| < 1 |hor|. This leads to

Sy(r,s) < Sar(r, s) + Saa(r, s) + Sas(r, s),

where Sy1(r, s), Si2(r, s) and Sy3(r, s) denote respectively the contribution above of the terms |hy| <

Hé, Hé < |h2’ < 2)\_'“, A1 < ’hg‘ < H,.

6.1. Estimate of Sy (r,s). By (25), [26), (3) and by (1) we have Hz = 2v—#te+rstl < ote+1 < ov

and by . we get

: hs +h27‘2’/_)‘
S1n WT

Z min (2”,

|h3|<Hj

-1
) KL v,

Su(r,s) < v(A—p) ged(s, A7+t gri2A=2u =2
Z Z Sﬁ(h273 u1>u3)1/256(h273 UQ,Ug)l/Q

0w yuy uf <2¢" [ha|<Hy

so that

By Proposition I replacing A by A — o and L by A — 4 — k), we have for some 0 <7 <1

‘G U (B hoyudy)| < 271AHR) Jety |GL(W = ha, [us/2"])] .

By Parseval’s equality and recalling that card Z;, = 25! it follows that
J Ly|?

|ha| <H,

<SS |GLUR — ha, [uh /28] < 20

JETy, |ho|<H}
We obtain uniformly in A, p, Hj, us, u” and uj:
. ’G 50 = ho )
ha|<H,
Hence it follows from and Parseval’s equality that

Z S (h s. " u”)<<U/ Hé !
6\/02y 9, s U3 3 2>\_N

|ho|<H}

2 F[/ n
—nA—p—kK) _ 2
<2 = (QH)
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and by the Cauchy-Schwarz inequality we obtain
Z Sﬁ(hz,s,U’{,ug)l/ZSe(hg,s,ug,ug’)l/g

|ho|<H)

1/2 1/2 H.\"
< (X stmsaad) (X swsagd) <vi(5)

|ho|<HY |ho| <HY

This gives

, "
Sy (r,s) K v (N—p) ged(s, 20771y Qui2A=2us3d =217 =1y ( 2 ) ,

A~k
so that by , and

1 2 1/7(17/73)
(33) RS Z Z Su(r,s) K v (A —p)? 2v-ne=r=r),

Ri<r<R1<s<S

6.2. Estimate of Si(r,s). The condition |hy| > H} ensures that 227 |hs| < £ |hor| so that

-1 2)\
in | 2¥ .
mln( , ) < Hir

By the Cauchy-Schwarz inequality we have
Z Se(ha, s, uf, Ug)l/QSG(hza 8, Uy, Ug)l/Q

Hj)<|ha|<2X—#

1/2 1/2
< < Z Sg(hg,s,u'l’,ug)) ( Z S6(h2,s,u/2’,ug’)> < Us.

‘h2|§2’\_“ |h2|§2)‘_1”

. A—v
Smﬁhzﬁf—flhs

It follows that

, X
Sua(r,5) < (A — p) ged(s, 227H71) 2222 U_2H_/U§, > min(Uy ! |hs| ™)
27'
|h3|<H3
and recalling that Us = Us /2" we get by and (3),
d(s, 22 #1
Sua(r,s) < (A — p)? WTWI_%’
so that by
1
(34) ﬁ Z Z 842(707 3) < p ()\ — ILL):)’ 2”79+P1*p3'

Ri<r<R 1<s<S

6.3. Estimate of Sy3(r,s). We will split the summation over hy into J = Hy/2*# — 1 parts of the
form j2)H < |hy| < (5 + 1)2*# with j = 1,...,J. The condition |hy| > j2*~* implies that

222 min(U 2 hy?) < §72
and ensures that 2~ |hs| < 1 |hor| so that

min (2”,

. A—v
sin W—hQTgf,l hy

-1 2>\ o
< - = .
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By the Cauchy-Schwarz inequality we have

Z Se(ha, s, us)?Sg(ha, s, uly, uh)'/?

J2AT < ho| S(jH1)2X
1/2 1/2
< ( Z Sﬁ(h2787u,1/,u/3/>> < Z Sﬁ(hg,s,ug,ug)) < Us.
ho mod 22 —# ho mod 2A—#

It follows that

/ 2¢
Sus(r,8) < (A — ) ged(s, 287+ 23U} Z — Z min(U; %, |hs| ™),

— j3r
1<j<J” ' |hg|<Hs

so that by and

1 o
(35) TS Z Z Sus(r,s) < p (A — p)® 207 P3¢

Ri<r<R 1<s<S

It follows from , and that
1 / /
S Z Z 1S4(r, 8)| < yAov (2—n(01—p —p3) L 9=ptp1—ps | 2—p+3p> )
Ri<r<R 1<s<S

Choosing

(36) p=4p, p=3p, pp=ps=10,
using we see that condition is satisfied and we obtain (since 0 < n < 1)
1

(37) 73

D [8alrs)| < v'2 (2"7”' 12 % 4 2—0') < viorne',

Ri<r<R 1<s<S

Using and , we obtain

(38) % SY Salns) < vt (27 4 2d o)

Ri1<r<R 1<s<S

that we can insert in , recalling by that S = 2% and by that p =v —2p, A =v+ 2p,
so that we get

|SO|4 < 241/—2;)’ + 94v—2p + oy (2—np’ + 2—%+17p+4p/> )
Choosing
(39) p = |r/146)

we have —% +17p +4p" < —73p 4 68p’' +4p' = —p’ and to check that the condition is satisfied
it is enough to observe that 10p = 40p’ < v. We obtain

(40) |So| < 2"~ < N

which completes the proof that when K is odd Proposition [2 implies Theorem [2
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7. PROOF OF PROPOSITION [

7.1. Proof of Proposition (1| in the case (ap,...,a,_1) = (1,...,1). With the help of Lemma
it is easy to establish a set of recurrences for

/ 1  ——
Oy =55 Y GAh.d)GL(h.d),
0<d<2V
where h € Z, (\,N) € N* and (I,I') € Z}: if \, ' > 1 we have
N (_1)II\+II’\
ity = CU

x (@R () + o(h/2) @RI (B) + o(—h/2) 0T () + @R ()
F BRI () + o(h/ 2 BRI (1) e(—h/ )RR ) + 2T ).

This gives rise to a vector recurrence for 4 y (h) = (@i’{(,(h))( ez? of the form
’ I,T)eT?

Yax (h) = M(h/2*) - hr_1 -1 (h),
where the 22(-=1) x 22(k=1)_matrix M(5) = (M1,177,3,0(B) ((1.1),(s.07))ez2 x 22 15 independent of A and
N (we put 3 = h/2*). By construction all absolute row sums of M(f3) can be estimated to be < 1.
More precisely in each row there are (in total) eight non-zero terms, where all of them are either
equal to £1/8 or equal to £+ e(+3)/8. Note that it might occur that, for example, (Too(1), Too(I")) =
(Too(1), To1(I")) for some (I, 1) so that some entries of the matrix M(f) consists of a sum of several

term of the form +1/8 or +e(£/)/8. For example, if k =4 and I = I' = (0,0,0,0) then we have
(with J; = (0,0,1,1) and J, = (0,1,1,2))

1
2% (h) = ¢ ((2+e(r/2Y) + e(=h/2%) @30, 5y (h) + @ (h)+

+e( PV () + e(—h /)BT (h) + B, (1)

so that the first row of the matrix has just 5 non-zero entries and the first entry comprises 4 terms.

It is convenient to interpret these matrices as weighted directed multi-graphs, where the vertices
are the pairs (I, I') € Z7 and starting from each vertex there are eight directed edges to the vertices
(Teer (1), Teen(I')) (where (g,€,€") € {0,1}?) with the corresponding weights 1/8 or e(£/3)/8 (with
the common sign (—1)I*'N see Figure Note again that different edges might connect the same
pair of vertices so that we get multiple edges (and even multiple loops). Of course products of

Too(D): Too(1) (Too(D)s Toul"): (Toal)s T

FIGURE 1. Weighted directed graph representation of the recurrence for CD{\’V‘;,,(h) (the
common sign of all the edge weights is (—1)/III'l).

m such matrices correspond to oriented paths of length m on these graphs, where such paths are
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weighted with the corresponding products (of modulus 8™). The entries at position ((Z, "), (J, J'))
of such product matrices correspond then to the sum of weights of paths from (I, ") to (J, J').

In order to prove Proposition [1}it is enough to check the conditions of Lemma |17] uniformly in A
for M, = M(h/2"). Indeed, as for A < X' < A we have

Pax(h) = M(h/2Y) - M(h /2" )aps o),
it follows by applying with £ =X and r = A — X 4+ 1 that
(41) [pax (B)]lo < C27 [lhsono(h)|l,, < C27° < 2792
and consequently

1

1,1
®>\,)\’(h’) = 2)\/

ST G D] < pan (B, < 272

0<d<2™

We first show that there exists an integer mg > 1 such that every product
A= (A(I,I'),(J,J'))((1,1/),(J,J/))ez,§x1,3

of mq consecutive matrices M, = M(h/2¢) verifies the condition (1) of Lemma |17, It is clear that
T (I) = 0 for all I € Zy if m is sufficiently large, which means in the graph interpretation (see
Figure [1]) that for every vertex (I, 1’) there is a path of length m from (I, I’) to (0,0). Let mg be
one of these values and fix a row indexed by (1, I’) in the matrix A. From the graph interpretation
it is clear that the entry A ) (0,0) is the sum of at least one term of modulus 87™°. Now there
are two possible cases. If the absolute row sum is < 1 — 870 /2 then we are done. However, if the
absolute row sum is > 1 — 870 /2 then it follows that | A 1) 0,0 = 8 ™°/2. Indeed the inequality
|A(1.11),0,0)] < 8™ /2 would imply that A 1ry,(0,0) is the sum of at least two terms of modulus 87,
so that the absolute row sum would be bounded by

1
> TAw ) < S8 (1-2-8™)=1-
(177)

Bgm

2

which would contradict the assumption that the absolute row sum is > 1 — 8™ /2. This shows
that condition (1) of Lemma [17]is satisfied with ¢y =n = $87™.

Finally we show that there exists an integer m; > 1 such that every product
B = (B(,r),(0.09)((1,0),(2.0)e2 <72

of my consecutive matrices M, = M(h/2°) verifies the condition (2) of Lemma (17, Indeed we will
concentrate on the entry Bgo),0,0), that is, we will consider all possible paths from (0, 0) to (0,0)
of length m; in the corresponding graph and show that a positive saving is due to the structure
of this entry. Since Tpo(0) = T15:(0) = 0 it follows that the entry Bgo),0,0) is certainly a sum
of kg = ko(my) > 2 terms of modulus 8™ (for every m; > 1), that is, there are ky > 2 paths
from (0,0) to (0,0) of length m; in the corresponding graph. For m; > 3, starting from (0,0) we
first apply m; — 2 times the transformations (79, Tho), then one time the transformation (Tog, To1),
and then one time the transformation (T, Too). This corresponds in the graph interpretation (see
Figure[1)) to a path from (0,0) to (0,0) of length m; with weight e(h/2*~™1+1)g=m1,

Next we observe that 77,(0) has & — 1 non-zero entries and we recall that & — 1 is odd. Thus,
there exists m; > 4 such that T(’ff“?’TH(O) is of the form 011---1, that is, it has an odd number of
I’s. Starting from (0,0) we apply now one time the transformation (73;,711), then m; — 3 times
the transformation (71, 7p;), then one time the transformations (Tyo, 7o), and then one time the
transformation (7o, Tgo). This corresponds in the graph interpretation (see Figure to a path from
(0,0) to (0,0) of length m; with weight (—1)I0#(OLDlg(p/2A=mitl)g=m1 — _ o(p /2A=mt1)g=m1,
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Thus we have shown that at least two terms cancel for a properly chosen m;. Of course this
implies
|B(0,0),00,0) < (ko —2)87™,

so that

> 1Buogn| < (ko —2)87™ 4 (1 — ko8™™) < 1-2-87™,

(")
so that condition (2) of Lemma is verified with n = 2 - 8™, which completes the proof of
Proposition || when (aq,...,ax—1) = (1,...,1) and K is even.

7.2. Proof of Proposition (1] in the case («g,..., ;1) # (1,...,1). Without loss of generality
we can assume that oy = 1 and that for at least one £ > 1 we have a, = 0. As the discrete Fourier
transform G only depends on those indices ¢ for which o, = 1, let us introduce the reduced K-uple
I= (i¢)o<e<k,ay=1 and the reduced sets T, = {f, I €1}

Then the proof of Proposition [1| works in the case (ag,...,ax_1) # (1,...,1) in the same way as
in the case (ag,...,ar_1) = (1,...,1) if we replace Z by Iy, G4 by G]; and for any (e,¢’) € {0,1}?
the transformation 7. on Zy, by the corresponding transformation T... on Z. In particular, working
with .

oyv(h) =55 Y GAh G (h.d)
0<d<2
instead of @i’iﬁ(h), the corresponding recurrence is exactly the same. Furthermore the matrices

M(3) have now dimension |Z;|? x |Z;|? instead of 221 x 22(:=1) and, of course, the corresponding

weighted directed graph has less vertices. If we replace k by K (and use the fact that K is even)

then we prove in the same way like in Section [7.]] that the conditions of Lemma [I7] are satisfied.
This completes the proof of Proposition [I]in the case where K is even.

8. PROOF OF PROPOSITION

8.1. Proof of Proposition 2| in the case («,...,ax-1) = (1,...1). Formula (8) can be written
as

Ga(h, ) = S M (o(~h/2) G (b, d/2]),
with for any € € {0,1} and z € U,
M (2) = (=romjweo(!; 2) + D= ywar (1, 2)) ; jyeze s
where for any ¢’ € {0, 1},
wer (I, 2) = (=1)MIHeote'B &' _ (_p)ll+eote

(as K = k is odd) and ljp; = 1 if the proposition P is true and 1jp; = 0 otherwise. It follows by
induction that for any integer n > 1, we have
1
Ga(h,d) = 5 M@= (o(—1/2)) G (B, [d/27]),

where for any d = (dy, ..., dn-1) € {0,1}"™ we put
M(z) = Mb-dn=1(z) = MD(z) - .. M1 (22"

and we define the polynomials P¢, for (I,J) € Z? by
M (z) = (P)(2))

(I,J)ez?’
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so that
()|, = max D [ Pr(2)]

1€Ty,
JETy,

|A]|, denotes the matrix row-sum norm of A (see Section [0.5). Proposition [2] will follow from the
fact that there exists an integer m > 1 (which will be actually &k + 1) such that for any d € {0,1}™,
le€eZ,,and z €U

(42) > |Ph(z)] < 2m.

JEIk

For this purpose we can apply Lemma [17| with matrices %Mso(d) (e(—h/2>‘)), with mg = m; = m,
and

1 d
171 g e D [P >0
k

(we do not need c¢q since all absolute row sums are < 1 — \). The rest of this section is devoted to

a proof of ([42).

Let G(z) be the weighted directed multi-graph of outdegree 4 whose vertices are the elements of
7. and where for each (g,¢’) € {0,1}? and I € Z;, the edge from I to T...(I) has weight w.. (I, z).
For example when k = 3 we have

1—2 0 0 0 0 -1 =z 0

o | -1 2 0 o0 oot 0 =2
M(Z)— 1 0 —2 0 9 M(Z)_ 0 0 —1 z
0 -1 =z 0 0O 0 0 1-—=z

and G(z) is the following weighted directed graph:

wo1(z) = 2 wio(z) =1

wi1(z) = —=z

wip(z) = —1 wo1(z) = —=z

For any d = (dy,...,dn_1) € {0,1}™ we can interpret the coefficients of the matrix M9(z) as
coding of paths of length m with, for j € {0,...,m — 1}, step j in the graph G(z?'). More
precisely, for any I € Zy, e = (eg,...,€m_1) € {0,1}™ and i € {1,...,m}, let us denote T3¢(I) =
T o---0Tye, (1) and associate to each of the 2™ paths from the vertex I to the vertices 79¢([)

i—1€5—1
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the weight
w(1,2) = Wageo (I, 2)Wayer (TPO(T), 2%) -+ Way e (Tt (1):277)
(—1)v(Ide) N(e)
with
(43) v(I,d,e) =|I|+ |T{(D)| + -+ T (I)] + |d] o + |e]
and

(44) N(e) = Z 2",

where [d| = 327" |d;|. Then, for any (I,.J) € Z2, we have, by definition of Pf:
() Phe)= Y wt(l= 3 (-1pUdeNe,

ec{0,1}™ ec{0,1}™
Tde(=J Tde(=J

Lemma 4. For any d € {0,1}™, the family of polynomials (PFJ)(I,J)ezg has the following properties:
(1) for any (I,J) € I3, the coefficients of Py are 0, +1 or —1;
(2) for any I € Tj, and j € {0,...,2™ — 1}, 27 or —27 appears exactly once as a monomial of
some polynomial P, (J € Iy );
(3) for any I € Ty,
card{j, 0 <j < 2™ 3J €Iy, 2 appears as a monomial of P2}
=card{j, 0<j < 2™ 3J €Iy, —27 appears as a monomial of P&} = 2™ 1.

Proof. 1t follows from that (1) is a direct consequence of the fact that the function N defined
by is a bijection between {0,1}™ and {0,...,2™ '} and (2) of the fact that for any I € Z;, the
sets E(J) = {e € {0,1}™, T9e(I) = J} form a partition of {0, 1}"™. Moreover, as for any ¢ € {0, 1}
the sum of the coefficients of each line of the matrix M¢(1) is equal to zero, it follows that for any
d € {0,1}™ the sum of the coefficients of each line of the matrix M9(1) is equal to zero, which
proves (3). O

For any I = (io,...,ik-1) € I we denote [); = i;.

Lemma 5. Let (Io, 1) € I} and j € {0,...,k—1} such that Iy;—1,; = 1. Then, for any e € {0,1},
we have either

Too(lo)); = Teo(L1); and  T(lo); = Taa(l); +1
or

TEU(IO)U: so(fl)\j+1 and T€1<[O)U: 51(11)|j-

Proof. For I € T, j € {0,...,k — 1} and (¢,¢’) € {0,1}* we have T.(I); = VUH;%IJ , so that
Lemma [5| follows from the fact that for any (4,7') € N? we have either
i+ i+ 1474 i+i+1 i+14+7+1
Rl i B e B e s
0J
Lemma 6. For any (d;)ien € {0, 1} and any I € I, there exist J = J(I) € I,, m = m([) €

{1,...,k} and (e,e) € {0,1}™ x {0,1}™, e # € such that J = T3e(I) = T3(I) and N(e')
N(e) + 1, where d = (do, ..., dm—1).
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Proof. For any I € ), and ey € {0, 1} we define I, = Tj,e, ().

If dy =0and I = (0,...,0) ordy =1and I = (0,1,...,k — 1), we have Iy = I} = I so that
Lemma [@ is true in these two cases with m = 1.

In any other case, we have Iy # [; and it remains to find an integer m € {2...,k} and
(e1,...,em—1) € {0,1}™ ! such that

Td,,L7167,L71 ©---0 Td161 (IO) = Td ©---0 Td161 (II)

Let j; be the smallest integer j such that In; = I; + 1 and choose, by Lemma , e; € {0,1} such
that T, (lo));, = Taye, (11);, +0. By repeating this procedure m—1 < k—1 times (by construction,

for any ¢ € {1,...,m} the entries of Ty, ., , 0+ 0Ty0(l) and Ty, e, , 0---0Ty1(I) are equal or
differ by 1) and taking e = (0,ey,...,€,—1) and € = (1,e1,...,€,_1) we obtain Lemma @ O

m—1€m—1

Lemma [6] remains valid if for any I € Z;, we replace m = m(I) by m = k (or any value greater
than k) and it shows that for any m > k, d € {0,1}™ and I € 7, there exist J € Zj, such that
the polynomial Pg; contains two monomials of consecutive degrees: 2V and +2V©+1 In the
next Lemma [7| we make this even more precise by showing that we can find two such monomials of
consecutive degrees with different signs: v(I,d,e) =v(I,d,€e’) + 1 mod 2.

Lemma 7. For any d € {0,1}* and any I € T, there exist J € I, and (e,€’) € {0,1}* x {0,1}¥,
e # e such that J = T3¢(I) =T3¢ (I), N(e') = N(e) +1 and v(I,d,e') = v(I,d,e) + 1 mod 2.

Proof. Let us consider for any ¢ € {1,...,k} the k-tuples [y({) = Ty, e, , © -+ © Tupe,(Lp) and
Li(0) =Ty, ye, , 00Ty (I1) obtained by the procedure described in the proof of Lemma @ By
construction the entries of Iy(¢) and I;(¢) are equal or differ by 1 and we will distinguish between
two cases depending on the parity of the number of different entries.

Even case. For any { € {1,...,k}, Io(¢) and I(¢) differ at an even number of entries.
In this case, for any ¢ € {1,...,k} we have |Iy(¢)| = |I;(£)| mod 2, which implies

T ()] + - + ]T,Sf;u)( = |[T7°(D)] + -+ \T,Sf;u) mod 2

and
v(I,d,e) =v(l,d,e)+ 1 mod 2,
so that Lemma [7lis true in this case.

Odd case. There exists € {1,...,k} such that 1y() and I,({) differ at an odd number of entries.

In this case, let £y > 1 be the smallest number for which this occurs. In what follows we slightly
modify the procedure described in the proof of Lemmal6|for the remaining steps. We again construct
(€4, - - ex_1) such that T3e(I) = T3¢ (I), but by using another principle, namely that at each step
¢ > {y (with the only exception of the final steps) Iy(¢) and I;(¢) differ at an odd number of positions.
For convenience we say that a position j is corrected if Io(¢ +1); = I1(€ + 1) ; whereas Io(¢) ; and
I,(¢),; differ by 1.

Let us describe the first step of this new procedure. When we compare (T%O(Io(ﬁo)), Tdéoo(f 1(40)))
and (T4, 1(Lo(fo)), Ta,,1(L1(fo))), which are the possible candidates for (Io(fo + 1), 1(€o + 1)) it
follows from Lemma [5| that a position j is corrected in the first case if and only if it is not cor-
rected in the second case. This means that either Ty, o(/o(¢o)) and Ty, o(11(¢o)) or Ty, 1(1o(fo)) and
Ty 1 (11 (4p)) differ at an odd number of positions (and the other one at an even number of positions).
Suppose without loss of generality that Ty, o({o(£)), Tu,,0(l1(¢)) differs by an odd number of po-
sitions. If Ty, 1(1o(fo)) = Ta,,1(L1(fo)) then we choose e, = 1 and the procedure stops. However,
if Td50+11<10(£0)) =+ Td%Hl(Il (¢p)) then we choose ey, = 0 and observe that the number of different
positions in Iy(¢o+ 1) and I;(¢o+ 1) is again odd but smaller than the number of different positions
in Iy(4y) and I (). Of course we can proceed in this way step by step till Io(k) = I,(k) = J.
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The advantage of this procedure is that we can control the values modulo 2 of v([,d,e) and
v(l,d,e’). Actually since |Iy(¢)| = |I1(£)] mod 2 for 1 < € < 4y, [Io(¢)]| Z [11(£)] mod 2 for £, < ¢ <
mo (with 1 < mgy < k) and Iy(¢) = I,(¢) = J for my < ¢ < k, we obtain

v(I,d,e) =v(l,d,e)+ (mg—{y+1)+1mod 2.

If mg — £y is odd we are done.

If mo—{p is even we modify the last step of the above procedure. As Iy(mg) and I;(my) differ at an
odd number of positions and Ty, e, (lo(10)) = Ta,, em, (11(m0)), it follows, writing €, = 1 — e,
that the number of different entries of Ty, z,, (I1(mo)) Ta,, ., (lo(mo)) is the same as the number
of different entries of Iy(mg) and I1(me) (since Ty, .,,, corrects all positions, Ty, z,,  corrects no
position). By using €,,, instead of e,,, at step mg, we have now that property that [y(mo + 1) and
I1(mg + 1) differ at and odd number of positions.

If we can choose €,,,11 in a way that Io(mg + 2) = I1(mo + 2) then by the same arguments as

above (where we have to replace mgy by mg + 1) it follows that
(46) v(I,d,e)=v(l,d,e)+ (moy+1—4lo+1)+1mod2=r(l,d,e)+1mod 2

and we are done. In particular this is possible if Io(my + 1) and I;(mo + 1) differ at precisely one
position.

If we cannot choose €,,,+1 in a way that Io(mg + 2) = I;(mo + 2) then we restart the original
procedure at this point knowing that the number of different positions in Iy(mg + 2) and I (mg + 2)
is smaller than the number of different positions in Iy(mo + 1) and I1(mg + 1). If I4(¢) and [,(¢)
differ at an even number of positions for all £ > mq -+ 2 (till we end up at some common .J), then we
again get and we are done. If not, let ¢; be the smallest integer £ > m + 1 such that I(¢;) and
I,(¢y) differ at an odd number of positions. By construction this number is smaller that the number
of different positions in Iy(¢y) and I;(¢y) and we can proceed now by induction and the procedure
will terminate after at most k steps. (]

It is now easy to complete the proof of Proposition [2[ by proving .

Lemma 8. For any d € {0,1}*"! any I € T), and any z € U we have

> P ()] < 2+

JETy,

Proof. Lemmas [4] and [f| imply that for any d € {0,1}* and any I € Ty, there exists J = J(I) € Ty
and j = j(I) € {0,...,2% — 2} such that 42’ and 42/*! are monomials of the polynomial Pg,. In
particular, any z € U such that ;. | P& (2)| = 2" should verify |+27/ + 2/7!| = |z + 1| = 2, which
implies z € {—1,+1}. Now Lemma [7| shows that we will actually find two consecutive terms of the
form +(27 — 2z9t1) which implies that z = 1 can be excluded, too. Summing up we have proved that
for all I € Ty and all z € U\ {—1} we have Y, |Pf(z)| < 2.

Next we repeat the argument (however, just by using Lemma@ by starting with any d’ € {0, 1}**!
and obtain that for all I € 7 and all z € U\ {1, -1} we have ) ; ;. | PR (2)| < 28+

Now we set d’ = (e, dy, . ..,d_1) for € € {0,1} so that we have M (2) = M*(2)M%(22) or

PIdJ(Z> = (_1)‘I|+EUP£O(1)J(22) + (_1)‘”%0“3]37(“151(1)(](22)

Since we have already observed that >, . ‘Pg ,(I)J(l)‘ < 2% we also have Y7 ;7 | P (£1)| < 28
which completes the proof of Lemma [§] O
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8.2. Proof of Proposition [2|in the case («y,...,ar-1) # (1,...,1). Without loss of generality
we can assume that ag = 1 and that for at least one ¢ > 1 we have oy = 0. As we mentionned in
Section , the discrete Fourier transforms G only depends on those indices ¢ for which o, = 1, so
that we again introduce the reduced K-uple I = (i¢)o<t<k,ay=1 and the reduced sets I, = {]~, I e

Tt

}The proof of Proposition |2l works again in the case (ag,...,ax—1) # (1,...,1) in the same way as
in the case (ag, ..., 1) = (1,...,1) if we replace Z;, by Zx, GL by GL and for any (e,¢') € {0,1}2
the transformation 7T.., on Z; by the corresponding transformation T... on Z;. In particular we
introduce, for any integer m > 1, d € {0,1}" and z € U, the matrices

M(z) = (ﬁ%(z)>(ff)ei2 ’

where the family of polynomials P~~ verifies Lemmal The corresponding weighted directed graph

G(z) has still outdegree 4 but less vertices and the coefficients of the matrix Md( ) can still be
interpreted as codings of path ¢ of length m with, for j € {0,...,m — 1}, step j in the graph §(z2j).
More precisely, for any I e Ik, e = (ep,....em-1) € {0,1}" and i € {1,...,m}, if we denote
Ta(1) =Ty e, -0 Tyeeo (I) We can associate to each of the 2™ paths from the vertex I to the
vertices T9¢(I) the Weight

wde(i Z) =  Wdgeg ([N7 Z>wd161 (Tlde(f)7 Z2) © Wdpy,_qem—1 (TESI(IN>’ Z2m_l>
_ (_1>V(f,d,e)ZN(e)’

so that, for any (I,.J) € Z2, we have, by definition of ﬁlgjz

ﬁ?j(z) _ Z wde(f’ Z) _ Z (_1)V(I,d,e)ZN(e)'

ec{0,1}™ ec{0,1}™

Tde(N)=J Tde(N=J
Next, the Lemmas @ and @ can be generalized in a direct way, replacing I by I, Z by Z; and
for any m € {1,...,k} and any (d, e) € {0,1}™ x {0,1}™, T9¢ by T9e. In particular the procedures
described in Lemmas [, and [7] directly translate to this case. For example we can project the two
paths from the proof of Lemma@ that connect I to J to corresponding paths that connect I and J
and prove that for any m >k, d € {0,1}™ and I € Z,, there exist J € Z, such that the polynomial
P~~ contains two monomials of consecutive degrees and then show, as in Lemma | that we can find

J € Ik such that the polynomial Pﬁ contains two monomials of consecutive degrees and opposite
signs by distinguish again an even case and an odd case.
This completes the proof of Proposition [2]

9. AUXILIARY LEMMAS

9.1. A multidimensional application of Beurling-Selberg-Vaaler’s method. For a« € R
with 0 < o < 1 let x,, be the characteristic function of the interval [0, &) modulo 1 defined by ().
The following lemma is a classical way to detect real numbers in an interval modulo 1 by means of
exponential sums.

Lemma 9. Foralla € R with 0 < a < 1 and all integer H > 1 there exist real valued trigonometric
polynomials Ay g (z) and By g(x) such that for all x € R

(47) Xa(®) = Aa,u(2)] < Ban(x),
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where
(48) Aos(z) =Y an(e, H)e(ha), Bop(z) = > by(a, H)e(hz),
Ih|<H Ih|<H
with coefficients ap (o, H) and by(a, H) satisfying
(49) aola, H) =, |an(a, H)| < min (o, 1) fbules H)| < 5t
Proof. This is a consequence of Theorem 19 of [2§] (see also the proof of [22] Lemma 1]). . O

Similarly we can detect points in a d-dimensional box (modulo 1):

Lemma 10. For (ay,...,aq) € [0,1)? and (Hy,...,Hy) € N with Hy > 1,..., Hy > 1, we have
for all (xq,...,14) € RY

(xj) - H AOéijj (:L’])

where Aq p(.) and By y(.) are the real valued trigonometric polynomials defined by (A8).
Proof. We have

d d
H Xoyj (ZE]) - H AOéij ('TJ)
s =1

(50)

< Z HXOéj (z;) H Ba,m; ()

0£IC{1,....d} j&J jeJ

S Z H|Xa] xJ |H|X0‘] xJ CYJ J(xj>‘

0AJC{1,...,d} §&J jeJ
Since xq, > 0, by we get . O
Lemma 11. Let N be a finite set and fi : N = R, ..., fa: N = R. Let Uy > 1, ...,.U; > 1 be

integers and
gINX{O,...,Ul—l}X"'X{0,...,Ud—1}—>(c
such that |g| < 1. The sum

=Y Y gl ) ﬁ[lej-l (ﬁ(n)—%)

neN 0<u; <U; 0<ug<Uyg

can be approximated, for any integers Hy > 1, ..., Hy > 1, by
= - - hyuy haug
S= ) an (U H)an, (U Hy) )y e (_ o,
‘h1|<H1 0§u1<U1
‘hd|<Hd OSud<Ud
Z g(n)uh v ,Ud) € (h1f1<n) +oeee hdfd(n))
neN

with the error estimate:

(51) ‘S—gléz Y. B

=1 1<j1<<je<d

U

with Ej, ., defined by

.....

> eh Uy fiu(n) + -+ hy,Uj, f,(n))|

neN

U]l UJ[
(Hj, +1)---(Hj, +1) 2

|hj1 ’S{"{jl /Ujl

|hie |§HJZ/UJZ
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Proof. We have

d d
~ U Ui
YOS g ) (H v (500~ 2) 1T (50 - j)) |
neN 0<u1<U1 j=1 J j=1 ’ J
O<ud<Ud

Using and the hypothesis |g| < 1 we obtain

s-8=2 v (X v (s0-3) | (ILE i (500~ 1)

neN 0£JC{1,..., j&€J 0<u; <U; JEJ 0<u,; <U;
For any t € R, we have

> XUl(t—F>—1

0<u;<U;

which shows that the first parenthesis is equal to 1. Observing that

Z _hju; N f U; if hy =0 mod Uj
© U, ] 0 otherwise

0§”LLj<Uj

we can write
> Byt u, (fj(n) - #) = > > (U7 Hye (hjfj(n) - [J]])
0<u; <U; J 0<u;<Uj |h;|<H; J

=U; > by, (U7 Hy) e (U fi(n)) |

|hj|<H;/Uj

which leads to
s-5< Y YTIIu X oo He U fm)
(Z);éJQ{l ..... d} neN jeJ |hj‘§Hj/Uj

Expanding the product, reversing the order of summations and then using ‘bhjUj (U j_l, H ])‘ < (H;+

~! (by (49)) this leads to (5I). O

9.2. Generalized van der Corput’s inequality.

Lemma 12. For all complex numbers z1,...,zy and all integers Q > 1 and R > 1 we have
2
N+QR-Q r .
(52) 3 ozl < T( S P2 Y <1_}_z> 3 %(ZMQTZH))
1<n<N 1<n<N 1<r<R 1<n<N—-Qr

where R(z) denotes the real part of z € C.
Proof. See for example Lemma 17 of [20]. O

9.3. Sums of geometric series. We will often make use of the following upper bound of geometric
series of ratio e(§) for (Ly, Ly) € Z*, Ly < Ly and € € R:

> et

L1<t<Ly

(53) < min(Ly — Ly, [sin7é| ™).
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Lemma 13. Let (a,m) € Z*> withm > 1, § = ged(a, m) and b € R. For any real number U > 0 we
have

(54) Z min (U |sin 7rantl| ) < dmin (U,

0<n<m—1

sinw%‘ ) + —mlog(Q m).
T

Proof. The result is trivial for m = 1. For m > 2 after using Lemma 6 of [21] it suffices to observe
that

) 2m . 2m 1 2m . 2m _ 2m
—— + —log— < —— +—10g— < —log(2m)
sin > w md T osing- oW T
0
Lemma 14. Let m > 1 and A > 1 be integers and b € R. For any real number U > 0 we have
(55) = Z Z min (U |sin 7ot | > < 7(m) U+ mlogm
1<a<A 0<n<m
and if |b| < 3 we have the sharper bound
1 _
(56) 1 Z Z min( anth|” > < 7(m) min (U, |sinm| 1) + mlogm,
1<a<A 0<n<m
where T(m) denotes the number of divisors of m.
Proof. Using we have for all b € R:
Z min< anth|” > < ged(a,m) U+ mlogm
0<n<m
while for |b] < 1, since ged(a, m)||b/ ged(a, m)|| = |b] this can be sharpened using (54) to
Z min (U |sin et | > < ged(a, m) min (U |sinm | > + mlogm.
0<n<m
Now
A
(57) Y gedlam)=Yd > 1<y d > 1:Zde§Ar(m)
1<a<A d|m 1<a<A dlm 1<a<A d|m
d<A ged(a,m)=d d<A d|a d<A
which implies and when [b] < 3. O
9.4. Gauss sums.
Lemma 15. For all (a,b,m) € Z* with m > 1, we have
m—1
(58) Z e ("”QT“’”) 2m ged(a, m).
n=0
Proof. This is Proposition 2 of [20] (notice that ged(0,m) = m). O

For incomplete quadratic Gauss sums we have

Lemma 16. For all (a,b,m, N,ng) € Z° with m > 1 and N > 0, we have

no+N

5 o(om)

n=ng+1

(59) < (2414 2log22) \/2mged(a, m).
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Proof. The following argument is a variant of a method known at least since Vinogradov. For m = 1
the result is true. Assume that m > 2. There are | N/m] complete sums which are bounded above
by /2m ged(a, m). The remaining sum is either empty or of the form

ni+L

S — Z e (an2+lm>
m
n=ni1+1
for some ny € Z and 1 < L < m. We have
ni+L m—1 1 m—1
Z Ze (an2+bn> - 6 kn u
u=n1+1 n=0 m k=0
hence
m—1 ni+L m—1
an?+(b+k)n
DI e (")
k: 0 u=ni+1 n:O
thus
1 m—1 ) m—1 )
. . k|~ +(b+k
|S\§EZm1n<L,’sm% ) Ze(W) .

Applying Lemma [15] with b replaced by b+ k and observing (by convexity of ¢ — 1/ sin(wt/m)) that
m—1 m—1/2
1 1 dt
— E min < “k ) <1l+— -
m 12 sin 7
we obtain ([59)). O

9.5. Norm of matrix products. We denote by ||A||x = max;<;<n Zjvzl |A; ;| the row-sum norm
Of a matrix A = (Ai,j)(i,j)e{l,...,N}Q-

2
=14+ log cot ——
2m

Lemma 17. Let My, ¢ € N, be N x N-matrices with complex entries My, ;, 1 <i,7 <N, and

absolute row sums
N
j=1

Furthermore assume that there exists integers mo > 1 and my; > 1 and constants cg > 0 and n > 0
such that

(1) every product A = (Ai;)ijeq,..ny2 of mo consecutive matrices My has the property that
for every row i we have

|Ain| >

N
dolAil<t—n
j=1

(2) every product B = (B ;) )eq,..ny2 of my consecutive matrices My has the property

N
D Bl <1-n
j=1

Then there exist constants C' > 0 and § > 0 such that
r+k—1

(60) IT M| <c2*
l=r o

uniformly for all v > 0 and k > 0.
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Proof. 1t is enough to show that the product of my + m; consecutive matrices M, has row-sum
norm < 1 —ncy. Indeed this implies
r+k—1

II M|l < (1 — nep) e/ tmotmill <

o0

1
1T —nco

and we obtain for C'=1/(1 —ncy) and 6 = neg/(mo + myq).

Let A = (A; ;)i j)eq1,....ny2 denote the product of mg consecutive matrices My and B = (B 1) (jk)e(1,... N2
the product of the next m; consecutive matrices My. For any ¢ € {1,..., N}, if |A; 1] > ¢o then the
i-th absolute row-sum of the product AB is bounded by

N N N N
DD ABik| < 1Al IBjAl
k=1 1j=1 j=1 k=1
N N N
= [Ai1] Z [Bul + Y 1Aii1 > 1Bl
k=1 j=2 k=1

< JAial (1 =7 +Z|A,J|

fﬂAmHL—m+1—P%ﬂ:1—UP%ﬂSl—ﬁ%

9—ncok/(mo+mi)

Similarly if we have Zjvzl |Am~] < 1—n then

Z ZAJBM: < Z’A1]|Z|B]k’ <l-n

k=1 |j=1

Since ¢y < 1 we have 1 —n < 1 — ¢gn, which completes the proof of Lemma OJ
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