JXU

Two Contemporary Is-
sues in Number The-
ory: Sequences with Low
Star Discrepancy and the
Asymptotic Behaviour of
the Sudler Product

Doctoral Thesis

to obtain the academic degree of
Doktor der technischen Wissenschaften
in the Doctoral Program

Technische Wissenschaften

JOHANNES KEPLER
UNIVERSITY LINZ

Submitted by
DI Mario Neumiiller

Submitted at

Institut fur Finanzmath-
ematik und angewandte
Zahlentheorie

Supervisor and
First Examiner
A.Univ.-Prof. Dr.
Friedrich
Pillichshammer

Second Examiner
Assoc.Prof.  Dr.techn.
Christoph Aistleitner

Juni 2019

JOHANNES KEPLER
UNIVERSITY LINZ
AltenbergerstraBe 69
4040 Linz, Osterreich
www.jku.at

DVR 0093696



i



Eidesstattliche Erklarung

Ich erklare an Eides statt, dass ich die vorliegende Dissertation selbststandig und
ohne fremde Hilfe verfasst, andere als die angegebenen Quellen und Hilfsmittel nicht
benutzt bzw. die wortlich oder sinngeméafl entnommenen Stellen als solche kenntlich
gemacht habe. Die vorliegende Dissertation ist mit dem elektronisch tibermittelten
Textdokument identisch.

Neumiiller Mario Ort, Datum

iii



v



Acknowledgements

Let me start by expressing my gratitude to my supervisor Friedrich Pillichshammer.
First of all I am thankful for all his lectures and tutorials I participated as a student
which formed the basis of my mathematical knowledge in number theory and related
subjects. Second I would like to thank him for his constant support and advise in my
studies and giving me always the appropriate amount of freedom for organizing my
work.

Further I would like to thank Roswitha Hofer for employing me at her FWF
project for about 2 years. In addition I want to express my gratitude to Sigrid
Grepstad for working together with me on half of the material that is part of this
thesis. It was a pleasure working with you. But I am even more grateful for the fact
that we became good friends.

I would like to thank all my colleagues for this wonderful time. A special thanks
goes to all my PhD colleagues Ralph, Florian, Katharina, Simon, Lisa and Wolfgang.
Not to forget Melanie who earned a special thanks since she has a solution for every
organizational problem that appears. Thank you for all the funny discussions, coffee
breaks, TAC-evenings and the good time in general.

Last but not least I would like to thank my parents for supporting me in every
situation. But my greatest thanks earns my better half Helene who supported me
every single day of my studies and without her this thesis would not be the same.
Thank you very much for everything!

The research described in this thesis was supported by the Austrian Science Fund
(FWF): Project F5505-N26 and Project F5509-N26, which are both part of the special
research Program “Quasi-Monte Carlo Methods: Theory and Applications”.



vi



Abstract

In this thesis we study two interesting topics which both are covered by the math-
ematical discipline of number theory. On the one hand we will investigate certain
problems which are related to numerical integration and discrepancy theory and on
the other hand we will analyse the asymptotic behaviour of a special sequence of
trigonometric products.

In various application (e.g. finance, physics, economics, computer graphics, ... )
it is inevitable to efficiently perform high-dimensional numerical integration. One
way to overcome this problem is to use quasi-Monte Carlo methods to approximate
the desired integrals. When using this methods the resulting approximation error is
intimately linked to certain distribution properties of the underlying integration nodes.
Therefore many different methods to efficiently construct finite sets of integration
nodes which perform well in the context of quasi-Monte Carlo algorithms already
exist. In the first chapter we will transfer two of the above-mentioned methods into a
digital setting. Roughly speaking this means we will switch from the usual integer
arithmetic to arithmetic with polynomials over finite fields. This change results in new
point sets with new properties which can again be used in the setting of quasi-Monte
Carlo methods.

For the second part of this thesis the main quantity of interest will be the so-called
Sudler product

Py(a) = H |2 sin(7ra),

where N € N and o € R. This sequence of trigonometric products appears in a
variety of different fields in both pure and applied mathematics e.g. continued fraction
theory, Padé approximation, g-series, KAM theory, strange non-chaotic attractors
(SNA), continuation of Dirichlet series, ... . We will analyse the asymptotic behaviour
of the Sudler product and special subsequences for certain choices of «.
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Kurzfassung

In dieser Arbeit betrachten wir verschiedene Fragestellungen aus dem Bereich der
Zahlentheorie. Einerseits werden wir uns mit Problemen beziiglich der Diskrepanz
einer endlichen Punktmenge bzw. mit numerischer Integration beschaftigen. An-
dererseits untersuchen wir im zweiten Teil dieser Arbeit eine spezielle Folge von
trigonometrischen Produkten.

In einer groflen Anzahl von Anwendungen (z.B.: Finanzmathematik, Physik,
Wirtschaft, Computergrafik, ...) is eine effiziente Vorgehensweise fiir numerische
Integration unabdingbar. Eine mogliche Losung fiir diese Herausforderung bieten
sogenannte quasi-Monte Carlo Methoden. Der unter Verwendung dieser Methoden
entstehende Approximationsfehler ist eng verkniipft mit bestimmten Verteilung-
seigenschaften der zugrundeliegenden Integrationspunkten. Aufgrund eben dieser
Verbindung gibt es bereits eine Vielzahl an Methoden um effizient geeignete Punkt-
mengen zu konstruieren. Im ersten Kapitel werden wir zwei dieser oben genannten
Methoden genauer analysieren und in ein digitales Setting transferieren. Somit entste-
hen neue Punktmengen mit neuen Eigenschaften, welche sich ebenfalls im Rahmen
von quasi-Monte Carlo Methoden verwenden lassen.

Im zweiten Teil widmen wir unsere Aufmerksamkeit dem sogenannten Sudler
Produkt

Py(a) = [ ] 12sin(mra)],

wobei N € N und o € R. Diese Folge von Produkten erscheint in den verschiedensten
Gebieten der reinen und angewandten Mathematik z.B.: Kettenbriiche, Padé Approx-
imation, g-series, KAM Theorie, Fortsetzung von Dirichlet Reihen, ... . Insbesondere
interessieren wir uns fiir die asymptotischen Eigenschaften des Sudler Produkts und
speziellen Teilfolgen davon fiir gewisse Wahlen von «a.
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Abbreviations and notations

The following lists of abbreviations and notations will be used frequently in this thesis:

List of abbreviations

QMC quasi-Monte Carlo
CBC construction component-by-component construction
ii.d. independent and identically distributed

List of notations

fractional part
ceiling function
floor function

Q &~/
—

eg(q) degree of the polynomial ¢

cd(a,b) greatest common divisor of a and b
[s] the set {1,...,s}
N natural numbers
Ny natural numbers starting from 0
Z integers
Q rational numbers
R real numbers
C complex numbers
P set of prime numbers
F, finite field of order p, p € P
F,((z™1)) field of formal Laurent series over I,

N
S

{f:D — C| f measurable, [, f2 d\ < co}
characteristic function of a set A

=
S
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More notation:

e Usually bold Latin or Greek letters denote either vectors of dimension s or
sequences if not explicitly stated otherwise. For example @ = (z1,...,2,) or

v = (7n>n€N-

e For a € R we denote the continued fraction expansion of « by [ao; ay, as, .. .|
where ag = |a] and (a,)neny € N are the continued fraction coefficients of

a. Moreover, by a = |ag;a1,...,an, Ghr1,---,0nie] Wwe denote that o has a
periodic continued fraction expansion with preperiod aq,...,a, and period
Apt15 -« -5 Apte-

e For two functions f, g : R — R we use the following notations:

— We write f(x) = O(g(z)) as * — a € [—00, 0] if there exists a constant
¢ > 0 and a neighbourhood B(a) of a such that f and g satisfy |f(x)| <
clg(z)| for all z € B(a). Usually a will be 0 or co and we will not explicitly
state that x — a if it is clear from the context.

— We use the notation f(z) = O(g(x)) as ¢ — a € [—00, 0] if there exist
constants ¢, C' > 0 and a neighbourhood B(a) of a such that c|g(z)| <
|f(x)] < Clg(x)| for all x € B(a). Again we will omit z — a if it is clear
from the context.

— We write f(x) ~ g(x) if lim,_, f(x)/g(z) = 1.

e For () # u C [s] and some s-dimensional function f(x) with © = (z1,...,z,) we
use the following notations:

— f(xy,1) = f(y1,...,ys), where y; = z; if i cuwand y; = 1 if ¢ € u.

— For u= {iy,...4,} we denote de, = dz;, ...dxz;,.

8|“|f(x1, cey Tg) denotes 8|“|f(a:1, cey Ts)

— For u={iy,...4,.} the term )
{i,ir} O, Oz, Oz, - - - O,
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Preface

In applications of finance, economics, physics, ... it is necessary to numerically solve
high-dimensional integrals. One class of algorithms which are able to deal with this
kind of problems are quasi-Monte Carlo algorithms. This sort of algorithms heavily
depends on the choice of the underlying point set, which should be “well” distributed
in the corresponding domain (in this thesis we will only consider the s-dimensional
unit cube). More precise, the error, which stems from the usage of such algorithms,
depends on certain distribution properties of the underlying integration nodes. Due
to this interesting connection of quasi-Monte Carlo algorithms and applications in
various fields, this topic has been studied extensively in the last decades. Moreover,
there already exist efficient algorithms for constructing finite point sets which perform
well in the context of numerical integration with quasi-Monte Carlo algorithms.

In the first chapter we will describe ways to transform two of these algorithms,
for creating such finite point sets with the desired properties, into a digital setting.
Roughly speaking this means we will switch from the usual integer arithmetic to
polynomial arithmetic over finite fields. Performing this transformation results in
new point sets with different properties which can again be feed into the machinery
of quasi-Monte Carlo methods.

In the second part of this thesis we will focus on a special sequence of trigonometric
products

Py(a) = H |2 sin(7ra),

where N € N and a € R. This sequence pops up in many different fields of pure
and applied mathematics. For example there are interesting connections of Py(«)
to continued fraction theory, partition theory, g-series, ... . In the second chapter
we will study the asymptotic behaviour of Py(«a) for certain choices of o. Most of
the time we will stick to the cases where « is either the golden ratio or a general
quadratic irrational. More precise, we are interested in the properties of the objects
liminfy o Pn(p) and lim,_,. P, (), where ¢ is the golden ratio, a a quadratic
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irrational and (g, )nen, is the sequence of best approximation denominators of .

These two above-mentioned limits are the central objects of questions and conjec-
tures stated by Lubinsky in [76] and Verschueren and Mestel in [104] which will be
investigated in Chapter 2.

The main part of this thesis consists of the following four papers:

1. F. Pillichshammer, M. Neumiiller: Metrical star discrepancy bounds for lacunary
subsequences of digital Kronecker-sequences and polynomial tractability, Unif.
Distrib. Theory 13 (1) (2018), 65-86.

2. R. Kritzinger, H. Laimer, M. Neumiiller: A reduced fast construction of polyno-
maal lattice point sets with low weighted star discrepancy. In Monte Carlo and
quasi-Monte Carlo methods 2016. Springer, Cham, 2018, pp. 377-394.

3. S. Grepstad, M. Neumtiller: Asymptotic behaviour of the Sudler product of sines
for quadratic irrationals, J. Math. Anal. Appl. 465 (2) (2018), 928-960.

4. S. Grepstad, L. Kaltenbock, M. Neumtiller: A positive lower bound for
liminfy_ Pn(p) (to appear in Proc. Am. Math. Soc.).

This thesis is structured as follows. First of all we start with a very brief
introduction to the mathematical field of number theory. The first chapter deals with
the part which is related to discrepancy theory. Therefore we start in Section 1.1 with
an introduction to quasi-Monte Carlo methods and discrepancy theory and continue
in Sections 1.2 and 1.3 with the second and first paper mentioned in the list above.
We close this chapter with Section 1.4, which contains a short conclusion and ideas
for further research.

The second chapter will be dedicated to the second topic of this thesis, the Sudler
product. Again we begin with an introductory part (Section 2.1), followed by the
fourth and third paper of the list above in Sections 2.2 and 2.3. In the last part
(Section 2.4) we close again the chapter with some concluding remarks and ideas for
generalisations and extensions of the main results in Chapter 2.
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Chapter 1

Discrepancy theory and
quasi-Monte Carlo integration

1.1 Introduction

First of all it should be pointed out that there exists a more detailed and very nicely
structured introduction on discrepancy theory and quasi-Monte Carlo integration
which was written by Leobacher and Pillichshammer [73]. The introduction of this
thesis will follow to some extend the lines of this book and stick to the overall structure
of it.

If one would have to explain discrepancy theory in one sentence then the comment
of Art Owen at the MCQMC conference in Stanford 2016 sums it up perfectly: “We
are counting points in boxes.” With this of course very rough comparison in mind let
us directly hop into one of the most central definitions of this chapter.

Definition 1.1.1 (Local discrepancy function, star discrepancy).

Let Py = {x1,...,xn} C [0,1)° be an N-element point set and let t = (t1,...,ts) €
0,1]°. Then [0,t) = ];_,[0,%;) is a s-dimensional axis parallel box and we define the
local discrepancy function of Py as

5(t, Py) = %Zﬂm)(wj) -1 (1.1)

Moreover, the star discrepancy of Py is defined as

Dy (Py) = sup [0(¢, Pn). (1.2)

te(0,1]8
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Note that for some s-dimensional box [0, ) the local discrepancy function compares
the relative number of points which are contained in the box to the volume of the
box. It is exactly this counting process, included in the local discrepancy function,
which the comment of Art Owen refers to. Finally by considering the supremum of
the local discrepancy function, the star discrepancy reflects the performance of the
worst possible box.

If we are interested in the discrepancy of a sequence (x,)n,en we will write
D3 ((n)nen) which denotes the star discrepancy of the first N elements of the
sequence (&, )nen-

The motivation for studying the discrepancy of point sets or sequences stems from
two different mathematical regions. It is already clear that this definition measures
some kind of uniformity of the point set Py. It will turn out in the next section that
the star discrepancy is closely related to the concept of uniform distribution modulo
1. Therefore the motivation for the notion of discrepancy comes from a number
theoretic background. Whereas in numerical mathematics the notion of discrepancy
is strongly connected to the problem of numerical integration by using quasi-Monte
Carlo algorithms.

1.1.1 Motivation

Let us now explain more detailed why the discrepancy of a point set or sequence is a
measure of a certain kind of uniformity, which is called uniform distribution modulo
1. This concept was introduced in 1916 by Hermann Weyl in his celebrated work
“Uber die Gleichverteilung von Zahlen modulo Eins” (cf. [106]) and has developed
into a fruitful and active branch of mathematics in the last century. One should
again emphasise that exactly this work was the beginning of the up to now well
studied branch of uniform distribution theory. The most central definition states the
following;:

Definition 1.1.2 (Uniform distribution modulo 1).

Let (x,)nen be a sequence in [0,1)°. The sequence (y,)nen is called uniformly dis-
tributed modulo 1 (or uniformly distributed) iff for all t = (t1,...,ts) € [0,1]° we
have

N
) 1
dim 3y 2 Mo (@) = A(10,9),

where Xs([0,t)) is the s-dimensional Lebesgue measure of [0,t) = [];_,[0,1;).

2



Probably the most famous example for a uniformly distributed sequence is the
so-called Kronecker sequence given by x,, = {na}, where a € R* and {-} denotes the
fractional part which has to be read component-wise. It turns out that the condition
that 1, a4, ..., as have to be linearly independent over Q is necessary and sufficient
for the sequence {na} to be uniformly distributed. Although it was already proved
by Bohl in 1909 that the above-mentioned sufficient condition is indeed a necessary
condition as well, the following criterion established by Weyl provides a very elegant
way to prove this fact.

Theorem 1.1.3 (Weyl criterion, [106], [64, Ch. 1, Theorem 2.1]). A sequence
(Tn)nen C [0,1)° is uniformly distributed modulo 1 if and only if

1 N
lim — § e271'1h-mn =0
N—ooo [V
n=1

for all h € Z° \ {0}. Here - denotes the usual Fuclidean inner product.

Let us revisit the definition of the star discrepancy (see Definition 1.1.1). Now
it is clear that the star discrepancy is a measure for the property of a point set of
being uniformly distributed. This can also be summarized more mathematically in
the following well known statement (see [64, Ch. 2, Theorem 1.1])

(®n)nen is uniformly distributed < A}im Dy ((xn)nen) = 0. (1.3)
—00

As we already mentioned the second motivation in order to investigate the
discrepancy of certain point sets and sequences comes from numerical mathematics.
Consider the following situation: Given a function f : [0,1]®* — R, where f belongs
to some suitable function space F equipped with a norm || - ||. We are interested in
the quantity

I(f) = fz) de. (1.4)

[0,1]°

A convenient way to approximate I4(f) is to use an equal weighted quadrature rule

of the form
| N
w2 f@n),
n=1

where P = {@1,...,xx} C [0,1]° are the integration nodes. Several questions arise in
this context. First of all there is the question of how to choose the point set P, which
is indeed the most central question concerning quadrature rules. Second, depending

3



on the choice of the underlying point set, what can we say about the quality of our
approximation which is usually measured in terms of the integration error:

f) = S fw)

A first idea could be to choose the point set P at random. This approach is called
Monte Carlo algorithm and it is well known if @, ...,y are i.i.d. random variables
in [0, 1]* then

€N(f, P) = |1

E(ex(f,P)) <

where o(f) is the standard deviation of f which is defined as

o(f) = \/E ((r-E()?)

and E(f) = f[O,l]d f(x)dx = I,(f) if we interpret f as a random variable on the
probability space ([0, 1]%, B, As), where B denotes the Borel og-algebra of [0, 1]° and A,
is the s-dimensinal Lebesgue measure.

However, the probabilistic error bound and also the convergence rate of O(N~1/2)

are not sufficient for some applications. Therefore we will approximate the quantity
I(f) by a so-called QMC algorithm of the form

(1.5)

3=

QNS f 7)N Zf wn (16)

where now in contrast to before the point set Py = {x1,...,xx} C [0,1]° is chosen
deterministically. A natural way to quantify the error one obtains by using a QMC
algorithm is to consider the so-called worst case error which is given by

en(F,Py):= sup en(f, Py). (1.7)

feF

<1
We will see that the integration error ey (f, Py) one obtains by using a QMC algorithm
is intimately connected to the star discrepancy of the underlying point set Py via
the famous Koksma-Hlawka inequality. Before actually stating the inequality let us

set for some function f : [0,1]® — R where all mixed partial derivatives of f exist
and are continuous on [0, 1°

1l = F0)+ 30 /

D#uCls]

a\ul
oz,

f(xy, 1)| da,, (1.8)

1] 1]



where we used the corresponding notation declared on page xiv. The subsequent
theorem is the combined result of Koksma (cf. [60], s = 1) and Hlawka (cf. [50],
s>1).

Theorem 1.1.4 (Koksma-Hlawka inequality). Let Py C [0,1)* and let f be a function
on [0,1]* with || f||s1 < co. Then we have

en(f,Pn) = |L:(f) = Qns(fs P < ([ flls i DN (Pw). (1.9)

If weset Fyq:={f : || flls1 < oo} we get as a direct consequence of Theorem 1.1.4
that the worst case error in Fy; is exactly the star discrepancy of the underlying
point set, i.e.

en(Fs1,Pn) = fSljer en(f,Pn) = Dy(Pn).
S s,1
[l flls,1<1

Furthermore note that due to the Koksma-Hlawka inequality the integration error
when using a QMC algorithm is now split into two parts: One part is depending on
the integrand f and the second part is exactly the star discrepancy of the underlying
integration nodes Py. In other words this means that studying point sets with low
discrepancy has a direct application in solving numerical integration problems. The
inequality (1.9) is still true in a more general case where || f||s1 is replaced by the
so-called variation of f in the sense of Hardy and Krause (denoted by V(f)), i.e.

en(f,Pn) = |L:(f) = Qus(f, Pn)| < V() Dy (Pw).

Roughly speaking V(f) can be interpreted as a measure for the fluctuation of f.
For a comprehensive proof of Theorem 1.1.4 and a definition of V(f) we refer the
interested reader to [64, Chapter 5]. But observe that if all mixed partial derivatives
of f are continuous on [0, 1]* then V(f) = || f|ls1 — f(1).

For more information on the connection of discrepancy theory and numerical
integration we refer to [71, 81, 82, 83, 101]. We will continue the introduction with a
very brief survey on some classical results of discrepancy theory.

1.1.2 Discrepancy theory: some classical results

We can naturally extend the definition of the star discrepancy to derive different
notions of discrepancies. First of all recall the definition of the star discrepancy
(Definition 1.1.1), which is given by the supremum over all axis parallel boxes
anchored in the origin of the local discrepancy function defined as

N s
1
o(t, Pn) = & > TLion(z;) - [t
7=1 i=1

5



If we now extend the supremum over all axis parallel boxes (not necessarily anchored
in the origin) we arrive at a different notion which is called the extreme discrepancy
(denoted by Dy (Py)). Second, one can interpret the star discrepancy as the Lo.-
norm of the local discrepancy function 6(-, Py ). By interchanging the L.,-norm with
the L,-norm for p € [1,00) we arrive at another notion of discrepancy, namely the
L,-discrepancy which is then given by

1/p
Ly Py) =166 Pwl = ([ ot pyrae)
[0,1]*

The subsequent proposition summarizes some basic connections between the different
notions of discrepancy.

Proposition 1. Let P be an N-element point set in [0,1)°. Then we have
1. Dy (P) < Dn(P) < 2°Dy(P);

p

2. Lyn(P) < Dy (P) < (Lyn(P))7+.

The lower bounds for Dy(P) and Dy (P) follow immediately from the definition
and the monotonicity of the L,-norms. The proof for the upper bound of Dy (P) is
mainly based on the fact that one can describe an unanchored axis parallel box as
the union and exclusion of at most 2° anchored boxes and the proof for the upper
bound of the star discrepancy in terms of the L,-discrepancy can be found in [31,
Theorem 1.8].

In what follows we will for the sake of simplicity just state the parameter depen-
dence for the appearing constants. In other words this means that the constants in
the rest of this section are not necessarily the same although they are denoted by the
same symbol.

We have already seen in Section 1.1.1 that we want to have point sets and sequences
with a small discrepancy. Of course this leads to an interest in upper and lower
bounds for the discrepancy of point sets and sequences as well as the corresponding
asymptotic behaviour. Let us start our small survey with the famous result by Roth
proven in 1954.

Theorem 1.1.5 (Roth, [93]). For every s € N there exists a constant c¢s > 0 such
that for every N > 2 and every N-element point set P C [0,1]° we have that

(log N)*z

DN(P) > D?\/('P) > LQ,N(P) > Cs N

(1.10)



This result of Roth is known to be best possible in the sense that for every s, N € N
there exists a point set P C [0,1)® and some constant ¢; > 0 such that

— log N)*7"
LQ’N(P) S 05%.

The first construction for such point sets in arbitrary dimensions was given by Chen
and Skriganov in [19]. Later on Dick and Pillichshammer were able to give explicit
constructions in [27].

(1.11)

Remark 1.1.6. Although not explicitly stated it is clear that together with the
monotonicity of the L, norms and Theorem 1.1.5 we get that for all s € N, p € [2, 0]
there exists a constant ¢, s > 0 such that for every P C [0,1)® we have that

(log N)*z
N
Moreover, Schmidt [95] could extend Theorem 1.1.5 to the case where p € (1,2),

s € N and Haldsz [41] was able to prove that Theorem 1.1.5 is still true for p = 1 and
s = 2.

L,Nn(P)>cps (1.12)

That the lower bound in the inequality (1.10) might not be optimal for the star
discrepancy is not very surprising if one compares the averaging behaviour of the
Lo-norm with the more localized one of the L.,-norm. Indeed Schmidt was able to
prove a stronger lower bound for the star discrepancy in dimension 2.

Theorem 1.1.7 (Schmidt, [94]). There ezists a constant ¢ > 0 such that for every
N > 2 and every N-element point set P C [0,1]* we have that

log N
N

It is known that this lower bound is best possible in N. Some classical examples
of point sets with the matching upper star discrepancy bound are provided at the
end of this subsection. If we consider the case s > 3 the currently best lower bound
was proven in an outstanding paper by Bilyk, Lacey and Vagharshakyan who were
able to improve the bound of Roth for the star discrepancy by an additional term 7,
in the log N-exponent.

Dy(P) > ¢ (1.13)

Theorem 1.1.8 (Bilyk, Lacey, Vagharshakyan, [13]). Let s > 3 then there exist
constant c¢; > 0 and ns € (0,1/2) with the following property: for every N > 2 and
every point set P C [0,1)® with cardinality N we have that

log(N) (371)/24'773
N

Dy (P) > ¢ (1.14)



Furthermore, the log N-exponent n, tends to zero (approzimately with order s=2) for
growing s.

This raises the question: Given a point set P C [0,1)°.
What is the optimal order of D} (P) for s > 37

It is not surprising that we will not be able to answer this question in this thesis since
one definitely can state that this question is the biggest open problem in discrepancy
theory. Moreover, the experts in this field do not even agree on what to conjecture.
Probably the two most prominent conjectures are the following:

Conjecture 1.1.9. For s > 3 there exists constants ¢, ¢, > 0 such that for sufficiently
large N and every point set P C [0,1)° with cardinality N we have that

(log N)*~* (log N)*/?
N N

Observe that both cases agree with the lower bound of Schmidt for the case s = 2.

Let us now consider sequences instead of point sets. Note that if we analyse the
discrepancy of a sequence (&, ),en We investigate the discrepancy of the increasing sets
{z1}, {z1, 2}, {21, T2, 23}, ... . Therefore it is much easier to increase the number
of points used in a QMC algorithm if the integration nodes stem from a sequence since
we just have to add the desired number of points to the already existing integration
nodes. Whereas in the case of point sets we would have to calculate a completely new
point set if we would like to increase the number of points. This is exactly the reason
why sometimes the two settings are referred to as the dynamic and static setting.
Due to this more demanding situation one could expect worse discrepancy bounds
for sequences than in the case of point sets which is indeed the case.

Similar to the static case the optimal order of the Lo-discrepancy is known for
sequences. The lower bound was given by Proinov in 1986.

Dy (P) > ¢ or DN (P) > ¢,

Theorem 1.1.10 (Proinov, [89]). Let p € (1,00], s > 2 then there exists a constant
Cps > 0 such that for every sequence (,)nen in [0,1)° we have that

(log N)*/
N

Similar as before we know that this lower bound is optimal for the Lo-discrepancy
since Dick and Pillichshammer gave an explicit construction of a sequence whose
Lo-discrepancy is at most ¢,(log N)*/2/N for some constant ¢, > 0 (see [27]). However,
for the star discrepancy the situation is different. There is an improvement for s = 1

by Schmidt in [94].

Dy((®n)nen) = Ly n((Tn)nen) > Cps for infinitely many N € N. (1.15)



Theorem 1.1.11 (Schmidt). There exists a constant ¢ > 0 such that for every
sequence (Ty)nen 0 [0, 1) we have that

log N

Dy ((wn)nen) = e—— (1.16)

Again this result is known to be best possible. An example for a 2-dimensional
sequence which obtains the above order of the star discrepancy is given at the
end of this subsection. For sequences the situation is quite similar to before. The
correct order of the star discrepancy is not known and there are different opinions and
conjectures about the correct exponent of the log N term. For example s and (s+1)/2,
which of course both agree with the result of Schmidt for s = 1 (Theorem 1.1.11).

Although the optimal order of the star discrepancy is not known for sequences
(and point sets) there is a consensus to call a sequence (x,)nen Or a point set P a
low-discrepancy sequence or low-discrepancy point set if

. (logN)* ., (log N)*~*
Dy (n)nen) < Co——pr— Or Dy(P) < Cs—— 7
Let us conclude this subsection with several famous examples of low-discrepancy

sequences and point sets:

e Van der Corput sequence:
The nth sequence element of this one-dimensional sequence is defined as x,, =
¢p(n), where ¢, is the b-adic radical inverse function. More precise, for some
base b € N we have that ¢, : Ny — [0,1) and

dp(n) = no/b+ny /b° +ng /> + - -, (1.17)

where the n; are the digits of the b-adic expansion of n, i.e. n =73 . n;b" and
n; €{0,...,b—1}. It is well known that the van der Corput sequence in base
b satisfies the following star discrepancy bound for some constant ¢, > 0

log(N)

Dy ((#p(n))nen) < N

For b = 2 this was first proven by van der Corput in [102, 103].

e Halton sequence:
The Halton sequence can be interpreted as the s-dimensional analogue of the
van der Corput sequence. For some base b € N let again ¢, be the radical
inverse function (defined in (1.17)). For s € N and integers by, ...,bs > 2 the
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nth element of the Halton sequence in bases b, ..., by, denoted by Sw, . p,) =
(T )nen is defined as

Ly = (¢b1 (n)7 ¢b2 (n)7 R 7¢bs (n))

Halton [42] could show show that for pairwise coprime bases by,...,bs > 2
the Halton sequence fulfills the following discrepancy bound for some constant
csp > 0and b= (by,...,0b)

(log N )S‘

DN (Sw,..p) < Csp ~

¢ Hammersley point set:
For s € N and pairwise coprime integers by,...,bs_; > 2 we define the Ham-
mersley point set Hy s, b, 1) = {Z1,...,Tn} with

@ = (55 0n (). Gn s ().

Again it is known (see [42]) that the Hammersley point set, which was first
introduced in [43], is an example for a s-dimensional low-discrepancy point set.
In other words we have for some constant ¢, > 0 and b = (by,...,b,) that

1 Ns—l
. (log N)*

For more detailed information in this direction we refer to [26, 73].

1.1.3 Lattice point sets and component-by-component con-
structions

A well studied example for useful point sets concerning QMC methods are so-called

lattice point sets, which were first introduced independently by Hlawka [51] and

Korobov [61]. These point sets can be constructed with the help of a generating
integer vector g € Z*° \ {0} and the corresponding point set is defined as follows

Pr(g) ;:{{%g} |n:0,...,N—1}, (1.18)

where {-} denotes the fractional part and is applied component-wise. Observe that
this kind of point sets can be interpreted as a rational analogue of the uniformly
distributed sequence ({na}),en for a € R*; which was mentioned in the beginning of

10



Subsection 1.1.1. In the analysis of the discrepancy of lattice point sets the so-called
dual lattice
L(g,N)={he€Z|h-g=0 (mod N)} (1.19)

plays a crucial role. The following inequality, which was proven by Niederreiter in [80,
Chapter 5] is a promising starting point to derive good (star) discrepancy bounds for
lattice point sets.

Theorem 1.1.12. Let N > 2, g € Z° and Pn(g) be the corresponding lattice point
set in [0,1)%. Then we have

DMPMQ)§1—<1—%)S+RN@% (1.20)
where
Rulg) = 3 b
! | heC*nL(g,N) r(h,N)’
C; = ((=N/2,N/21nZ)* \ {0},
MMAU:[UMWM,
and for h € Z

r(h, N) = {Nsiﬂ<7flhl/N) i h#o,
! if h=0.

Observe that by definition a lattice point set is fully determined by the generating
vector g and that it is enough to search for g in the set {0,..., N — 1}°. Since there
are no explicit constructions for good lattice point sets in dimension s > 3 (see [14]
for explicit constructions for s € {1,2}) one employes computer search algorithms to
find generating vectors which construct useful lattice point sets. In consideration of
the N*® possible choices for a generating vector an exhaustive search is not feasible
even for moderate values of N and s. In order to handle this problem one switches
to a greedy algorithm. The scheme of the algorithm described in the following lines
was first invented by Korobov in the 1960s in [62] and then rediscovered by Sloan
and Reztsov in 2002 in [97]. These so-called component-by-component constructions
(CBC) start by setting the first coordinate g; of g to some sufficiently good starting
value. Then we choose the next component g, such that g, minimizes a certain

11



quantity. The optimal case would be if go minimizes the star discrepancy of the
lattice point set but again this is computationally not feasible. Therefore the figure
of merit will be Ry(g), i.e. go is chosen such that Rx(g) is minimized. The third
component is again chosen in a way such that it minimizes the quantity Ry(g). One
follows this procedure until we obtain a generating vector of full size s.

Observe that we have g; € {0,...,N — 1} for all i € [s] :== {1,...,s}, i.e. in
each step of the algorithm described above there are N possible choices for each
component. Hence the size of the search space for a generating vector g reduces to
sN. To be more precise we actually exclude 0 since the choice of g; = 0 would lead
to bad distributional properties for the generated point set and in order to improve
the distributional properties of the resulting lattice point set even further we restrict
ourselves to search sets of the form Gy ={n €{1,...,N—1} : ged(n, N) = 1}. Note
that we have |Gn| = ¢(N), where ¢ is Euler’s totient function and the size of the
search space for g equals s¢(N). Now the algorithm described above reads as follows:

Algorithm 1.1.13 (CBC algorithm). Let s, N € N.
1. Choose g1 = 1.

2. Ford=2,...,s do: choose z = gq € Gn such that Rx((g1,92,---,94-1,%), N)
s minimized as a function of z.

The guarantee that the output of this algorithm is indeed a generating vector
which constructs a lattice point set with small (star) discrepancy is given by the next
theorem.

Theorem 1.1.14. Let N be a prime number. If the generating vector g = (g1, - .., gs)
is constructed with the help of Algorithm 1.1.13 then we have for d € [s] that

d 2
+

d
Dy(Px(g.) < 4 + - (log N+ 1), (1.21)

where gq = (glv cee agd)'

For a proof of Theorem 1.1.14 we refer to [73, Chapter 4]. Observe that the discrepancy
bound in Theorem 1.1.14 implies

Dy(Pxtg) =0 (LE3)

B (1.22)

if g is the output vector of Algorithm 1.1.13. Let us conclude this section with a pure
existence result of Bykovskii [18] in 2012 which uses a different approach and achieves
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a slightly better order of magnitude. For s > 2 and N > 3 there exist g € Z* such

that (log N)*1log log N
Dy(Pylg)) = 0 (LB 08B,

where the implied constant depends on the dimension s.

The construction cost of the standard CBC construction (Algorithm 1.1.13) is
of order O(sN?) (see [71]), where s is the dimension and N the cardinality of the
resulting lattice point set Py(g). The order of magnitude in N and in s of the
construction cost of Algorithm 1.1.13 can be significantly reduced by combining
different ideas and concept of various authors. This topic will be covered in more
detail in Section 1.2.

(1.23)

1.1.4 Formal Laurent series: basic notations

In this thesis we will encounter in several sections objects and definitions which
frequently make use of finite fields, polynomial arithmetic over finite fields and formal
Laurent series. Therefore it is beneficial to introduce some basic notations and provide
some elementary information concerning these notations, which is exactly the aim of
this subsection.

For a prime number p, let IF, be the finite field of prime order p. We identify
[F, with the set {0,1,...,p — 1} equipped with arithmetic modulo p. Moreover, we
denote by F,[z] the set of polynomials over F,. In certain situations we want to
identify each n € N with a polynomial in [F,[x]. This is done in the following way:
Each n € N has a unique p-adic expansion of the form n = ng +nip+- -+ np_1p™ !
with digits n, € {0,1,...,p—1} for r € {0,1,...,m —1}. We can therefore associate
to each integer n the uniquely determined polynomial n(z) = >P_} n,a" € F,[z].

The field of formal Laurent series over F, will be denoted by F,((z™!)), i.e.

F,((z71)) = {i ™t s weZt e Iﬁ‘p} :

Note that we have F, C F,[z] C F,((z™")). The fractional part of a formal Laurent
series g = Y .~ t;z~" is denoted in the same way as in the real case and defined by

o

{g}:= D ta

l=max{1l,w}

Further, we set
Fp((a71) = {{g} : g € Fp((2™))} (1.24)
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= {Ztl.’ﬂ_l TwE N,tl S Fp} .
l=w

Finally, for m € N we introduce the following functions

O Fp((™1) = [0,1), O <Z tl:v_l) => tp, (1.25)

¢ :Fp((z™h) = [0,1], ¢ (Zm—l> => tp . (1.26)
l=w l=w

Observe that the function ¢ is surjective on [0, 1] but not injective since for z € QN[0, 1)
with finite p-adic expansion of the form z = Zle t;p~" and t;, # 0 we can also write
r=> " up!, where wy=t; forl € {1,...,L— 1}, up =t — 1 and u; =p — 1 for
[ > L. To overcome this problem let us set

C:={geF,((z™") : t), = p— 1 for all but finitely many k > 1 }. (1.27)

Note that C is a countable set. Further, we define F;((xfl)) :=F,((z7!))\ C. Then
one can check that the map

¢:F ((z71) = [0,1), ¢ (Ztla:l> => tp!

is a bijection.

1.1.5 A digital analogue: polynomial lattice point sets

In Subsection 1.1.3 we studied lattice point sets and algorithms to construct them.
Now we are interested in a certain analogue of lattice point sets which are called
polynomial lattice point sets. Roughly speaking we are switching from integer
arithmetic to arithmetic with polynomials over a finite field.

For a given dimension s > 2 and some integer m > 1 we choose a modulus
f € F,[z] with deg(f) = m as well as polynomials ¢, ..., gs € F,[z]. The vector of
polynomials g = (g1, . .., gs) is again called the generating vector of the polynomial
lattice point set. Moreover, we associate to each n € {0,1,...,p™ — 1} the polynomial
n(x) as described in Subsection 1.1.4. With this notation the polynomial lattice point
set Py(g, f) is defined as the set of N := p™ points of the form

e (o () (o
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where ¢,,, is defined as in (1.25) and for (see also [26, Chap. 10]). Observe that the
definition which results in (1.28) is of a similar structure as the definition for lattice
point sets. At first sight the main difference seems to be the switch from integer
arithmetic to arithmetic with polynomials over finite fields. Indeed the development
of lattice point sets and polynomial lattice point sets follows a parallel track but
nevertheless there are certain situations where one is superior to the other (e.g.
in terms of error bounds or the function classes where they yield good results for
numerical integration). For a more detailed comparison see [88].

Niederreiter [80] proved the existence of polynomial lattice point sets with low
star discrepancy by averaging arguments. Generating vectors of good polynomial
lattice point sets can be constructed analogous to generating vectors of lattice point
sets, i.e. by a CBC construction. This can be done by finding suitable analogues for
the quantity Rx(g) (see (1.20)) and the search set Gy = {1,..., N — 1}. Following
this strategy CBC constructions for generating vectors of polynomial lattice point
sets for an irreducible modulus f were provided in [25] and for a reducible f in [22].
In these papers, the authors considered the star discrepancy as well as its weighted
version (see Subsection 1.1.7). In Section 1.2 we will deal with this constructions in
more detail and focus especially on the speed up of them.

Remark 1.1.15. Polynomial lattice point sets are a special case of a more general
class of point sets introduced by Niederreiter in [77] (see also [79, 80]). Later the
name digital nets (see for example [26]) was introduced for this class of point sets.
We will see that there exists an equivalent definition for polynomial lattice point sets
which fits into the framework of digital nets. One of the main characteristic features
of this kind of point sets is their construction. An s-dimensional digital net can be
constructed with the help of s generating matrices.

Definition 1.1.16 (Digital net). Let p € P, m € N and C4, ..., C; € F™. We call
the point set P = {xy,...,xy} with N = p™ a digital net over F, with generating

matrices C1, ..., Cy if the elements of P are constructed in the following way:

In order to construct the nth element x, of P we first compute the vector n

which consists of the p-adic digits of n, i.e. n = Z;n:_ol nkp® and m = (ng, ..., Npm_1)".

Note that we construct a point set with N = p™ elements. Second, for each i € [s]
@ _ (@ (T

we set Yn’ = (Yn1,---,Yns)  as

Finally the entries of yg) are the digits of the ith component of x,,. This means we
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set ¢, = (Tp1,...,%ns) and

(4) (4) (i)
xn,¢=%+yL2’2+~--+%—;lm for i € [s].
p p p
The construction scheme described above can also be generalised to the cases where
p is a prime power or an integer, see [26] and [67, 69, 80|, respectively. For a detailed
description of the concept of digital nets we refer the interested reader to [26] or [80].
Let us now have a more detailed look on the digital construction of polynomial
lattice point sets. Let therefore be s,m € N and p € P. Additionally let g =
(g1,-..,95) € (Fp[z])® and fix some f € F,[x] with deg(f) = m. For i € [s] consider
the formal Laurent series expansion

9i(r) _ N~ 0, -
f(ib’) - Z l € IF;D(( ))7

I=w;

where w; € Z with w; < 1 and Ul(i) € F,. Now we define the s generating matrices
C4,...,C, of size m x m as

Cg'fv)drl = Uf’ija (1'29)

where j € [m], r € {0,...,m — 1} and ¢ € [s]. Now the digital net over F, with
generating matrices C1, ..., C, given in (1.29) yields exactly the same point set as
defined in (1.28). For a proof of this statement see, for example, [26, Theorem 10.5].
Moreover, the digital construction for polynomial lattice point sets described above
can be generalised to the case where p is a prime power (see [79]).

1.1.6 Inverse of the star discrepancy

In certain situations and especially in the context of QMC-methods it is useful to
study the following question:

How many points N do we need to ensure a discrepancy smaller than some 7

Let us put this question on a more mathematical basis. Therefore we define for
N, s € N the minimal star discrepancy

disc*(N, s) := Pci[%fns Dy (P). (1.30)
PI=N
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In other words disc*(N, s) denotes the smallest star discrepancy which can be achieved
by a point set with N elements. Now we can reformulate the question from before as
the following quantity

N*(g,s) :=min{N € N : disc*(N,s) < e}. (1.31)
Often N*(g,s) is referred to as the inverse of the star discrepancy.

Remark 1.1.17. The quantity defined in (1.31) is actually just a special example
which is part of a more sophisticated and general theory, called information based
complexity (IBC). In the language of IBC the inverse of the star discrepancy is
a special instance of the so-called information complexity. Here one studies the
behaviour of the information complexity for multivariate continuous problems over
some suitable function class F consisting of s variate functions. It was already
mentioned in Section 1.1.1 that according to the Koksma-Hlawka inequality the
star discrepancy is related to the problem of numerical integration. In IBC one is
interested in the dependence of N*(e,s) on the error demand ¢ and on the dimension
s. If the information complexity depends exponentially on the dimension s or on 7!
then the corresponding problem is called intractable, otherwise it is called tractable.
In order to classify and categorize the tractable problems, several notions have been
established (see [81, 82]). For example we say that the inverse of the star discrepancy
is polynomially tractable if there exists C' > 0, p,q > 0 such that

N*(g,s) < CsPe™.

If p=0 (i.e. no dependence on the dimension s) we say that the inverse of the star
discrepancy is strongly polynomially tractable. For a detailed and comprehensive
description of tractability theory see [81, 82, 83].

Since the last one and a half decades a lot of effort has been put into the analysis
of the star discrepancy with respect to dimensions s tending to infinity. In a seminal
work by Heinrich, Novak, Wasilkowski and Wozniakowski [45] it has been shown that
there exists an absolute constant C' > 0 such that

disc* (N, s) < C /% for all s, N € N (1.32)

(see [45, Theorem 3]). Later Aistleitner [1, Theorem 1] showed that the constant C'
can be chosen as C' = 10 and recently Gnewuch and Hebbinghaus (to appear) could
improve this result further such that one can choose C' = 2.528... . From this and
(1.32) we obtain

N*(e,s) < cse™? with ¢ = 6.394. .. .
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This means that the star discrepancy is polynomially tractable, see [81, 82]. On
the other hand Hinrichs [48] showed that N*(e,s) > cse™! for all s € N and for
sufficiently small € > 0. Hence the inverse of the star discrepancy depends linearly on
the dimension, which is also the programmatic title of [45]. However, the determination
of the exact exponent of e~! is still an open problem.

1.1.7 Weighted discrepancy

We have already seen several notions of discrepancy in the previous sections. The
motivation for another concept of discrepancy comes from the aim to classify problems
with respect to their tractability properties.

It has been observed in several applications of QMC methods that integrands show
different behaviour concerning different variables in the sense that some variables
are less important than others for the corresponding integration problem. In order
to mathematically model this observations and also gain an advantage from this
information Sloan and Wozniakowski [98] introduced the concept of the weighted
star discrepancy. Therefore weights have been introduced to reflect the influence
of different coordinates on the integration error. Consider weights v = (7y)uc[s Of
nonnegative real numbers, i.e., every group of variables (z;);c, is equipped with a
weight ~,. Roughly speaking, a small weight indicates that the corresponding variables
contribute little to the integration problem. Now the weighted star discrepancy is
defined as follows.

Definition 1.1.18 (Weighted star discrepancy).

Let v = (Wu)ucjs) be given weights, Py = {@x1,...,zx} C [0,1)° be an N-element
point set and 6(t, Py) be the local discrepancy function of Py (see (1.1)). Then the
weighted star discrepancy of Py is defined as

Dy (Py) = 0((ty,1),Pwn)|,
N (Pn) tesggg]swgg]%l ((tu,1),Py)|

where (t,, 1) denotes the vector (t1,...,t;) witht; =t; if j€uw andt; =1 if j ¢ u.

First of all note that this concept is indeed a generalisation of the star discrepancy
defined in Definition 1.1.1 since Dy, = Dy if 7, = 1 for all u C [s]. Secondly, we
would like to point out that there also exists a weighted version of the L,-discrepancy
(see [26, Section 3.6]).

The most common examples of weights studied in the literature are:

e Product weights: The importance of the jth variable is reflected by the jth
sequence element of a non-increasing sequence of positive real numbers (7;);>1
with v; < 1. Then we set 7, := Hjeu v; and vy := 1.
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e Finite order weights: Let £ € N be the order of the weights. Then v, = 0 for
lu| > k for all u C [s].

As already indicated in the beginning of this section introducing weights can lead
to improvements in the high-dimensional behaviour of the corresponding discrepancy.
Analogous as in Subsection 1.1.6 we define the inverse of the weighted star discrepancy:

discZ (N, s) : = Pcl%fl)s Dy (P), (1.33)
|Pl=N
Ni(g,s) i =min{N € N : disc} (N, s) < e} (1.34)

Recall that the dependence of the inverse of the star discrepancy on the dimension s
was linear. If we consider the weighted version one can show the following theorem
which was first shown in [49].

Theorem 1.1.19. If the weights v = (7, )uc[s fulfill the condition

sup max v,/ |u| < oo
seN uCls]

then for all 6 € (0,1) there exists a constant cs > 0 such that
Ni(e,s) < {c(g(logs~|—1)1/(1 9)g=2/(- ‘W (1.35)

A proof of this theorem can also be found in [26, Theorem 3.65] as well as a
version of this theorem for the weighted L,-discrepancy.

One can use the notion of the weighted star discrepancy as starting point to
develop a concept for numerical integration in weighted spaces with the help of QMC
rules, where one uses a weighted version of the Koksma-Hlawka inequality in order to
connect the integration error of the QMC rule to the weighted star discrepancy of the
underlying point set. For detailed information in this direction see [26, Sections 2.5
and 3.6] or [98].

We will briefly discuss this concept for functions belonging to the function space
Wit D(10,1]%) = @5, W([0,1]) with the norm || f]|,~, where W2([0,1]) is the set
of all absolutely continues functions where the first derivatives belong to £4([0, 1]).
The norm is defined as follows:

PAuC [s]

ol \
ox,

f(y, 1)‘ de,, (1.36)
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where da, = [[,., © ol oM and flxy, 1) = fy1,...,ys) with y; = z; if

jeuis da, Oy 0T,
1 € uwand y; = 1 else. Moreover, we set

Fo={f € W3 D(0,1°) + || fllamy < 00} (1.37)

Then the weighted Koksma-Hlawka inequality states (see [98]) that for f € F; ., we
have for the QMC integration error that

1 N
0,1]° (w)dw — N Zzlf(wz) S “f”sxyDj\[,.y(P), (138)

where P = {xy,...,xn}.
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1.2 A reduced fast construction of polynomial lat-
tice point sets

As already mentioned in Section 1.1.5 there exist constructions for polynomial lattice
point sets which perform well in terms of the resulting star discrepancy or the weighted
star discrepancy. It is the aim of the present section to speed up these constructions
(in the case of the weighted star discrepancy) by reducing the search sets for the
components of the generating vector g of a polynomial lattice point set according
to each component’s importance. We will consider the weighted star discrepancy
as a quality measure for our point sets (see Section 1.1.7). For the weighted star
discrepancy of a polynomial lattice point set with modulus f and generating vector g
we simply write Dy, (g, f). Moreover we have to consider weights v = (7)uc(s of
non-negative real numbers. Then each group of variables @, = (z;);c, is equipped
with the weight ~,. For the sake of simplicity we will stick to the case of product
weights, i.e. for a non-increasing sequence of positive real numbers (y;),>1 with v; < 1.
We set v, 1= Hjeu 7v; and vy := 1. (Note that if we consider a weight for a single
variable z; we have by definition 7;;, = ; and therefore in what follows we we will
not distinguish between the weight v;;; and the sequence element +;.)

For the rest of this section let p € P, m € N and f € F,lz] with deg(f) =
Additionally, by G}, we denote the set of all polynomials g over F,, with deg(g) <
Further we define

m.
m

Gpm(f) = {9 € Gpm | ged(g, f) = 1}. (1.39)

Observe that G,,,(f) denotes the search set of the standard CBC construction for
polynomial lattice point sets described for example in [23, 25]. It is the nature of
product weighted spaces that the components g; of the generating vector have less
and less influence on the quality of the corresponding polynomial lattice point set as
J increases. Roughly speaking this is due to the weights (7;);>1 which are assumed
to become ever smaller with increasing index j. We want to exploit this property
in the following way. As the components’ influence is decreasing with the growth of
their indices we want to use less and less time and computational cost to choose these
components. To achieve this we choose them from even smaller search sets, which are
defined as follows. Let w; < wy < ... be a non-decreasing sequence of nonnegative
integers. This sequence of w;’s is determined in accordance with the weight sequence
(7;)j>1. Loosely speaking, the smaller v;, the bigger w, is chosen. For w € Ny with
w < m we define G, ,,—, and G —y (f) analogously to G, and G, (f), respectively.
Further we set Gy, pm—w(f) = {1} C F,[z] for w > m. For w < m these sets have
cardinality p™ " —1 in the case of an irreducible modulus f and p™~“~!(p—1) for the
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special case f : F, = F,, o — 2™. We will consider these two cases in what follows.
Finally, for d € [s], we define G, _,(f) := Gpm—w, (f) X -+ X Gpm—w,(f). The idea
is to choose the ith component of g of the form x"g;, where g; € Gpm—uw,(f), i€,
the search set for the ith component is reduced by a factor p~ ™%} in comparison
to the standard CBC construction. We will show that under certain conditions on
the weight sequence (7;)>1 and the parameters w; a polynomial lattice point set
constructed according to the reduced CBC construction has a low weighted star
discrepancy of order N~'*9 for all § > 0.

The standard CBC construction (cf. [97]) can be done in O(sN?) operations.
To speed up the construction, in a first step, making use of ideas from Nuyens and
Cools [84, 85] on fast Fourier transformation (FFT), the construction cost can be
reduced to O(sN log N), as for example done in [25]. Combining this with the reduced
search sets, which have been described above, we obtain a computational cost that
is independent of the dimension eventually. Reduced CBC constructions have been
introduced first by Dick et al. in [23] for lattice and polynomial lattice point sets
with a small worst case integration error in Korobov and Walsh spaces, respectively,
and have also been investigated in [63] for lattice point sets with small weighted star
discrepancy.

Recall that Nj;(s, ¢) is the minimal number of points required to achieve a weighted
star discrepancy of at most ¢ (see Section 1.1.7). To keep the construction cost of
the generating vector low, it is, of course, beneficial to have a small information
complexity and thus to stand a chance to have a polynomial lattice point set of small
size. We will show that our reduced fast CBC algorithm finds a generating vector g
of a polynomial lattice point set that achieves strong polynomial tractability provided
that Z;’il v;p* < oo with a construction cost of

min{s,t}
O | Nlog N + min{s,t}N + N Z (m — wq)p™ "
d=1

operations, where t = max{j € N | w; < m}.

Before stating our main results we would like to discuss a motivating example.
Consider first the standard CBC construction as treated in [22, 25|, where w; = 0
for all 5 > 0. In this case, a sufficient condition for strong polynomial tractability
is Z;; 7j < 00, which for instance is satisfied for the special choices v; = j~2 and
v; = j 1% However, in the second example the weights decay much faster than in
the first but without any further advantage for the standard CBC construction. We
are able to exploit this decay by introducing the sequence w = (w,);>o such that the
condition Z;’il v;p*7 < oo holds, while still achieving strong polynomial tractability
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(see Corollary 1.2.4). This way, we can reduce the size of the search sets for the
components of the generating vector if the weights v; decay very fast. Consider for
example the weight sequence ; = j~ for some k > 1. For w; = |(k — «)log, j| with
arbitrary 1 < a < k we find

oo

S ypt <Y TR =) = () < o,
j=1 j=1

j=1

where ( denotes the Riemann Zeta function. Observe that for large k, i.e., fast
decaying weights, we may choose smaller search sets and thereby speed up the CBC
algorithm.

1.2.1 A reduced CBC construction

In this section we present a CBC construction for the vector (z*'gy,..., 2" gs) and
an upper bound for the weighted star discrepancy of the corresponding polynomial
lattice point set.

First note that if g € G2, | then it is known (see [25]) that

p7m’

[
D9, /) <> (1 - (1 — %) ) + R (g. f), (1.40)
uCls]
u0

where in the case of product weights we have
By(g.f) = > TIn(h). (1.41)
heG} o, \{0} =1

h-g=0 mod f

Here, for elements h = (hy,...,h,) and g = (g1,...,9s) in G, ,, we define the scalar
product by h - g := hig1 + - - - + hsgs. The numbers r,(h,v) for h € G,,,, and v € R

are defined as
14+~ if h=0,
rp(h,y) = .
yrp(h)  otherwise,

where for h = hg + hiz + - - + hax® with h, # 0 we set r,(h) = ——%——. Thus,

patl SiIlZ(%hu)
in order to analyse the weighted star discrepancy of a polynomial lattice point set
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it suffices to investigate the quantity R (g, f). This is due to the result of Joe [55],
who proved that for any summable weight sequence (;);>1 we have

Jul T 00
1 max(1,T")exi=1% Vi
wll—11——= < thF:— 1.42
%:}7< ( N) )‘ N . 1+ (142)

u;é@
Algorithm 1.2.1. Let p € P, m € N, f € F,[z| with deg(f) = m and let (w;);>1
be a non-decreasing sequence of nonnegative integers and consider product weights
(7)1 Construct (g1, ...,9s) € G5, _(f) as follows:

1. Set gy = 1.

2. For d € [s — 1] assume that (g1, ..., g4) € G, (f) is already found. Choose

Jgd+1 € Gp,mfwd+1 (f) such that Rg—i_l((x gi, - wdgdvxwd+1gd+l)7f) iS AT
mized as a function of ggyi1.

In the algorithm above, the search set is reduced for each coordinate of (g, ..., gs)

according to the weight ~;, since with increasing w; the search set becomes smaller,
as the weight ~; and thus the corresponding component’s influence on the quality of
the generating vector decreases. For this reason we call Algorithm 1.2.1 a reduced
CBC algorithm. We will now study Algorithm 1.2.1 for different choices of f.
1.2.2 Polynomial lattice point sets for f(z) = 2"
Let us shift our attention to the interesting case where f: F, — F,, x — ™. Through-
out the rest of this section we write ™ instead of f to emphasise our special choice of
/. Note that for g € F,((z™')) the Laurent series g/f can be easily computed in this
case by shifting the coefficients of g m times to the left. This is why the choice ™ for
the modulus is the most frequently used in practice. Furthermore, the mathematical
analysis of the reduced CBC algorithm is slightly less technical in this case, since the
proof of the following discrepancy bound requires to compute a sum over all divisors
of the modulus f. This is much easier for the special case f(x) = z™ than for a
general modulus f. It is the aim of this section to prove the following theorem:

Theorem 1.2.2. Let v = (v;);>1 be positive real numbers and w = (w;);>1 be
nonnegative real numbers with 0 = w; < wy < .... Let further (g1,...,9s) €
G (™) be constructed using Algorithm 1.2.1. Then we have for every d € [s]

p,m—w

d
w 1 min{w;,m p2_1
Rfly((x g1 g4), Sp—mH(lﬂL%—i‘%’QP e 3p )
=1
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As a direct consequence we obtain the following discrepancy estimate.

Corollary 1.2.3. Let N = p™ and v, w and (g1,...,9s) be as in Theorem 1.2.2.
Then the polynomial lattice point set P ((z*“ g1, ..., 2" gs),x™) has a weighted star
discrepancy

Dy, (2" gy, ..., 2" gs), 2™)

1\ M 1 o 2 _q
< Z% (1 - (1 - N) ) - NH (1 + +%2pmm{w“m}mpv)~

uCs] i=1
u£0

Knowing the above discrepancy bound, we are now ready to ask about the size
of the polynomial lattice point set required to achieve a weighted star discrepancy
not exceeding some ¢ threshold. In particular, we would like to know how this size
depends on the dimension s and on ¢.

Corollary 1.2.4. Let N = p™, «, and w be as in Theorem 1.2.2. Assume that
(g1, -+ 95) is constructed according to Algorithm 1.2.1. Then Y270, ;p™ < oo
implies

D}kv”y ((xwlgh tt al‘wsgs)7 xm) == O(N_1+5)7

with the implied constant independent of s, for any 6 > 0.
Proof. Construct a generating vector (gi,...,9s) € G5, (™) by applying Algo-

rithm 1.2.1 and consider its weighted star discrepancy, which is bounded in the
following way due to Corollary 1.2.3:

Dy, ((x" gy, ..., 2" gs), 2™)

[u] s 2
1 1 |
<Y (11— — ~ T (14 7 + szpmin e (L
< CH%<1 (1 N) >+N ( + i + 7i2p m 3 ) (1.43)

= =1
u0

Recall that by (1.42) we already know that
1 [u] .
dowf(1- (1 - N) = O(N7Y, (1.44)
uCls]
u#0
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where the implied constant is independent of N and s. For the second summand in
(1.43) we get

—.

: 1
11 (1 + i + a2t m}mp—) <

. 2_1
1+ 3vy,p™™ {“’“m}mp—
=1 3p

=1

H (1 + ¢pip" log, N)

=1

w |l

.

where ¢, = (p* — 1)/p. If we define for d € Ny the quantity oq == ¢, >, vip™
then it follows by [47, Lemma 3] that

S

[T (14 eprip*log, N) < (1 + 0" NUFo0rw,

i=1
Now let § € (0,1) and choose d € Ny sufficiently large such that o4 < §(1 + o)7L

Then we obtain

S

H (1 + i A+ Ay 2pmin fweml P’ > < H + ¢pyip"ilog, N) < cprys N, (1.45)

i=1

where ¢, ~ s is independent of N and s. Applying the estimates (1.44) and (1.45) to
(1.43) we get that

Dy~ (" g1, .., 0" gs),2™) = O(N~9), for § >0
and this finishes the proof. O
In order to show Theorem 1.2.2 we need several auxiliary results.
Lemma 1.2.5. Let a € F,[z] be monic. Then we have

21

—deg(a)
3p b '

p
> rp(h) = (m — deg(a))
heGp,m\{0}
alh

pi-1

In particular, for a =1 this formula yields Zhecp {0} rp(h) =m R

Proof. This fact follows from [22, p. 1055] (by setting 74,1 = 1). The special case
a =1 also follows from [25, Lemma 2.2] by setting s = 1. O
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For our purposes, it is convenient to write 15 (g, f) from (1.41) in an alternative
way. To this end, we introduce some notation. For a Laurent series L € F,((z71)) we
denote by c¢_1(L) its coefficient of 27!, i.e., its residuum. Further, we set X, (L) :=
Xp(c—1(L)), where x, is a non-trivial additive character of F,. One could for instance
choose x,(n) = e@™/P" for n € F,, (see, e.g., [74]). Tt is clear that X,(L) = 1if Lis a
polynomial and that X,(L; + Lg) Xp(L1)X,(Lo) for Ly, Ly € Fy((z™1)). From [80,
p. 78] we know that for some ¢ € IF,[z] we have

> (%4) - {g’m e (1.46)

otherwise.
vEGH,m

With this, it is an easy task to show the following formula.

Lemma 1.2.6. We have

s

Rfy(Q»f)_ H( + 1) +_ Z H L+ +7 Z rp(h) X, (%hgz)

i=1 UEGP m 1=1 hEGp,m\{O}

Proof. We start with (1.41) and employ the properties of X, as stated above to obtain

S

R(g,f)=— H(1+%)+p—h€G5 (Hrp 7> > X, <?h.g>

=1 UEGp,m

= - Q(l + %) Z H > b )X, (%higi)

ver m =1 \ h;€Gp.m
® v
-0 S I T nx, (}hgi) |
=1 UEGp m =1 heGpm\{0}
and the claimed formula is verified. O]

Now we study a sum which will appear later in the proof of Theorem 1.2.2 and
show an upper bound for it.

Lemma 1.2.7. Let w € Ny and v € G, Let

Yom (v, 2™) = Z Z rp(h) X, (ximhxwg> .

9€Gp,m—w(@™) heGp,m\{0}
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Then we have

1

2
m min{w,m P = 1
#G (.Tm) E |Y;’7m7w(v>$ )| <2p tw, }m .
p,m—w

3p

vEGp,m

Proof. Let us first assume that w > m. Then we have G ,—(2™) = {1} and
therefore

2
m w—m 2 1
Vorw(,2™) = > rp(h)X,(0ha" ™) = > ry(h)=m 3
heCrm\ (0} heGym\ [0} P
with Lemma 1.2.5. Hence, in the case w > m we obtain
1 p?—1 : p?—1
_— Yom (v, 2™)] = p™m < gpminfwmby,
G ) Z Yo (v, 2™) 5

For the rest of the proof let w < m. We abbreviate #G,, ,— (™) by #G and write

1 1 1
% Z Dfpmaw(vv‘xm”:% Z |}/pm’w(1j,xm)|—|—% Z Dfpm,w(v?xm)l'

”EG:D,m UEGp,m ’UGGp’m
gm—w |’U xmfwh]

In what follows, we refer to the latter sums as

1 m 1 m
Sii= g 2 Wonwla™) and Syi= oz 37 V(v a™)]

UGGp,m 'UGGp,m
zm—w',u xm—wh)

We may uniquely write any v € G, \ {0} in the form v = g™ " + ¢, where

¢, € Fp[z] with deg(¢) < w and deg(¢) < m — w. Using the properties of X, it is
clear that Y,m ,,(v,2™) = Yym ,, (¢, 2™) and hence

1 1
S1 =7G > Yomw(0,2™)] = ic > Y ()

vEGp,m vEGp,m 9€Gp,m—w(x™) heGp,m\{0}
MWy MWy
2 2
pe—1 . pe—1
_ E m ; _ pmm{w,m}m 3 )
UEGp,m p p
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We move on to Sy. Let e(f) := max{k € {0,1,...,m—w— 1} : 2* | £}. With this
definition we may display S, as
1

_Z_ Z ’Y;?m,w(gv xm)l (1.47)

k=0 LeGp,m-w\{0}
e(0)=k

m

_
5= 45

We compute Yym (¢, 2™) for £ € Gppm—y \ {0} with e(¢) = k. Let p, be the Mobius
function on the set of monic polynomials over F,, i.e., u, : Fp[z] = {—1,0,1} and
(—1)” if h is squarefree and has v irreducible factors,
pp(h) =
0 else.
We call h squarefree if there is no irreducible polynomial ¢ € F,[z] with deg(q) > 1
such that ¢* | h. The fact that p,(1) =1, p,(z) = —1 and p,(a') =0 fori € N, i > 2,

yields the equivalence of -, jm-w g fp(t) = 1 and ged(2™™", g) = 1. Therefore we
can write

RUEEEND SRR DR €= ) B DRC

hEGP»m\{O} QEGp,mfw t‘gcd(xm—wy)

= > nh) D ow) DX, (xmgwhg>

her,m\{O} t‘%’m*w gEGp,mfw
tlg
14
P SCCD SRZCEED SRR C=T2)
heGp,m\{0} tlame A€EGp,m—w—deg(t)
v a
- X () ¥ x5
heGp,m\{0} tlam—w a€Gp deg(t)
_ " deg(t)
Z rp(h) Z Mp( / )p
heGpm\{0} tlzm—w
|
xm—w
= Z Np( ; )pdeg(t) Z rp(h).
t|gm—w h€Gp,m\{0}
|

The equivalence of the conditions ¢ | h¢ and m | h yields

m l‘miw €
Valbe™) = 3 sy (T )0 S
t|gm—w h€Gp,m\{0}
wawnh
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We investigate the inner sum and use Lemma 1.2.5 with a = d(t 7y to find
t 21 4
Z rp(h) = (m—deg( 7 )) d 5P des( zoatrey )
heGp.m\{0} ged(t, €) D
w1

Now we have

Yom (€, ™) :p2 —1 Z t pdeg(gcd(tl))
e 3p e ged(t, 0)

2
:p — ]‘m ( ) deg(ged(t,0))
3p

t‘xm w

2
p—1 il ¢ deg(ged(t,0))
_ d eglgedalt, .
T “”( ! ) eg(ged(t,@)p

t‘xm—w

From the fact that e(¢) = k < m —w — 1 we obtain ged(x™ %, () = ged(z™ 1 () =
x¥. This observation leads to

Z 14 ($T);w> pdeg(gcd(t,é)) _ pdeg(gcd(:cm*w,é)) _pdeg(gcd(:cm*wfl,f)) -0

t|gm—w
and
xm—w t
d o deg(ged(t,0))
t;wﬂp ( t ) eg (gcd(t,f)) !
l‘m_w m—w a’;’m_w_l m—w—1

—deo| — | pdes(ged(@™™,0) _ 4 deg(ged(x )

eg(ng(xmw,€)>p 8 ged(zm—w=1_¢) b

=(m—w —k)p* —(m—w—k—1)p*=p~.

Altogether we have Y m ,,(¢,2™) = —]’23—;1])’“. Inserting this result into (1.47) yields

©G 3 Z pk Z 1.

k=0 LE€Gp,m—w\{0}
e(0)=k

Since
#{l € Gpm—w \ {0} : e(£) = k}
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=#{l € Gpm-w \ {0} : 2" [ O} = #{l € Gy \ {0} : 2" | £}

:pm—w—kz —1— (pm—w—k—l . 1) — pm—w—k—l(p o 1)’
we have
pw p2 1 m—w—1
Sy = > e p 1)

pmel(p—1) 3p

2 1 ) 2 1
:pwp (m i U)) < pmm{w,m}mp )
3p 3p

Summarizing, we have shown

p —1
Y -9 S < ) mm{wm}
# Z | | 1+ 2 p 3p )

’UEGP m

which completes the proof.

Now we are ready to prove Theorem 1.2.2 using induction on d.

Proof. We show the result for d = 1. From Lemma 1.2.6 we have

Ry(™)am) == (+m o 3 (Temtn X nbx, (She)

m
v€EGp,m he€Gp,m\{0}

— LN N X, (ximhxm).

ver m h€Gp m\{0}
If wy > m, then

2
m Py M min{wi,m}, P —1
oy (@) DD DR O

Uer m h€Gp.m\{0} P 3p

1 —1
<— (1 + o+ 2ptinter —) :
p 3p

If wy < m, then we can write

R,ly((x ), x™) % Z Z rp(h) X, (a:imhxm)

'UGGp m hEGp m\{o}
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—% Soon) D X (hat) 1 Y ) Y X, (ke

h€Gpm\{0} v€Gp,m b heGp,m\{0} vEGp,m
(Em_w1|h :Em_wlfh
=N E Tp(h)a
heGp,m\{0}
mm—ull ‘h

where we used (1.46) in the latter step. We use Lemma 1.2.5 with a = 2™ to
compute

1 w p2 -1 1 min{wi,m p2 -1
D mh) =t < ottty
heGpm\{0} p P p P

Y

which leads to the desired result also in this case.
Now let d € [s — 1]. Assume that we have some (g1, ..., 94) € G% (z™) such that

p,m—w

d
w w, m 1 min{w;,m p2_1
RI((z"gy, ..., 2" gq), @ )Sp—mH(l—F%—i-%Qp i 3p )
=1

Let g* € Gpm—wq., (2™) be such that RIF((x gy, . .., 2" gq, £“41 gg4q), 2™) is mini-
mized as a function of g441 for g411 = g*. Then we have

d
Ri—l—l((xwlgl, o 7degd’ xwd+1g*)7 Im) 1 + Vit H 1 + %
=1

pm Z H L+ + Z rp(h) Xy <_hxwlgz>

rm
vEG),m 1=1 heGp,m\{0}

v w *
X 1+ Ya+1 + Vd+1 Z Tp(h)Xp (z—mhm d+1g )
heGp,m\{0}

=(1 47441 RL((x" g1, . .., 2" gq), ™) + L(g*), (1.48)

where

* '7d+1 Z Z Tp(h)Xp (ximhxwdﬂg*)

vEGp,m heGp,m\{0}

X H L+v+7 Z rp(h) X, (ihx“’ng
i=1

heGp,m\{0}
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A minimizer g* of RIT'((z"'gy,..., 2"gq, x4+ ggy1),2™) is also a minimizer of
L(gaq+1). With the ideas in the proof of [25, Theorem 2.7], we see that L(g) € R™
for all g € Gpm—w,,,(#™). Thus we may bound L(g*) by the mean over all
g S Gp,m*derl (xm)

SEe@n 2 M)

9a+1€Gp,m—wqy, (@) he€Gpm\{0}

d
v ,
X H L+ +y Z rp(h) ‘Xp (x—mhxwlgi)

i=1 heGpm\{0}

d
%H(l‘i‘%ﬂL%

=1

) m gy (03]
# pon—na @)
where we used the estimate ‘Xp (ximhxwi gz){ < 1 in the last step. With the induction

hypothesis and Lemma 1.2.7 this leads to

REY(a™ gy, ..., a¥igg, a1 gh), a™)

d
1 min{w;,m p2_1
<(1+9a+1) —mH (1+%+72p i }mw)

d+1 - P -1 in{ } p—1
]_+ z+z 2m1nwd+1,m r -
e

i

d
1 ~1
<11 (1 + i+ ya2pmt e m p—)

p =1 3p

. 2_1
X\ 1+ Ya+1 + van 2pmm{wd“’m}mp—)
3p
d+1
1 - 21

—m L4+ 7¢2pm‘“{“’1’m}mp—) :

p i=1 3p
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The reduced fast CBC construction

So far we have seen how to construct a generating vector g of the point set P(g, ™).
In fact Algorithm 1.2.1 can be made much faster using results of [23, 84, 85]. In this
section we are investigating and improving Algorithm 1.2.1 and additionally analysing
the computational cost of the improved algorithm.

Walsh functions are a suitable tool for analysing the computational cost of CBC
algorithms for constructing polynomial lattice point sets. Let w = e?™/?, z € [0,1)
and h a nonnegative integer with prime base p representation x = 1 /p + x5 /p* + - - -
and h = hg + hip+ - -+ + h,p", respectively. Then we define

waly, : [0, 1) — C,Walh(l‘) — yhomittheze gy

The Walsh function system {wal, | h = 0,1,...} is a complete orthonormal basis
in Ly(]0,1)) which has been used in the analysis of the discrepancy of digital nets
several times before, see for example [25, 46, 70]. For further information on Walsh
functions see [26, Appendix A].

Let d > 1, N = p™. For P(g,f) = {@o,...,@m_1} with @, = (z%,...,25) we
have the formula (see [25, Sect. 4])

mpz_ f[walh ) {1 ifg-h.EO (mod f), (1.49)

= 0 otherwise,

where h; are nonnegative integers with base p representation h; = h((f) + hgi)p +

s hff)pr. We identify these nonnegative integers h; with the polynomials h;(z) =
hg) + h(li)a: +- hfj)xr, which are elements of G, ,,,. The vectors h in (1.49) are then
from G, such that h = (hi(x),...,hs(r)). Equation (1.49) allows us to rewrite

Ri(g, xm) in the following way:

m—1

d 1 pm™—1 d p nmw"g
d m\ __ )
R'y(gvx ) - E +’YZ pm U - rp ’Vz Walh (qu ( m )) .

n=0 i=1 h=

Note that r,(h,v) is defined as in (1.41) and we identify the integer in base p
representation h = h0+h1p+ ~+h,p" with the polynomial h(x) = ho+hiz+- - -+h,z".
If we set 10(”‘?,19’) ; Zp oy (h)waly (dn ("2i8)) we get that

rm




d pm—1

=—JJ+7) + pim > na(n), (1.50)

=1 n=0

where 74(n) = [Ty (1+ 7 + % ("55%)).

In [25, Sect. 4] it is proved that we can compute the at most N different values of
Y(7) for r € G in O(N log N) operations.

Let us study one step of the reduced CBC algorithm. Assuming we already have found
(91,---,9a) € GL,,_(x™) we have to minimize RS ((x“ gy, ..., 2" gqq),2™) as a

function of gs11 € Gpm—wy,, (@™). If wgy > m then g4y = 1 and we are done. Let
now wgy1 < m. From (1.50) we have that

Ri+l((xwlgla s 7$Wd+1gd+1)> wm)
d+1 p™—1
1 nxitigy
== H(1 + %)+ — Z (1 + Ya41 + Va1 (—mﬂ> )Ud(“)-
i=1 p n=0 r
In order to ﬂrflinimizi RE((z" g1, ..., x¥** ggy),2™) it is enough to minimize
Tu(g) == S0 1 (m’;:lg)nd(n). As in [23, Sect. 4] we can represent this quan-

tity using some specific (p™~%e171(p — 1) x N)-matrix A and exploiting its additional
structure. Let therefore

nxWitlg
A= (9 (50) )y a0k 0 = a0 N = 1)

m
X ne{0,...,N—1}

First of all observe that we get (T4(9))geGpm—u,,, (@m) = Ang. Secondly the matrix A
is a block matrix and can be written in the following form

nxwd+1
A= (Q(m*wd“) o Q(m*wd“)) , where Q) = <?/J (x—mg>)ger,m—wd+l(zm>, -
nef0,..p'—1}
If « is any vector of size p™ then we compute

Ag — Q(m—wd+l)wl et Q(m—UJd+l)wpwd+1 — Q(m—wd+1)(w1 S wpwd+1)’

where x; is the vector consisting of the first p™~ "4+l components of x, x5 is the
vector consisting of the next p™~ "4+l components of & and so on. Now we apply
the machinery of [84, 85] and get that multiplication with Q(™~%¢+1) can be done in
O((m — wgy1)p™ "a+1) operations. Summarizing we have:
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Algorithm 1.2.8.
1. Compute Y(=5) forr € Gpm.
2. Setmi(n) = w(%) form=0,...,pm — 1.
3. Set gy =1, d=2 and t = max{j € [s] | w; < m}. While d < min{s,t},

(a) Partition ng_1 into p“* vectors nfll_)l, . ,n(gp_wld) of length p™ " and let
;e (0)
= 22i=1"Ma-1-
(b) Let (Ta-1(9))geGpmw,@m) = Qm—wa)yy
(¢c) Let gqg = argmin, Ty 1(g).
(d) Let na(n) = (1 + Ya1 + Ya—19 (") )41 (n)
(e) Increase d by 1.

4. If s >t then set gy = gyp1 = ... = gs = 1.
Similar to [23] we obtain from the results in this section the following theorem:
Theorem 1.2.9. Let N = p™ then the cost of Algorithm 1.2.8 is

min{s,t}
O | Nlog N + min{s,t} N + N Z (m — wq)p™ "
d=1

1.2.3 Polynomial lattice point sets for irreducible f

Finally we want to consider the special case where f is an irreducible polynomial. So,
for this section let f be an irreducible polynomial over F, with deg(f) = m. We will
prove the subsequent theorem.

Theorem 1.2.10. Let v and w as in Theorem 1.2.2 and let f € F,[z] be an irreducible
polynomial with deg(f) = m. Let further (g1,...,9s) € G? (f) be constructed

p,m—w

according to Algorithm 1.2.1. Then we have for every d € [s]
1 & p+1
RI((x" g1, ..., 2" gq), f) < o H (1 +7%+ %’pmm{wi’m}mT> :
i=1
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Proof. We will prove this result by induction on d. According to Algorithm 1.2.1 we
know that g; = 1 for d = 1. Therefore R!((z*'g1), f) = 0 since for all h € G}, we
have deg(h) < m and hence the congruence hz*'* =0 (mod f) has no solutions.
Let d € [s — 1] and assume that we have already found (g1, ..., 9a) € G2, _,(f). For
g = (z""gq,...,2%¢gy) we have from (1.41) that

R ((g, 2" gar1), f) = (1 4+ a11) RE(g, [) + 0(garr), (1.51)

where

0(ga+1) = Z rp(has1, Yar1) Z rp(hi, %)

hat1 EGp,m\{O} hEGg’m =1
h-g=—hqp12¥d+1g41  (mod f)

We now proceeded similarly as in the proof of Theorem 1.2.2. Let g* € G} p—w,,, (f)
be a minimizer of RS ((g, 241 g4y1), f) as a function of gq1. Therefore g* also
minimizes 0(gqy1). Bounding 6(g*) by its mean we obtain

. 1
0(g") S#G 7 Z 7p(has1, Yas1)
P A AT g1 €Gpm \ {0}

Y (f[ ro(hi, %)> > 1.

heGd ,, \i=1 9d+1€CGp,m—wy 1 (f)
h-g=—hgi12¥d+lgs . (mod f)

Observe that ged(f, hgr1z4+) = 1. Therefore the congruence hgy 12"+ gqy1 = —h-g
(mod f) has a unique solution in G, but not necessarily in G ;—w,,, (f). In the case
that —h-g # 0 (mod f) we conclude that the congruence has at most one solution in
Gpm—wai, (f)- If —h-g =0 (mod f) the congruence has no solution in Gpm—w,,, (f)
since 0 & Gpm—wy,, (f). Hence we find by an application of [25, Lemma 3.3]

(") ! Z rp(has1, Yar1) Z Hrp(hi,%‘)

<
#Gp,m—wd.;_l (f) har1€Gp,m\{0} hGGg,m =1

d
1 p? — 1> ( p? — 1)
= 14+~ +vm m .
# Gy (f) [H < TS ] LAY

=1

37



By (1.51) and the induction hypothesis we have that

RN (g, 2" gas1), f) = (1 + va41) R, [) + 0(gar1)
d
1 : 1
<— (1 + i+ %pmm{“’“m}m]i)
pm =1 3

. (1 + Yd+1 + Va1 . mp2 , 1)
#Gp,m—wd_H (.f) 3p

d+1

, 1
<— (1 + i + %‘pmm{w"’m}mzi) ;
P 3

where we used in the latter step that —=2——— < L pmin{warim} - This follows
#Gp,7n—wd+1 (f) p—1
from the fact that #Gp, —w,,, (f) = p" " = 1if wapr < m and #Gpm—w,,, (f) =1

if wgy1 > m. This finishes the proof of Theorem 1.2.10. O

As a consequence of (1.40) and Theorem 1.2.10 we obtain analogous results to
Corollary 1.2.3 and Corollary 1.2.4 for an irreducible modulus f.
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1.3 Metrical star discrepancy bounds for subse-
quences of digital Kronecker-sequences

We already pointed out in Subsection 1.1.1 that the star discrepancy is a quantitative
measure for the irregularity of distribution of a point set P and it is also intimately
related to the integration error of a QMC algorithm via the celebrated Koksma-
Hlawka inequality. Therefore it is natural to study disc*(N, s) = infp Dy (P), where
the infimum is extended over all N-element point sets P in [0,1)® and the so-called
inverse of the star discrepancy (see Subsection 1.1.6)

N*(e,s) =min{N € N : disc"(N,s) < e},

where ¢ € (0, 1]. For fixed dimension s > 2 it is known that there exist 0 < ¢, < Cj
and 7, € (0,1) such that

(log N)S;Ql'i‘??s
S
In this section we consider a different view point. It was pointed out in several
discussions that the excellent asymptotic behaviour of the minimal star discrepancy
of N-element point sets is not very useful for practical applications, especially when
the dimension s is not small. For example it should be noted that N + (log N)*~!/N
does not start to decrease until N = exp(s — 1) and this number is already huge
for moderately large s. In applications of QMC-algorithms however the dimension s
could be in the hundreds (see [24, 73]).
Recall from Subsection 1.1.6 that we know by an outstanding work by Heinrich, Novak,
Wasilkowski and WozZniakowski [45] that there exists a constant C' > 0 (Aistleitner
showed in [1, Theorem 1] that one can choose C' = 10) such that

(log N)*™"

< disc*(N, s) < C4 for all N > 2.

disc*(N, s) < C, /% for all 5, N € N. (1.52)

This bound trades a factor of N=%/2 for a gain in the behaviour concerning the
dimension s. At this point one should mention that there exists also a slightly weaker
bound proven in [45, Theorem 1] which is of the form

disc™ (N, s) < C4/ % (log s 4+ log N)¥/2. (1.53)

The proof in [1] and also the proof of the slightly weaker bound in [45, Theorem 1]
uses the probabilistic method. The main ingredient is the fact that one can obtain
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extremely small probabilities for the deviation from the mean for sums of independent
random variables. This probability can be quantified with the help of Bernstein’s (in
[1]) or Hoeffding’s (in [45]) inequality, respectively. In fact, the point sets in [1, 45]
consist of N independently chosen random points from the unit cube [0, 1)*.

However, so far no explicit construction of point sets whose star discrepancy
satisfies a bound like (1.52) or (1.53) is known. Some authors, initiated in [28],
presented algorithmic constructions of point sets with star discrepancy of order (1.53).
We refer to the survey [37] for more information and references in this direction.
However, all these constructions have the disadvantage that their run times are too
large in order to be applied in practical applications with large dimension s. So there
is still need for a really explicit construction.

In 2014 Lobbe [75] studied certain lacunary subsequences of Kronecker-sequences
({na})n>0, where a € R® and where {-} denotes the fractional part applied component-
wise to a vector (until now the paper is only available via arXiv.org). Based on the
work of Aistleitner [2], Lobbe was able to prove the following remarkable metrical
result which can be interpreted as a semi-probabilistic (or semi-constructive) version
of (1.53).

For ae € [0,1)® let Py(ax) = {@1,...,xn} be the point set consisting of the first
N elements of the infinite sequence (x,,),>; in [0,1)* with =, = {2"'a} for n € N.

Theorem 1.3.1 (Ldbbe [75, Theorem 1.1]). Let N > 1 and s > 2 be integers. Then
for every 6 € (0, 1) there is a quantity C(0) > 0 such that the star discrepancy of the
point set Py(a) satisfies

slog s
N

with probability at least 1 — 0. The quantity C(0) is of order O(log6~1).

Dy (Pn(e)) < C(6)

The main problem in the proof of this result is to prove independence of certain
random variables, which are closely related to the point set P(a), in order to
be able to apply Bernstein’s inequality. Of course, the elements of the classical
Kronecker-sequence are not independent. For this reason the author studied lacunary
subsequences of the form ({2"'a}),>; which led then to the desired independence
properties.

Theorem 1.3.1 makes an assertion for fixed N, i.e. for finite point sets. In
2007 Dick [20] considered the problem of the dependence of star discrepancy on the
dimension s also for infinite sequences and he gave an existence result. Compared to
the bound (1.52) for finite point sets the generalisation is penalised with an extra
v/Iog N-factor in the discrepancy estimate. Later Aistleitner [2] improved this further
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and got rid of the v/log N-term. In contrast to the probabilistic approaches in, e.g.,
[45, 20], the proof in [2] is, like in [75], also of a semi-probabilistic nature in the sense
that certain coordinates of the points are deterministic others are chosen randomly.
This once more shows the relevance of semi-probabilistic constructions in this context.

The following corollary to Theorem 1.3.1 addresses a metrical result for infinite
sequences:

Corollary 1.3.2. Let s € N with s > 2. Then for every § € (0,1) there is a quantity
C(0) > 0 such that the star discrepancy of Py(a) satisfies

Dyy(Py(a)) < O(6)(log )y 18*

for all N > 2

with probability at least 1 —§. We have C(6) = O (logd—1).

Concerning the proof of Corollary 1.3.2 we will refer to Section 1.3.2.

There is an interesting connection of Corollary 1.3.2 to the theory of normal
numbers which is worth to be mentioned: it is well-known that a real number « is
normal to base 2, if and only if the sequence ({2"'a}),>1 is uniformly distributed
modulo one (see [64, Chapter 1, Theorem 8.1]). Hence the a’s which satisfy the
discrepancy estimate in Corollary 1.3.2 are s-tuples of normal numbers to base 2. (By
another well-known result due to Borel [15] almost all numbers a € [0, 1] are normal
to every base b > 2.)

It should also be mentioned, that metrical bounds on the star discrepancy of
classical Kronecker-sequences for fixed s have been given by Beck in [10].

In the following subsection we study digital Kronecker-sequences which are a
“non-Archimedean analogue” to classical Kronecker-sequences and which fit into the
class of digital (¢, s)-sequences. This concept was introduced by Niederreiter [80,
Section 4] and further investigated by Larcher and Niederreiter [68]. We will give
a digital analogue of Theorem 1.3.1. In the next section we provide the necessary
definitions and we formulate the metrical discrepancy estimate. The proof of our
result will be presented in Section 1.3.2.

1.3.1 Digital Kronecker-sequences and formulation of the
main result

We will continue by introducing digital Kroecker-sequences over F, where ¢ is a prime.
Recall that we have already defined several notions which are related to the field of
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formal Laurent series F,((¢7!)) in Subsection 1.1.4. Among others we described a
way for uniquely associating a ploynomial n(t) to each integer n.

Remark 1.3.3. Note that due to readability we will from now on alter the notation
from F,((x™1)) to F ((t1)).

With the help of this notation we are now able to state the subsequent definition:

Definition 1.3.4. For a given s-tuple f = (fi,..., fs) of elements of F,((¢t')) the
sequence S(f) = (y,,)n>0 given by

Yo = ¢({nf}) = (6({nfi}). ..., 0({nf:}))  for all n € No

is called a digital Kronecker-sequence over F,. Note that the multiplication of the
polynomial n and the Laurent series f; is carried out in F,((¢71)). (Obviously it suffices
to choose f € (F,((t7!)))*.) Moreover, the operations {-} and ¢ are understood
component-wise if they are applied to vectors.

In order to prove a metrical result for digital Kronecker-sequences we need to
introduce a suitable probability measure on (F,((¢71)))*.

Definition 1.3.5. By u we denote the normalized Haar-measure on F,((t71)) and
by us the s-fold product measure on (F,((¢71)))*.

Remark 1.3.6. The measure i has the following rather simple shape: If we identify
the elements > oo, gxt ™ of F,((¢7!)) where gr # ¢ — 1 for infinitely many & in
the natural way with the real numbers > .-, grg™* € [0,1) (see Subsection 1.1.4),
then, by neglecting the countably many elements where gp # ¢ — 1 only for finitely
many k, p corresponds to the Lebesgue measure A on [0,1). For example, the
“cylinder set” C(cy,...,cy) consisting of all elements g = Y o0 | gxt* from F,((¢t71))
with g, = ¢, for kK = 1,...,m and arbitrary g, € F, for £ > m + 1 has measure
w(Cler, . yem)) =q ™.

Metrical results for the star discrepancy of digital Kronecker-sequences for fixed
dimension s can be found in [66, 71]. In the following we provide a non-Archimedean
version of the result of Lébbe [75].

We pick f € (F,((t7!)))* randomly and determine the point set Py(f) =
{z1,...,zy} consisting of the first N elements of the infinite sequence (x,),>1

in [0,1)* with &, = ¢({t" "' f}) for n € N.
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Theorem 1.3.7. Let g be a prime number and let N,s € N with N,s > 2. Then for
every € € (0,1) there is a quantity C(q,e) > 0 such that the star discrepancy of the
point set Pn(f) satisfies

slog s
N

Dy (Pn(f)) < Clg,€)

with ps-probability at least 1 — . The quantity C(q,€) is of order O,(loge™!).

The proof of this result will be presented in the next section. It should be
mentioned that with some more effort the quantity C(q,e) could be given explicitly.

Again Theorem 1.3.7 makes an assertion for fixed N, i.e. for finite point sets.
From this we can again deduce a metrical result for infinite sequences:

Corollary 1.3.8. Let q be a prime number and let s € N with s > 2. Then for every
d € (0,1) there is a quantity C(q,0) > 0 such that the star discrepancy of Pn(f)
satisfies

slog s

Dy (Pn(f)) < Clg,6)(log N)

for all N > 2

with probability at least 1 — & and C(q,6) = O,(logd™1).

The proof of Corollary 1.3.8 will be presented in Section 1.3.2.

1.3.2 The proof of Theorem 1.3.7

The proof of Theorem 1.3.7 is inspired by the techniques used in [75]. The difficulty
here is that we are concerned with polynomial arithmetic over finite fields instead of
the usual integer arithmetic.

Throughout the proof we tacitly assume that all components of f belong to the
class of Laurent series Y oo, git ™% of F,((¢71)) where gy # ¢ — 1 for infinitely many k.
Recall that with the notation introduced in Subsection 1.1.4 this means that

Fe(F) = FE)\e) and u(€) =0

Some auxiliary results

As in [1, 75] the proof will be based on Bernstein’s inequality for sums of independent
random variables.
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Lemma 1.3.9 ([12], Bernstein inequality). Let N € N and X1, ..., Xy be independent
random variables on a probability space (2, F,P) with E(X;) =0 and | X;| < C for
ie{l,...,N} and some C > 0. Then we have for any t >0

t2
P >t <2 exp| — ~ ) .
( ) ( 2570 E(X7) + 5t

Another very important tool in our analysis are bracketing covers whose definition
is recalled below. As usual, for @ = (a4, ...,as) and b = (by,...,bs) in [0, 1] we write
a < b if and only if a; < b; for all i € [s].

N

>

=1

Definition 1.3.10. Let § > 0. A subset 7 C [0, 1]° x [0, 1]° is called a d-bracketing
cover if for every & € [0,1]® there exists (v,w) € 7 such that v < < w and
A0, w)\[0,0)) < 5.

The following result about the number of elements of a J-bracketing cover is due
to Gnewuch:

Lemma 1.3.11 (Gnewuch [36, Theorem 1.15]). For any s € N and any 6 > 0 there
exists a 0-bracketing cover T with

I7] < %(2e)3(5_1 +1)°.
From this result Lobbe deduced the following corollary:

Corollary 1.3.12 (Lobbe [75, Corollary 2.3]). Let s,h € N and q > 2, then there
exists a ¢~ "-bracketing cover 1, with

1. 7| < 3(2e)%(¢"2 + 1)*, and
2. for (v,w) € 7, and every i € [s] there exist a; € {0,1,...,¢" 1 *0%as1} gnd
b €{0,1,...,¢"2+M8as1Yy such that

a;

qh+1+ [log, s]

w;

qh+2+ [log, sT"

v; = and w; =

Preliminaries

Let N,s € Nand fix some H € N. For h € {1,..., H} let 73, be a ¢~ "-bracketing cover
of [0,1)* with elements described as in Corollary 1.3.12. Let y € [0,1)®. We are going
to define inductively a finite sequence of points 3,(y) € [0,1)® for h € {0,..., H + 1}
in the following way:
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1. Let Bu(y),Bui(y) € [0,1)° with By(y) < y < Bpi(y) and the tuple
(Bu(y),Bui1(y)) € -

2. For h € {1,...,H — 1} let B,(y) € [0,1)® be such that there exists a point
w € [0,1)° with 8,,(y) < B4 (y) < w and (B,,(y), w) € 7.

3. Set By(y) =0=(0,...,0), the s-dimensional zero-vector.

4. Additionally we choose the points 3, such that the following property is fulfilled.
For &,y € [0,1)° and h € {0,..., H — 1} we have that

Bri1(y) = Bri(x) = Buy) = Bi(z).

An illustration of a possible configuration in two dimensions of the points
Bo,B1(y), ..., Bui1(y) is given in Figure 1.1. Observe that the hatched areas have
measure at most ¢~ and ¢, respectively due to the construction procedure de-
scribed above.

1+ ﬁH+1

Yy
B’

"Bri
B

5-2.-'

B
Bo

Figure 1.1: Illustration of the points B,(y) = B; for i € {0,..., H+1} and s = 2.

Note that the sequence of points 3,,(y) is well defined for h € {0, ..., H + 1} since
we choose 75, to be a ¢ "-bracketing cover. For y € [0,1)* we observe the following

properties for the finite sequence 3, (y):
We have
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L. 0=0(y) <Bi(y) < - <PBuly) <y <Bp.ly) <1

2. forall h € {0,..., H — 1} there exists w € [0,1)® such that 3,(y) < 8,1 (y) <
w and (B,(y), w) € 7,. Additionally we have that (8 (y), By (y)) € Tu;

3. forall h € {0,...,H} and i € [s] we have that
(Bh(y)>z — q—(h+1+[logq sD(lh,z‘
and
(Bus1(y))i = g~ (railog SDbH-H,z‘
for ap; € {0,1,...,¢" MBI} and by, € {0,1,..., ¢T3 osa T},
The properties 1. and 2. are an immediate consequence of the definition of the 3, (y)
and property 3. follows directly from Corollary 1.3.12.

Moreover, for h € {0,..., H} we define

Kn(y) = [0, 841 (9)\[0, By (y)) (1.54)

and observe that the K(y) are pairwise disjoint sets. By the definition respectively
property 2. of 3, (y) we obtain

U cloyc UKy ad AKa)<q" (155

An illustration of the points By(y), ..., By (y) together with the corresponding
sets Ky (y) for h € {0,..., H} in two dimensions can be found in Figure 1.2.
Finally for {0,..., H} define S, := {K}(y) : y € [0,1)°}. Note that by definition
of the 8, (y) and Corollary 1.3.12 we have
S 1 S S
[Sul = [{(Bu (), B (v)) + y € 0,1} < |rul < 5(20)°(¢" +1)"

With point 4. in the definition of the 8, (y) we get for h € {0,..., H — 1} that

1
1Sl = [{Bri1(¥) = ¥ €[0,1)°} < |l < 5(2€)S(qh+3 +1)°.

46



Ko,

Figure 1.2: Illustration of Ko(y), ..., Kpg(y) for s = 2.

Fix y € [0,1)®. In order to simplify the notation from now on we will write 3,
and K, instead of 8, (y) and Kj(y), respectively . Then by (1.55) we get that

N N H-1 N H-1
D oy (@) =D g, (@n) =D ) (]1& T,) — (Kh)> + N Y A(K)
n=1 n=1 h=0 n=1 h=0
(1.56)
and
H N H
Z:ﬂ_[gy CL‘n < Z:ﬂ‘[oﬁH+1) CBn ZZ (]].Kh azn (Kh)> + NZ)\(K}L)
h=0 n=1 h=0
(1.57)

Let us define the functions Ag, : [0,1)° — [—1,1], Ag, () = 1k, (x) — MN(K})
for h € {0,...,H}. A crucial step for the proof of the main result will be to use
Bernstein’s inequality to give a lower bound on the probability that the inequality
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Z AKh (mn>

n=1

<t

holds simultaneously for all h € {0,..., H} and for some ¢, > 0 to be specified
later. First of all observe that E(Ak, (x,)) = 0, E(Ag, (z,)?) = MKp)(1 — M(K}))
and |Ag, (z,)] < 1 for all h € {0,...,H} and n € {1,...,N}. Unfortunately
for h € {0,..., H} the random variables Ag, (1), Ak, (2), ..., Ak, (xy) are not
independent in general. We will see how to overcome this problem in the next section.

Independence of Ag, (x,)

Before we begin we point out the following easy algebraic characterization of Laurent
series whose image under ¢ belongs to a certain type of intervals: for p € F;((t_l))
of the form p = pit™' + pat 2+ pst 3+ ---, forr e Nand k € {0,...,¢" — 1} with
g-adic expansion k = ko + k1qg + -+ - + ky_1¢" ! we have that

k k+1
7 q

¢(p) € |: ) < D1 :kr—lv pQZkT—Qa"'va:kO-

Throughout the proof the underlying probability measure is the measure p4 from
Definition 1.3.5. However, out of habit we will in the following denote the probability
by P.

Lemma 1.3.13. Let j := logy(h + 2 + [log,s]) and let v € {0,...,2" — 1}.
Moreover, let

Q(N,kp,y):={ne{l,...,N} : n=~ (mod 2"")}.
Then for ny,...,ny € Q(N,kp,7y) and l € {1,...,|Q(N, kp,7v)|} the random variables

A, (), Ak, (Tny), - -, Ak, (T,) are independent, i.e.

l
P(AKh(mnl) =c,..., Ag, (mnz) =q) = HP(AKh(wnr) =¢).

r=1

Proof. The proof is based on the ideas from [75]. We will show the case | = 2.
The general case follows by induction. Let h € {0,...,H}, v € {0,...,2" — 1}
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and n,m € Q(N, kp,7) with n > m. We want to show that Ag, (,), Ak, (x,,) are

independent. To this end we consider the following decomposition of [0, 1)*:

[ a ai+1 e
En_li—{HlF,F) :aiE{O,...,q 1—1}}

=1

Since the underlying structure of the sequence (z,)x>1 is F,((¢t71)) we are considering

the preimage of >, 1.
Ay = {¢—1(5) N (FZ((t—l))) . Se zn_l},
where ¢ is given in (1.26). For A = (a;;):"; € F2* "V Jet us define

s

Ba=TT{s € F(™) & (91, o0 1) = (@i ain 1)}

i=1

where (a;1,...,a;,—1) is the i-th row of A. One can easily check that
Ay ={Ba : AcFX" 1},

For matrices A, Ay € IFSX c A= (ag0)i0 lk | for j € {1,2} we define

@y ay s (F (D) — (F (1)),
(0,09 = (gV +a o g® ),

where for i € [s], UA1A2 P 1UA1A2 ftF € Fy((t)) and

u(z) A2k — A1k fl1<k<n-—1,
Ak T i hk>n—1.

With this definition we have

QAL A, (BAl) - BA2'

Before we can prove the independence of Ag, (x,) and Ak, (z,,) we need to show

four claims:

Claim 1.3.14. Let ¢ € R, A, Ay € FS*" V. # € By, and (y,)n>1 in [0,1)* with

y, = o({t" ' f}) with £ = aa,4,(f). Then we have that
P(Ak, (@) = c | F € Ba) = P(As,(y,) = | F€ Ba,).
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Proof of Claim 1.3.14: For i € [s] we have that

n—17() n— i n—1, (¢ n— i
g = o{E TN = o({ O+ ) D) = 6({E T O} = s
Note that the second last equality is true because ufji A,k = 0 for k > n. Additionally
it holds that f € By, & f € B,,. Therefore the claim follows. [
Claim 1.3.15. Let h € {0,...,H} and p = (pY,...,p1)) € (F:((t_l)))s with
pl) = P pg.i)t_j. Then the s(h + 2+ [log, s]) coefficients Y ,pgfiﬂﬂog o for
i € [s] determine if ¢(p) € K.

Proof of Claim 1.3.15: For p = (pM, ..., p"¥) € (F:((t_l)))s, we have that
¢(p) € Ky < ¢(p) € [0,8,:1)\[0, 8y)
& vie s o(p®) € 0,8),) and
3j € [s): o(09) € 37, 1), (1.60)
where B, ., = (8\),,... 8\"),) with

bi

5h+1 W for some bl S {0, 1, c 7qh+2+|—10gq s 1}

and similarly 3, = ( , o ,ﬂh ) with

@) _ bi

b h log, s
W= T Iog, o1 for some b; € {0,1..., ¢ "+ osasl 1}

We can write

b;—1

k k+1

[ ﬁh+1) U |:qh+2+]—logq 5]’ qh+2+flogq 5] ) '
k=0

Hence ¢(p™) € [0 6h+1) if and only if there exists a k € {0,...,b; — 1} such that

¢(p(”)€[ i e >

qh+2+ [log, s]’ qh+2+ [log, s]

Since ¢(p¥) = 3¢ e pgl)q_j the last condition is satisfied if and only if

pgl) = kh+1+[logq sbpg) = kh+[logq slye - ’p5:3r2+[10gq 5] = k07
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whenever k has g-adic expansion k = ko + k1q + -+ + K14 710g, 5] g Nogg ST,

In the same vein we can write

qh+1+ [logq s 1

) B 12 (+1
[ﬂh ) 1) - U |:qh+1+[logq s]? qh+1+ﬂogq s] '

Hence ¢(p")) € [ﬁ,(f), 1) if and only if there exists a £ € {b;,...,¢""*M sl — 1} such

that , /1
() t
¢(p ) < |:qh+1+|'10gq s]”? qh+1+]'logq s'|> ’
Since ¢(p¥) =Y o, pg )cf”c the last condition is satisfied if and only if
pgj) = ln+1og, S%péj) = IhiTlog, s1-1, - - - ’pg}rlﬂlogq s] lo,

whenever £ has g-adic expansion £ = lo +lig + -+ + lpii0g, 5] g togqsT,

Together with (1.60) it follows that the coefficients AR pgﬂ \ flog, 5] f0T 7 € [8]

q

determine whether or not ¢(p) belongs to K. This proves the second claim. O]

Recall that m € Q(N, kp,y) and m < n. Define
Om 1 Fo((t71) = Fy((¢71), p > {t"'p}

Claim 1.3.16. For all h € {0,..., H} and for all A € F3*"V we have that A, is
constant on @(d,,(Ba)).

Proof of Claim 1.8.16: Let p = (pM, ... p®) € .BA With' pl) = > e pg-i)t_j. Note
that for each ¢ € [s] the first n — 1 coefficients pgl), ey pg)_l of p are equal to the
entries in the i-th row of A. Now we have

j=1 j=1 j=1

Because of Claim 1.3.15, the coefficients pﬁf), e ,p;i)JthHlog S
q

if 9(0m(p)) € Kj. Since n —m > h+ 2+ [log, s| these coefficients are fixed by the
choice of B4. Hence it follows that ¢(d,,(Ba)) N Kj, € {0, #(6,,(Ba))}. Therefore
the function Ag, (x) = 1k, () — A(K}) is constant on ¢(d,,(B4)). This proves the
claim. 0

for i € [s] determine
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Define for ¢ € R,

Ak, c ={Ba€ N1 : Ak, (6(6m(Ba))) =c}.
Note that Ag, . is well-defined according to Claim 1.3.16.

Claim 1.3.17. Let c € R and h € {0,..., H}. Then we have
Ak, (xy) =c < 3By € Ak, . such that f € Ba.

Proof of Claim 1.3.17: Let ¢ € R and suppose that there exists By € Ak, . such that
f € Ba. Since ., = ¢(3,,(f)) we have

Ag, (Tm) = A, (9(0m(f)))-

Since 6,,(f) € 0m(Ba) we get that Ak, (x,,) = ¢. Now assume that Ag, (z,,) =
¢ which is equivalent to A, (¢(0,,(f))) = ¢. Now there exists A" € FyX )
such that By € Ak, and 6,,(f) € 6,(Ba) and we get that (f0,,... f7)) =
(@1 - - Gy y) for @ € [s].

On the other hand there exists A € F*™™Y with f € B,. We obtain that
(f(izrl, o f9 ) = (@ims1s -+, ain—1) for i € [s]. Altogether we have that

m n-1
(a;mﬂ, . ,a;m_l) = (Qimt1y---sQin-1) for i€ ls].
Now it follows by Claim 1.3.15 that
Ak, (¢(0m(Ba))) = Ak, (0(0m(Ba))) = c.

This means that B4 € Ak, . and f € B4 and this proves the claim. O

Now we can prove the independence of Ak, (x,) and Ag, (x,,) for n,m €
Q(N, kp,7y) with n > m. For ¢ € R and By € A,,_; we have

P(Ak, (@) =c)= Y P(Ag,(x,) =c| f € Ba)P(f € Ba)

Ba€An—1
=P(Ak,(y,) =c| F€Ba) > P(feBa)
BaeAp—1
=P(Ak,(y,) =c| f € Bu), (1.61)
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where we used Claim 1.3.14 with A; = A and A; = A’. By Claim 1.3.17 and (1.61)
we get for ¢1,co € R and A’ € ]sz(n_l) that

B(Ag, (@) =02 | Ay () = 1) = LK (;&: (c; mA) K:h(z,)n) — o)

> Baen,  P(Ak, (®n) = 2, Ak, (Tm) = c1 | F € Ba)P(f € Ba)
P(Ag, (xm) = ¢1)

_ _ P(f € Ba)

ZBAGAK}L,C1 P(f € BA)
P(Ax, (®m) = 1)

= P(Ax,(y,) =c2 | f€Ba)

P(Ak,(y,) = c2 | f € Ba)
P(Ak, (zn) = c2). (1.62)

This implies the desired result. O

Applying Bernstein’s inequality and finalizing the proof of Theorem 1.3.7

We may assume that N > slog, s since otherwise the discrepancy bound is trivial.

First of all we set
1 N
H=|=-1 N. 1.63
[2 98¢ (slogqs)—‘ < ( )

With this choice we obtain

1 < slog, s 2H 2 N
slog, s

Recall the definition of Q(N,kp,v) = {ne€{l,...,N} : n=~ mod 2"} and
note that Q(N, kp,7) for v € {0,...,2% — 1} are a partition of {1,..., N} and

|Q(N, ki, 7y)| < {QJZJ + ¢ for some ¢ € {0,1}.

With the help of Lemma 1.3.13 we are able to apply Bernstein’s inequality (see
Lemma 1.3.9). For h € {0,..., H} we get that

( ZAKh )

2%h —1

> th) Z P Z AKh(azn) > ;Thh

ne€Q(N,kn,7)
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2%h —1

t2/22/€h
<2 exp (— h )
= 2|Q(N, ki, VAEKR) (1 = A(KR)) + 265 /(3 - 2%)
t2/2}ih
< 2f€h+1 . h )
= P ( 2(1 + 271 JN)Ng~" + 2th/3>
Since
2fn h+2+[log,s] 1 (/1 N
— = <—1=1 _ 4+1
N N =N \2 slog, s Talog,s
1log, N 1
< = 4+-<5
S 5N + 4+ 5 =
we obtain
N
th /25
P A D >t | < 2t - ). 1.64
(; Kh<w ) h) — exp( 12N(]_h+§th ( )

For the choice of ¢, we will distinguish two cases

(1.65)

o Ci\/Nshqg="2w if he{l,...,H}
") O/ Ns2ro ith=0

for constants C7, Cy > 0 to be specified later.
Let us consider first the case h € {1,..., H}. By j, = logy(h + 2 + [log, s]) we
get that

20" h <271 g"H < H?qM (4 +log, s) < 2¢*7 (4 + log, s)

N N
<2¢°— (1 + ) < c(q)—,
S S

log, s

where ¢(q) = 2¢? <1 + 4 ) Thus we obtain for h € {1,...,H}

log, 2

ty = C1\/Nshqg="2rn < Ci\/c(q)g " N.
Furthermore we get
t2 /2%n S C2Nshqg™" _ C?sh
12¢""N + 2t, ~ 12¢~"N + 201V (g™ N 124 2C14/c(q)

(1.66)
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Combining (1.64) and (1.66) we get

N
C«Q
P Ag, (xz,)| > Cin/Nhqg="2rrs | <2exp [ xp,log2 — ! sh .

"~ (1.67)

Consider the case h = 0, i.e. tg = Cyv/ N2r0s. We have
275 <(3 +log, s)s < Ne(q).
After continuing with the same steps as in the first case we end up with

(i

Z AKO (.’Bn)

02
> 9V N2ros | <2exp | kolog2 — 2 s|. (1.68
2V ) (0 TR ) (1.68)

Recall that 3, and K}, are dependent on a point y € [0, 1)*, respectively. Moreover,
we defined S, = {Kj,(y) : y € [0,1)°} with |[S,| < $(2e)*(¢"™ + 1)*. Additionally
we define

N
ARy N, = {f e [F, (7)) = D Ag, ()| > th}
n=1
with ¢), defined as in (1.65) and set
2 2
Cy = G and (4 := Cs (1.69)

12 + %C’“/c(q)’

Then with (1.67) and (1.68) we have

(AR e (Y )

H
> 1- Z P(Axy,N.s) —Z P(Ag,.ns)

12 + %ng/c(q).

ZAKh J,'n

n=1

KoeSy h=1 KL€S),
H
> 11— ’SO‘QGHO log2—Cys __ § : ‘Sh‘QeF”’L log2—C3sh
h=1
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H
Z 1 _ (2(]3 + 2)885(1—04)4—/@0 log 2 _ Z(2Qh+3 + 2)885(1—C3h)+fih 10g2.(1.70)
h=1

We will now choose Cy = C(¢) and Cy = Cy(¢) such that

(2(]3 + 2)868(1—04)+Ho log 2 < g (1.71)
and
(2qh+3 + 2)ses(1fcsh)+nh log 2 < % (1.72)

From (1.70), (1.71) and (1.72) we then obtain that

p(ﬁ N { gm})m_a

h=0 K,€S},
1 , 2
Cy > B slog(2¢” + 2) + s +log(2 + [log, s]) + log K

Z AKh (wn)

n=1

Inequality (1.71) is equivalent to

This is certainly satisfied for the choice

M&+D@).

2
C4:log(2q3—|—2)—|—2—|—logg:log( .

With (1.69) it follows that we have to choose

1 1
Cy = 6'45\/0((]) + \/Cfgc(q) +12Cy = O, (loge™) .

Inequality (1.72) is equivalent to

1 2
Cs > 7 (s log(2¢"® + 2) + s + log(h + 2 + [log, s]) + log 2" + log E) .

This is certainly satisfied for the choice

4 1 2
log 2 2 _ log (4\/§(q +1)e ) .

=log(2(¢* + 1 24+ —="41og=
C3=1log(2(¢"+1))+2+ 5 —|—0g)S .
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With (1.69) it follows that we have to choose

C’g Vel(q) + \/Cz—c )+ 12C5 = O, (loge™).

Finally by (1.68), (1.67), (1.57) we obtain with probability at least 1 — ¢

M=

N
Zﬂ[Oy) (zn) < Z

n=1

Ak, (n) + NA([0,By.1))

>
o

T

N

< ZAKO(% 3> A (@) + N (M[0,9)) + A([0, B4,1)) — A([0,9)))

h=1 n=1

< VNs <02\/2To+ > Cl\/ZTh\/hqh> +NA([0,9)) + ¢ )
< VNs <Cg\/270+ iC’n/QTh\/ hq"‘) + 4/ Nslog, s + NA([0,y))

< V/Ns (CQ\/2H0+201 (h+3)h —l—,/logq ch hq~ )
h=1
+4/Nslog, s+ NA([0,y), (1.73)

where we used that A ([0,8y,1)) — A([0,y)) < MKpu(y) <q¢ "
By the choices for C'; and C5 we obtain that

%;n[mm(wn)—wo,y))scz(q,e) N (.74)

where C5(q,¢) = O,(loge™).
If we use (1.56) instead of (1.57) and the fact that A ([0,y)) — A([0,8y)) <
MKg(y)) < g " we get that

5 T (@) — A0,3)) > ~Cy(g. 2 (1.75)

with C5(q,¢) as before.

57



Finally (1.74) and (1.75) imply

N
1 slog s
¥ 2 Lo (@) = A(0.9))| < Calg, 01/~
n=1
Since y € [0, 1]* was arbitrary we get that
slog s

Dy (Px(f)) < Cs(q,€)

N

holds with probability at least 1 — . This finishes the proof. [l

The proof of Corollaries 1.3.2 and 1.3.8

Since the proofs of the two corollaries are very similar we only present the proof of
Corollary 1.3.8.

Let ¢(q) > 0 be such that C(q, €) from Theorem 1.3.7 satisfies C(q, &) < ¢(q)loge™".
For § € (0,1) and N > 2 let ey = 65/(7N)? and

Ay = {fe(Fq«t-l)))S: Diy(Px(f)) < clg) logey'y | 8 }

According to Theorem 1.3.7 we have P(Ay) > 1 — ey
Set

A= {fE(Fq((t‘l)))S - Dy(Pu()) < cla) o'y o for auNzQ}.

Then obviously A = [y, Ax and hence
P(A°) =P (U A§V> <Y P(AS) <D en <,
N>2 N>2 N>2

where A¢ is the complement of A in (F,((¢t7!)))* and similarly for A%. Hence
P(A) > 1 — 6 and the result follows. [
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1.3.3 Generalisation of Theorem 1.3.7

In the previous subsection we analysed the behaviour of the point set Py (f) =
{acl, R ,ilIN} with

z, = o({t""' f}),
where f € F,((¢t71))® and

¢:Fy((t) = [0,1), Y gt = > gg .
i=1 i=1

We want to prove a slightly generalised version of Theorem 1.3.7 in this subsection.
Let therefore k € N and 7, (¢) € F[t], f € F,((t71))* and consider the points

x, = 6({f}) forn e {1,...,N}. (1.76)

It is the aim of this subsection to prove the subsequent theorem which is a generalised
version of Theorem 1.3.7.

Theorem 1.3.18. Let q be a prime number and let N,s € N with N,s > 2. Let
Pn(f) ={x1,...,zN} be defined as in (1.76).
If there exists a constant ¢ > 0 independent of N and s such that

Vk € N 3B, € Fy[t] : v(t) = Bi(t)t* " and deg(By) < clog, s (1.77)

then for every € € (0,1) there is a quantity C(q,e) > 0 such that the star discrepancy
of Pn(f) satisfies

slog s
N

Dy (Pn(f)) < Clg,€)

with probability at least 1 —e. The quantity C(q,¢) is of order O,(loge™).

Observe that for 8 = 1 we arrive at v, (t) = t*~! which results in the case we
already studied before. For the proof of Theorem 1.3.18 we are going to use the same
machinery as introduced in Subsection 1.3.2. Recall that in order to be able to apply
this machinery we need to show a certain independence relation for the family of
random variables 1, (x,,) for n € {1,..., N} and where K}, is defined as in (1.54).
The following lemma is crucial for establishing the above-mentioned independence
relation and is therefore also essential for the proof of Theorem 1.3.18. We stick to
the notation of the previous subsection.
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Lemma 1.3.19. Let I,n,m € N, n > m and let D = |J,_, B; and B; € ¥;. If
n—1—deg(vm) > 1 then 1p(x,) and 1p(x,,) are stochastically independent.

Proof. We follow exactly the lines and notation of the proof of Lemma 1.3.13. This
means the proof is split again into 4 claims:

Claim 1.3.20. Let ¢ € R, A;, 4, € Fy*"™V, f € By, and (y,)n21 in [0,1)° with
Y, = o({7nf}) with f = aa, 4,(f). Then we have that

P(Ap(z,) =c| f € Ba,) =P(Ap(y,) =c | f € Ba,).

Proof. We have for all i € [s]

y = ({1 f}) = o({rnf D + 70ty 1) = d({1nfP) = 2. (1.78)

Note that we used the fact that vnufz 4, € Fgy[t] which follows by definition of
a4, (see (1.58)) and 7, = t"~'3, for some f3, € Fy[t]. Additionally, we have that
f € B4, & f € Ba, and the claim follows. O

Claim 1.3.21. Let p = (pV),...,p®)) € (FZ((til)))S with p@ =372, pgi)t*j. Then
the sl coefficients pgi), o ,pl(i) for ¢ € [s] determine if ¢(p) € D.

Proof. Let p = (p,...,p¥) € (Z,((t7)))* and recall that D = |J;_, B; with
B; € % and therefore B; is of the form []7_, [%, ) for a; € {0,1,...,¢' —1}. We

q
already know from the proof of Claim 1.3.15 that for k € {0,1,...,¢" — 1} with g-adic

: -1
expansion k = Y~ k;¢’ we have

p(p¥) € {?7 = ) & p =k py) = ki, ...,p = ko.
Therefore it follows immediately that pgl),pgl), e ,pl(l), e ,pgs),pgs), e ,pl ) de-
termine if ¢(p) € D. O

Claim 1.3.22. For all A € F;""" we have that Ap is constant on ¢({ymBa}).

Proof. Let p = (pM,...,p®) € By with pt¥ = > pgi)t_j. Note that for each

i€ {l,...,s} the first n — 1 coefficients pgi), o ,pfﬁl of p are equal to the entries
in the i-th row of A. By interpreting -,, as a formal Laurent series with coefficients
Ym.u We obtain by condition (1.77) that 7, = 0 for u > —m + 1. Therefore we have
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u=— deg Ym) Jj=1 u=—deg(ym) j=1+u

min{—m+1,5—1}

S g, |t

00 —m+1 00 —m+1
j=1

j=1- deg ym) \ u=—deg(ym)
00 —m+1 ' 00 '
e Sl B S e W
j=1 \u=- deg(ym) j=1
where we set cg.i) = Zu:”féeg(vm) Y up; )u Because of Claim 1.3.21, the coefficients
cgi), : i ) for i € [s] determine if ¢({7y,,p}) € D. But cgi), . ,cl(i) are determined by
p,(fb), e ,pl(i)deg( for i € [s]. Since we have n — 1 — deg(v,,) > [ by assumption these

coefficients are ﬁxed by the choice of B4. Hence it follows that ¢({vnBa}) N D €
{0, 6({ymBa})}. Therefore the function Ap(x) = Lp(x) — A(K}) is constant on
&({mBa}). This proves the claim. O
Define for ¢ € R,
Apc:={Ba€ A1 : Ap(¢({ymBa})) = c}.
Note that Ap . is well-defined according to Claim 1.3.22.

Claim 1.3.23. Let ¢ € R. Then we have
Ap(z,,) =c< 3By € Ap,. such that f € By.

Proof. The implication from right to left follows directly from the definition of Ap .
For the second direction let ¢ € R and assume that Ap(x,,) = ¢ which is equivalent

to Ap(d({ymf})) = c. Since A,,_; is a partition of F,((¢t7!)) there ex1sts A ey
such that f € Bs. By Claim 1.3.21 we get that ¢ = Ap(¢({vmf})) = Ap(¢ ({”ymg}))
for all g € B4. Therefore we get that B4 € Ap. O

By using the Claims 1.3.20-1.3.23 and following the exact same arguments as in
the case where 8; = 1 and ~;(t) = t*~! we can conclude that (1.61) and (1.62) are
also valid for the more general case. This finishes the proof of Lemma 1.3.19. O
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Let us now finish the proof of Theorem 1.3.18. First of all note that due to Corrol-
lary 1.3.12 we can write for each h € {0,..., H}

Ky = Bui, (1.79)

=1

for some By 1,..., Bpy € ¥y and w = h + 2 + [log, s]. Further let us set pj, :=
logy(h + 2 + [log, s] + maxgeq1,.... vy deg(Be)) and define for v € {0,1,...,2° — 1}

.....

QN ) = {n € {L,...,N} [n =7 (mod 2)}. (1.50)
Observe that for n,m € Q(N,~, pr) and n > m we have 2/» < n —m and therefore
h+2+[log,s] <n—m—deg(Bn) =n—1—(m—1+deg(Bn)) =n—1—deg(ym)

Hence we get by Lemma 1.3.19 that for all n,m € Q(N,~, pn) the random variables
1k, (®,) and 1k, (%,,) are stochastically independent. In order to apply the machinery
of Subsection 1.3.2 it is sufficient if we have additionally to the independence property
that there exist constants C;, Cy > 0 such that for all N;s € Nand h € {0,...,H}

C128h < 2P < (Ch2"h, (1.81)

where kj, = logy(h + 2 + [log, s]). Note that the lower bound for 2/ is satisfied for
C1 = 1 by definition of p, and the upper bound is a direct consequence of condition
(1.77) since we have

-----

for some C5 > 0. Therefore we are able to use the exact same steps as in Subsec-
tion 1.3.2 and this finishes the proof of Theorem 1.3.18.
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1.4 Conclusions and further research

Let us conclude Chapter 1 with a brief summary of the main results of Section 1.2 and
Section 1.3 followed by a small discussion of possible extensions and generalisations.
In Section 1.2 we studied the efficient construction of polynomial lattice point sets
which yield a small weighted star discrepancy. For p € P, m € N and certain choices
of the modulus f(z) € F,[z],deg(f) = m we were able to provide an algorithm
(Algorithm 1.2.8) which constructs a generating vector g € (F,[x])® such that the
corresponding N-element lattice point set Py(g, f) where N = p™ satisfies the
following weighted star discrepancy bound for all 6 > 0

Dy (g, f) = O(N~'*).
Additionally the construction cost of Algorithm 1.2.8 is of the order of magnitude

min{s,t}
O | Nlog N + min{s,t}N + N Z (m —wq)p™ ¢ |,
d=1

where the quantity ¢ is depending on the weight sequence « and the sequence w helps
to control the size of the search sets for the generating vector. Roughly speaking ¢
becomes constant if the weights are decaying fast enough. To put it differently, the
computational cost becomes independent of the dimension s eventually if the weights
are decreasing sufficiently fast. This speed up is due to the fact that Algorithm 1.2.8
reduces the search sets for the components of g. The reduction of the search sets is
controlled by the sequence w, which has to be chosen in accordance to the weight
sequence v such that Y °° 7;p" < 0.

The first generalisation which comes to ones mind is of course to increase the class
for the possible choices of the modulus f(z). So far the results stated in Section 1.2
are valid for the case f(x) = 2™ and f irreducible with deg(f) = m, respectively. It
should be possible to follow the lines of Section 1.2 in the more general case where
[ € Zy[z] and deg(f) = m. One of the main tasks will be to handle the technical
details which will result from the more evolved structure of the modulus f.

At this point one should mention that there exists a variety of different CBC
construction which focus on various aspects and properties of the final point set which
are useful in different contexts. For example there exists a construction method by
Dick and Kritzer (see [21]) which is called projection corrected CBC construction.
The main goal of this method is to construct generating vectors (of lattice point
sets) which perform good in the context of QMC methods and additionally get rid
of certain undesirable projection properties of the final point set which have been
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observed by several authors in numerical calculations. (More precise, it was observed
that in some situations the standard CBC algorithm produces generating vectors
which have repeated components. The reason of this phenomenon could be numerical
issues of the CBC algorithm but is currently not known.) A natural question would
be to ask if it is possible to combine the projection-corrected CBC construction
described in [21] with the construction method in Section 1.2.

In Section 1.3 we studied N-element point sets P whose star discrepancy shows a
sub-exponential behaviour in the dimension s, which is

D4(P)=0 ( %) , (1.82)

where the implied constant is independent of s and N. So far no (efficient) explicit
constructions of such point sets exist. In 2014 Lobbe proved that the point set
Py = {x1,...,zn} with x, = {2"1a} satisfies a bound of order O(y/slogs/N)
with high probability (see Theorem 1.3.1). We were able to carry over the results
of Lobbe to a digital analogue of the point set Py (). More precise, we studied
the point set Py(f) = {@1,...,xN}, where x, = ¢({t"'f)} for some s-tuple
F=(f1,...,fs) € (F,((t™1)))® of formal Laurent series and ¢ defined as in (1.26).
We were capable of proving the following metric result:

Theorem. Let g be a prime number and let N, s € N with N,s > 2. Then for every
e € (0,1) there is a quantity C(q,) > 0 such that the star discrepancy of the point

set Py (f) satisfies
Dy(Pn(f)) < Clg,e)y/ 8110\;38 (1.83)

ps-with probability at least 1 —e. The quantity C(q,€) is of order Oy(loge™).

Moreover, we were able to prove a generalisation of the theorem above (see
Subsection 1.3.3). We considered points of the form x, = ¢({v,f}) and (Vx)ren €
(Z,[t])N such that

Vk € N 38, € Fy[t] : (1) = Br(®)t* ' and deg(B;) < clog, s, (1.84)

where ¢ > 0 is a constant independent of N and s.

In order to ensure the existence of point sets satisfying (1.82) the authors of [45]
used a probabilistic method. Roughly speaking this means they considered a point
set consisting of N i.i.d. random variables and proved with the help of Hoeffding’s
inequality, which quantifies the deviation of the mean from a sum of independent
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random variables, that (1.82) is satisfied with positive probability. Observe that the
discrepancy bound in (1.82) and the bound in (1.83) of our main result differ by a
factor of v/log s. This additional factor seems to be the price one has to pay for the
additional structure of the point set P(f). More precise, if one wants to use the same
framework as in [45] one has to work around the problem that the additional structure
of the point set destroys the independence of the considered random variables. In our
case we followed the approach of Lébbe [75] and clustered the random variables into
groups where they are pairwise independent and finally apply Bernstein’s inequality,
which is a more general form of Hoeffding’s inequality, for each group of random
variables. This workaround lead to the additional factor of v/log s. Additionally this
approach is somehow responsible for the condition (1.77) in Theorem 1.3.18, where
we considered points of the form x,, = ¢({7,f}) and (7x)ren satisfying (1.84).

Recall that both the Hoeffding and Bernstein inequality are of the same type, i.e.
both inequalities measure deviations from the mean for sums of independent random
variables. It would be an interesting task to adapt the framework of Section 1.3 in
the following way: Choose a suitable inequality of similar type, which can also be
applied to sums of dependent random variables, such that one can improve (1.83) or
is able to loosen the constraint in Theorem 1.3.18.
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Chapter 2

The Sudler product of sines

2.1 Introduction

The main quantity of interest in this chapter will be the following sequence of
trigonometric products

Py(a) == [ ] |12sin(zra)], (2.1)

where N € N, and a € R is fixed. More precise, we will analyse the asymptotic
behaviour of Py(«) for special choices of a.

The study of the sequence Py(«) goes back to the late 1950s, when questions
about its asymptotic behaviour were raised by Erdés and Szekeres [32]. Another
early exposition on Py(«) was given by Sudler [99] in the 1960s, giving rise to the
name Sudler product. The continued analysis of Py(a) has been carried out in a
number of different fields in both pure and applied mathematics (such as partition
theory [99, 107], Padé approximation [29] and continued fractions [76] , as well as
KAM theory and the theory of strange non-chaotic attractors [8, 38, 57, 65]). Further
the Sudler product seems to play a role in interpolation theory in [52, 53] and the
analytic continuation of Dirichlet series [56, 105]. See [17, 30, 76, 87] for a connection
to g-series or [11, 16, 34] for more recent studies on Py(«). Quite recently similar
trigonometric products have been analysed in the context of uniform distribution and
discrepancy theory [3, 54]. The above given list is by no means complete but this
broad interest in the Sudler product has lead to a range of different notations and
terminologies, making it challenging to get a full picture of what is actually known.
Nevertheless we will try to give a small overview on some key results concerning the
Sudler product of sines in Subsection 2.1.2. This overview is mainly based on a more
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detailed survey of central results on Py(«a), which can be found in [104]. But before
we do so let us give a more detailed insight into a couple of items of the long list
above of topics which are related to the Sudler product. We will mainly focus on the
number theoretic topics that have been mentioned in the list before.

2.1.1 Relations to several fields of number theory

As we have already pointed out in the beginning of this section, the sequence Py(«)
has been studied independently in several disciplines of pure and applied mathematics.
In this subsection we want to give some examples of fascinating connections to other
mathematical fields and topics:

o We start with an interesting relation to g-series. Before we are able to charac-
terise more precisely what actually a g-series is, it is helpful to understand the
property of being a g-analogue. Roughly speaking a g-analogue is a general-
isation of some mathematical expression which results in the already known
expression in the limit ¢ — 17. (Usually one has that 0 < ¢ < 1.) There are
g-analogues for a variety of mathematical objects e.g. binomial coefficients,
factorial, Fibbonaci numbers, ... and this generalised objects form the basis for
a whole “g-calculus”. Consider for example the Pochhammer symbol (shifted
factorial) for a € C and N € N which is given by

(a)y :=ala+1)---(a+ N —1).

The g-analogue of the Pochhammer symbol is called the ¢-Pochhammer symbol
and defined by

(a;q)n = (1 —a)(1—aq)-- (1 —ag""). (2.2)

Note that we have lim, ;- (¢%; ¢)n/(1 — )" = (a)n. A g-series is now a series
where expressions of the form (2.2) appear in its summands. For more detailed
information on this topic see for example [5, 33, 35].

A very important class of g-series are the basic hypergeometric series: For
r,s € Nand |g| <1 we define

Aty Or, 2| = - (al;Q)n(GQ;Q)n"'(ar;Q)n 1\ (g) 1+577~zn
e <b17~--7 S ) Z(bl;q)n(bz;q)n---(bs;q)n(q;q)n [( ' }
(2.3)

where ¢ # 0 if r > s+ 1 and ay,...,a, and by,...,bs € C such that b; # ¢~
for m € Nand i € [s].

n=0
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These mathematical objects are a powerful tool which have applications in
number theory, combinatorics, computer algebra and mathematical physics
(e.g. for illustrating the possible number of states on a lattice). Moreover,
basic hypergeometric series are a g-analogue of the much better understood
generalised hypergeometric series and hypergeometric series, see for example
6, 9, 44, 58, 59, 90, 96, 100]. The topic of g-series has been a fruitful research
area in the last decades and unfortunately it is beyond the scope of this thesis
to go more into detail concerning this interesting field. If we consider now
the special case of (2.2) where a = ¢ and ¢ = exp(27ia) we get after some
calculations that

(ga)nl = [T11=a"| =] 1 = exp(@miar)| = Py(a), (2.4)

which connects the product Py(«) to the world of g-series.

Consider the partition function p : N — N, which counts the number of ways
to write an integer n as a sum of positive integers, where the order of the
summands is not significant. For example p(4) =4 since4 =3+1=2+2 =
24+141=141+1+1. The Euler function defined as ¢ : R — R,

o0

o) == [0 = ") = (& D)=

n=1

is closely related to the partition function p(n) and the (generalised) pentagonal
numbers. By Euler’s pentagonal theorem (cf. [7]) it is well known that

¢(Q) — H(l . qn) =1+ Z(_l)n (qn(Bn—l)/Q + qn(3n+1)/2)
n=1 n=1

=1-q-+¢+q¢ —¢"—¢°+--, (2.5)

where the sequence of exponents in (2.5) can be described by n(3n — 1)/2 for
n=1,-1,2,-2,3,—3,.... These numbers are called the generalised pentagonal
numbers. If we define p,(n) and p.(n) as the amount of partitions of n with
an odd or even number of summands then the following relation, which was
observed by Legendre, is equivalent to (2.5):

0 else.

Po(n) — pe(n) = {<—1>j n=j(3j+£1)/2
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Additionally one can express the generating function of the partition numbers
p(n) with the help of the Euler function ¢:

q) Y p(n)g

Furthermore, if we introduce the notation p(n) for the number of partitions of
n into distinct parts it is known that

1[0+ ZP
n=1
Now recall that if we set ¢ = exp(27ia) we have that

2sin(mn2a)

1 —4q"| =|2si d[1+4" =12 = |—=
1= = 2sin(rna)] and 1-+°] = [eos(na)| = [ S0
Hence, the asymptotic behaviour of the products Py(a) (and Py(2a)/Py(c))
has interesting connections to the theory of partitions.

Moreover, slightly altered versions of the Sudler product appear in connection
with discrepancy theory and related topics. For example in [54] the authors
studied the discrepancy of a certain hybrid sequence which lead to similar
trigonometric products. More precise, in order to get information on the star
discrepancy of the two-dimensional sequence z, = ({ka}, zy), where a is an
irrational in (0,1) and x; a digital Niederreiter sequence (see [78]), the authors
had to investigate lacunary trigonometric products of the form

N-1
H |cos(2"ma + ym/2)],

r=0
where ~; € {0,1}.

Another interesting approach is to study the Sudler product in the context of
uniform distribution by considering the more general product

Px((2,)ren) H2sm TT,), (2.6)

where (z,).en is a uniformly distrilllted sequence in the unit interval. In
particular this means that Py(«a) = Py((x,)ren), where (z,).cy is the famous
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and well studied one-dimensional Kronecker-sequence ({ra}),ey and o € (0,1)
and irrational (observe that Py(«a) = ny:l |2sin(7ra)| = ny:l 2sin(m{ra})).
This approach was carried out by Aistleitner et al. in [3]. One of the main
result of this article states that if (z,),cy is a uniformly distributed sequence in
the unit interval then

Pl )rer) < (AﬂN)A 2.7)

where Ay := NDx((x,)ren) and N is sufficiently large.

e Last but not least we would like to point out that the sequence (Py())yen
is also studied in various fields related to physics and applied mathematics
(e.g. string theory, KAM theory or the study of strange non-chaotic attractors
(SNA)). All of this areas try to understand some aspects of the growth of
Py(a). For more information in this direction we refer the interested reader to
8, 38, 57, 65] and the references therein.

2.1.2 Key results

In this section we provide a very brief overview of some key results related to the
sequence Py(«). For a more detailed overview we refer to the introduction of [104].
Let us start with the well understood case when « is rational. We summarize some
basic facts in the subsequent lemma.

Lemma 2.1.1. Let N € N, a € R and Py(«) defined as in (2.1). Then we have
1. Py(a) = Py({a}), where {-} denotes the fractional part.
2. If o € Q with « = p/q and ged(p,q) = 1 then

_J0 ifN=>gq
PN(a)—{q if N=q—1.

3. For a € R we have that Py(a) < 2V,

Proof. Except for the case N = ¢ — 1 in the second statement of Lemma 2.1.1 all the
properties are a direct consequence of the definition of Py(«) given in (2.1). Now
assume that o = p/q with ged(p,q) = 1. We will show a slightly stronger result
which is that [[Z] 2sin(7ra) = ¢. Observe that rp (mod ¢) runs through the set
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{1,...,q— 1} if r runs through {1,...,¢ — 1} since ged(p, ¢) = 1. Hence we need to
show that

Note that we have 2sin(7r/q) = |1—e?™"/4|. Moreover, it is a fact that (z—1) qfl(a:—

. r=1
/1) = 39 — 1 = (z — 1) 2%, 2. Using this observations we obtain

qg—1 r q—1 q—1
[]2sin (w—> =[x =m0 => 1=¢ (2.8)
r=1 q r=1 r=0

and the result follows. Of course (2.8) implies that P,_1(p/q) = ¢. O

Due to the first and the second statement of Lemma 2.1.1 we can restrict our
attention to the case where @ € (0, 1) and irrational. For this case the growth of Py(«)
has been studied in different contexts. One of them was to analyse sup,e (g 1) Py ()N,
which was first carried out by Sudler in [99], where he could prove that

1/N a0
lim ( sup PN(a)) :agl/ log |2 sin(ma)| dey,
N—=oo \ 4e(0,1) 0

where «q is the unique solution in [1/2,1] of the equation [« cot(ra)da = 0.
(From numerical calculations we obtain ag = 0.7912... .) Moreover, Sudler could
show that sup,e(o 1) Pv(a) is achieved at ay with asymptotic behaviour of the form
ay ~ ag/N as N grows. Recently Bell [11] adopted the method of Wright [107] and
was capable of giving a more precise version of the result of Sudler:

sup Py(a) ~ C\VNEY,
a€e(0,1)
where C; > 0 is independent of N and E = ag' [;* log |2 sin(ra)|. Furthermore Bell
could apply his methods also for L,-norms and obtained for p € [1,00) that

1 1/p
(/ PN(Q)p d()!) ~ C1(an_3/2)1/p\/ﬁEN,
0

where (', Cy > 0 are independent of N.
Another natural question is to ask about the growth rate of Py(«) for fixed
«. Surprisingly Lubinsky [76] was able to prove that for almost all « one has

limpy o0 P]i/N(oz) = 1 in contrast to the exponential growth of sup, Py(a). At
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first sight this result seems to be of a counter-intuitive nature. A rather heuristic
explanation for this phenomenon is that the exponential behaviour of sup,e g 1) Py (@)
is due to peaks, which do not reflect the typical behaviour of the function. But with
increasing N this peaks narrow more and more. This means that for growing N the set
of v, which are responsible for the exponential behaviour of sup,¢ g1y Pv() becomes
negligible. Furthermore Lubinsky was able to characterize the sub-exponential growth
of Py(«) more precisely (see [76]). One of his results states that for almost all o and
almost all € > 0 we have
PN(OC) < NC(loglogN)H'E

if IV is sufficiently large and where C' > 0 is depending on « and €. In particular, if «
has bounded continued fraction coefficients then he could even prove a polynomial
growth rate, i.e. Py(a) < N¢.

The special case where « is the golden ratio ¢ gained a lot of attention since
the golden ratio is for example in terms of the continued fraction expansion the
simplest irrational. Knill and Tangerman investigated the behaviour of the sum
Sn(p) = 32N log(2 — 2 cos(2mry)) in [57] (note that Sy(¢) = log(Py(¢))). Quite
recently Verschueren and Mestel were capable of proving that the subsequence
(Pr, (¢))n>1 of the Sudler product is convergent for n — oo and (F,),>1 being the
Fibonacci sequence. It is exactly this work of Verschueren and Mestel that will play
a central role in Section 2.2 and which we will generalise in Section 2.3. In the next
section we will stick to the special case where o equals the golden ratio ¢ and shift
our attention to liminfy_,. Py(®).
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2.2 A positive lower bound for liminfy_,. Py(¢)

A long-standing open question raised by Erdos and Szekeres in 1959 is: what can
we say about liminfy_, . Py(«)? This question occupied Lubinsky, who studied the
product Py(«) in the context of g-series in [76]. In his paper, Lubinsky shows the
following theorem:

Theorem 2.2.1 ([76, Theorem 1.3]). Let o € (0,1) and irrational with contin-
ued fraction expansion o = [0;ay,as,...] and let Py(«) be defined as in (2.1). If
Sup,en aj = 00 then
lim inf Py (a)) = 0. (2.9)
N—o0
Note that (2.9) holds in the presence of unbounded continued fraction coefficients.
Moreover, Lubinsky expresses that he “feels certain that it (equation (2.9)) is true
in general”, i.e. also for a with bounded continued fraction coefficients. The first
main goal of this chapter is to show that, in fact, this is not the case. This section is
dedicated to prove the following theorem

Theorem 2.2.2. If ¢ = (v/5 —1)/2, then

N
lﬂlgf Py () = hjvnilo%f lj[l 12 sin(7mre)| > 0. (2.10)

The number ¢ = (v/5 — 1)/2, known as the fractional part of the golden ratio,
has the simplest possible continued fraction expansion

1 _
Y= 1 :[03 1]'
Lt ——1—

1
+1—|—...

This observation is key in establishing Theorem 2.2.2. Nevertheless, we suspect that
liminfy_,o Pn(a) > 0 also for other quadratic irrationals « (see Section 2.4.1 for a
discussion on this topic).

Remark 2.2.3. Observe that in the literature the golden ratio is defined as

5+1

oo Vi1 (2.11)
2

Due to the fact that Py(«) = Py({a}) we will not distinguish between ¢ and {p}

when it is not necessary.
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In the following section, we present our strategy for proving Theorem 2.2.2. The
proof relies heavily on a paper by Verschueren and Mestel [104], where the asymptotic
behaviour of the subsequence (Pg,(¢)),>1 is investigated for the Fibonacci sequence
(Fn)n>1- Let us therefore briefly review the connection between the golden ratio ¢
and the Fibonacci sequence before we present our proof strategy.

2.2.1 The Fibonacci sequence

Throughout this chapter, we denote by ¢ the (fractional part of the) golden ratio

V-1

2 i

=

and by (F,).>1 = (1,1,2,3,5,8,13,...) the sequence of Fibonacci numbers. There is
an intimate relationship between ¢ and the Fibonacci sequence; (F,),>1 is precisely
the sequence of best approximation denominators of . Moreover, we have the

property
Fop=F,1—(—=9)", (2.12)

for Fp:=0and n € N.
Finally, recall that any positive integer N has a unique expansion in terms of the
Fibonacci sequence, known as its Zeckendorf representation [108].

Definition 2.2.4. Any N € N has a unique Zeckendorf representation

where (F,)nen, 15 the Fibonacci sequence, and:
(i) ny > 2;
(1) njs1 >n;+1 forall je{l,...,m—1}.
Moreover, it is well known that n,, = O(log N) (see e.g. [64, p. 120]).

In other words, we can associate to any N € N a unique integer sequence
(n1,...,nm,). Note that since m < n,,, the length of this sequence is m = O(log N).
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2.2.2 Strategy

The proof of Theorem 2.2.2 relies on central results in a recent paper by Verschueren
and Mestel [104]. In this paper, the authors analyse the asymptotic behaviour of the
product sequence (Py(¢))ys, for the golden ratio ¢, and show in particular that:

Theorem 2.2.5 ([104, Theorem 3.1]). The subsequence (Pr,(¢)),, is convergent,
and

Fr
lim Pg (¢) = nh—>nolol_[1 |2sin(mrp)| ~ 2.407. .. . (2.13)

n—oo

A consequence of Theorem 2.2.5 is that the general product Py(¢) must necessarily

obey polynomial bounds?
N < Py(p) < N, (2.14)

where C; < 0 < 1 < (5. These bounds are established as follows: Expressing the

integer N by its Zeckendorf representation N = "% | F,;, we can rewrite Py(y) as
S Py

Pug)= [ [2sin(rre)

r=1

Fop, Frm+Fop, o 2j=1 P
= (H |2 sin(m‘gpﬂ) H |2sin(mre)] | - H |2sin(7ry)]

r=1 r=Fp,,+1 r:ZTZQ Fnj+1
m F”j
=[] 12sin(z(re + k)], (2.15)
j=1r=1

where k; = > " .| I, for 1 <j <m —1and k, =0 (see [104, p. 220] for further

details). Verschueren and Mestel then show that:

Lemma 2.2.6 (see [104, p. 220-221]). There exist real constants 0 < K; <1 < K,
(independent of N ) bounding all terms in (2.15), i.e. so that
Fn,
Ky < [ 12sin(n(re + k)| < Ko, (2.16)

r=1

foralll <75 <m.

LThis was first established by Lubinsky in [76] using a different approach.
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It immediately follows from Lemma 2.2.6 and (2.15) that
KT" < Pn(p) < K3".

Finally, since the Zeckendorf representation of N has length m = O(log N), we get
(2.14) for some constants C; < Cs. It follows immediately from Theorem 2.2.5 that
C1 <0 (and an argument of why Cy > 1 is given in [104, p. 219]).

Our strategy for concluding that liminfy_,., Py(p) > 0 is to evaluate the sub-
products in (2.15) more carefully for large values of j.

Lemma 2.2.7. There exists a threshold value J € N (independent of N ) such that
for all terms in (2.15) where j > J, we have

Fnj
[] 12sin(x(re + k)| > 1.
r=1

Combining Lemmas 2.2.6 and 2.2.7, we find that

m F"j

Py(e) =[] [] 12sin(x(re + k)| > K{ > 0,

j=1r=1
confirming Theorem 2.2.2.
The proof of Lemma 2.2.7 is given in Section 2.2.4. It requires a certain de-

composition of the product [[,2} |2sin7(ry + kjp)| into three more manageable
subproducts. This decomposition is inspired by the work of Verschueren and Mestel,
and is thoroughly described in the following section.

2.2.3 Decomposition

It is shown in [104, Lemma 5.1 that the product Pg, () can be split into three
subproducts

Fn
Pr, () = [ [ 12sin(zre)| = A, B,Ch. (2.17)
r=1
where
A, = |2F, sin(mp")|, (2.18)
Fn—1 <
B, = — 2.1
H 2sin(wt/F,)|’ (2.19)

t=1
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anl 82 1/2
o= 1] ( —SL{:) , (2.20)

t=1

Sy 1= 28in <7r (Fin — " ({tl;‘nl} — %))) . (2.21)

Observe that s,; = sp(m,—y) for t € {1,..., F, — 1} (see [104, Lemma 4.1]). Now it
follows immediately for odd F, that C,, = [[/2(1 — s2,/s2,) and for even F,, we

get that
Fn—1 9\ 1/2 2 1/2 (F,—2)/2 2
Sno Sno Sno
(-5) (k) M) en
t=1 nt n(Fn/2) t=1 nt

Further, by definition of s,; we obtain lim,, . (1 — s2,/ si( F, /2)) = 1. In other words
it does not make a difference for the asymptotic behaviour of C,, if we consider the
case where F;, is even or where F}, is odd. In order to avoid such a case distinction
and improve readability of what follows we stick to the lines of [104] and introduce
the following generalised sum and product notation:

Given a summable sequence (b,).cy, we define the step function f(t) = b, for
t € [r,r+1). Then for any z,y € R where x <y, we let

Ey:bT - /yf(t) dt. (2.23)

Moreover, if f(t) > 0 on [z,y], we let

ljbr ‘= exp (i log br) = exp (/: log f(t) dt) . (2.24)

This allows us to define sums and products with real, rather than just integer, upper
and lower bounds. Note in particular that this definition coincides with normal
summation and product notation whenever z,y € Z.

With this notation in mind we can rewrite (2.20) as

and where

(Fa1)/2 2
n0
t=1 nt
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A similar decomposition as given in (2.17) can be established for a perturbed

version of Pr, (¢). Let us introduce the notation

Fr

Pr,(p,) = [ ] 12sin(x(ro + )l

r=1
where ¢ is some fixed, real number. We claim the following:
Lemma 2.2.8. We have
P, (p, ) = An() B.C(e),

where

An(e) = 2F,|sin (7((—¢)" —€)) |,

o (Fnﬁ>/2 (1 ) @)

t=1 nt

By, and s, are given in (2.19) and (2.21) respectively, and

Un(€) = vy = 25in (7r ((_gp)n - g)

Proof. By definition we have that

(Pr,(p,€))* =(2sin(r(F,e + 8)))2ﬁ (2sin(m(re + 5)))2

N—

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

=(2sin(r(F,e + 6)))21_[ (2sin(m(re 4 €)))(2sin(7((F, — r)¢ +€)))

r=1
Fn 1

=(2sin(n(Fnp +¢€)) H2 cos(m(2r — Frp)) — cos(m(Fhp + 2¢))),

where we have used the identity sinz siny = (cos(x — y) — cos(x + y))/2 for the final
step. Recall from (2.12) that F,,p = F,,_1 — (—)" for all n € N. Thus, we get

(Pr, (p,€))2=(2sin(n(F,p +¢)))

X H2 cos(m(2rg — F_1 + (—9)")) — cos(m(Fr_1 — (—¢)" +2¢)))
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:(2 Sin(ﬂ-(FnSO + 8)))2<—1)(Fn—1+1)(Fn_1)
X 1"—[2( — cos(m(2r¢ + (—p)")) + cos(n((—¢)" — 2¢))).

Note that ged(F,_1, F},) = 1, and this implies (—1)#n—1+DF=1) — 1 We now use
the identity cos(r) = 1 — 2sin?(x)/2 to obtain

(Pr.(¢,€))* =(2 Sin_(zf(Fnso +e)))’
s (o E52)) o (s (S22
Applying again the identity (2.12) we get

O ) e )

Note that if r runs through {1,...,F, — 1} then so does t = F,_ir (mod F,).
Furthermore, recall the well known identity F? ; = (—1)" (mod F,). Using the
substitution ¢t = F,,_;7r (mod F},) we obtain that

(2 or (1)
)
osin (n (L = (cpp ({E L]
S
F, F, 2 ni

where we have used in the second last step that f(z) = {x} — 1/2 is an odd function
and s, is defined as in (2.21). Using (2.29) and (2.30) we finally have

(Pr,(,))? =(2sin(r(Fup + )" T (52, — v2)

Fu=1  Fn—1 .2
=(2sin(r(F,p + 8)))2 s2, (1 - T")
nt



oo Tl (2T ()

2

= (An(e)BuCu(e)) ",

where we have used the notation introduced in (2.24) and the well known product

formula (see Lemma 2.1.1)
qg—1
H 2sin (m"g) =q,
r=1 q

for positive integers p,q > 1 with ged(p, q) = 1. O

2.2.4 Proof of Lemma 2.2.7
Let us now turn to Lemma 2.2.7. Fix some N € N, and let
N = Z F,
j=1

be its unique Zeckendorf representation. The product Py (p) may be decomposed as

= [T 1] 2sin(x(re + ki)l

j=1r=1

where k; = > 7" F, for 1 <j <m—1and &, = 0 (see (2.16)). Using the notation
introduced in (2.25), we get

Py(p) =[] Pr., (. ki)

j=1

By applying again the identity F,po = F,,_1 — (—¢)" from (2.12), we have

ko= Y (Fo1i—(—9)™),
s=j+1
and thus . .
&) =[] Pen (0. == (o). (2.31)
j=1 s=j+1
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Recall that by Lemma 2.2.8 we have

PFnj (QO, Ej) = Anj (Ej)anan (Ej), (232)

where the terms A, (¢;), By, and C,,(¢;) are given in (2.27), (2.19) and (2.28),
respectively. The claim in Lemma 2.2.7 is that Pr,, (p,€;) > 1 whenever j exceeds

some threshold value (independent of N). We will continue by analysing and bounding
each of the three terms A, (¢;), By, and Cy,(g;) from below.

The term A4, (¢;)
The following lemma gives a suitable lower bound for the term an (g5)-
Lemma 2.2.9. Let A, (¢;) be given in (2.27). We have

2w
n; (gj) = %

where the implied constant is independent of n;,

A (1+p;) (1+0O(™)), (2.33)

m

pj = —gi(—p) ™ = Y (=), (2.34)

s=7+1

and p; € [—¢*, ¢].

Proof. Since ny > 2 and any two consecutive elements n, and ng,; must necessarily
satisfy nsy1 — ngs > 2 (recall Definition 2.2.4), we have that

pi= Y (—p < Y =0
s=j+1 s=j+1
and . -
p= o (e R SIS
s=j+1 s=j+1

Thus we get that p; € [—¢?, ¢].

Moreover, it follows that [(—p)" —¢g;| = @™ (1 + p;) = O(¢™). Hence, by the
definition of A, (g;) and applying sinz = (1 + O(z?)) we get

An, () = 2F,, sin(m (=)™ — €)= 21 Fy, [((—=9)™ — ;) (1 + O(¢™™))]
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_27r

V5
where we have used that F,, = (¢~ — (—¢)")/v/5 for n € N.

= 2m(L + p;)Fn, ™ (1+ O(™)) (14p;) (1+0™)),

The term B,
We will exploit the fact that B, is not depending on ¢; in contrast to the terms an
and Unj. We want to prove the following general lower bound for B,,:
Lemma 2.2.10. Let n € N and B,, be given in (2.19). Then we have
B - V5 Pr,ya(p)
" 2mp? Proa()
Proof. Note that by definition we have

(1-0(™) . (2.35)

Pr, ., () Itz Fn
PFn+1 (QD) r=Fp41+1 r=1

= ﬁ 2sin (7(re — (—¢)"™)) | = Pr, (¢, —(—¢)" ™)

= An(=(=9)")BuCr(—(=¢)™ "),
where we applied Lemma 2.2.8 for the special case ¢ = —(—¢)™. Therefore we obtain

_ Pron(9) w1y nt1y) 1
By, Pr. . (9) (An(=(=)" ) Cu(=(=)"))
First of all observe that by following the same lines as in the proof of Lemma 2.2.9
one can easily derive that A,(—(—p)"*!) = 27¢?/v/5(1 + O(p*")). Moreover, we
have that C,,(—(—¢)"*') < 1, which can be seen in the following way. Verschueren
and Mestel proved in [104, Lemma 4.1] that s,; > s,0 for t € {0,..., F,, — 1}. This
leads us to

(2.36)

) ||ty
Snt o Sno sin(%gp”) '

Hence, by (2.28) the product C,,(—(—¢)"') < 1 and we finally arrive at

> \/g PFn+2(90)

"7 2m¢? Pr,,, (¢) (1=0(™).
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The term C,, (¢;)
We now shift our attention to the term C,,,(g;). Our goal is to prove:

Lemma 2.2.11. Let C,,,(¢;) be given in (2.28). We have
— 1
Coy) 2 1= = (1+2p)° = O(p™/?), (2.37)

with p; as in (2.34) and where the implied constant is independent of n,;.

The proof of Lemma 2.2.11 is more elaborate than the proofs of Lemma 2.2.9 and
Lemma 2.2.10, and we start by stating two preliminary results.

Lemma 2.2.12 ([104, Lemma 4.3]). For n > 2 and real numbers a;, t =1,2,...,n,
satisfying A := ", |a;| < 1, we have

- 1
1-A 1-— _

Lemma 2.2.12 is used in [104] to show that the product C, in (2.20) can be

expressed as
ad 1
¢=1] (1 - —2> - 0("?),
t=1 L
where .
w =2 (\/Bt — {to} + 5) . (2.38)

We use it here to verify that a similar expression can be given for the perturbed
product C',(g) whenever the perturbation ¢ is sufficiently small.

Lemma 2.2.13. Let C,(¢) be given in (2.28), and assume that |g| < " 1. Then

Un(e) > H (1 _ (1 - 25(;90)_n) ) _ O((,Dn/5),

Uy

with u; given in (2.38) and where the implied constant is independent of n.

Proof. Recall that
o (Fn_l)/2 v (5)2
Cue)= [ <1 - "T) , (2.39)



where v, (¢) is given in (2.29) and s, is given in (2.21). The assumption on ¢ implies
that |e(—p) | < ¢ and
11— 2e(—p) ™| <1+2p =15 (2.40)

It thus follows from sinz = x(1 + O(z?)) that

[va(e)] = 2[sin ( (=)™ (1 = 25(=) ™)) |
= m" |1 = 2:(=¢) "] (1+ O(™) (2.41)
< 7"V5 (14 0(p™)) .

We now split the product (2.39) at n,, := [gp’?’"/ 5}, and treat first the terms where

t > n,. As a next step note that from (2.12) and the fact that v/5F, = o™ — (—¢)"
it follows for n > 1 that

Fn—l

oA i(1 + O(p*™)) (2.42)

V5

Now it follows by (2.42) for sufficiently large n that

St = 2in ( <t\/_<,0 1+O—() — " ({tcp} +10(™) = %)))

= 2sin (thp” <\/_ — - ({tgp} — —) O (> ))) . (2.43)

Combining (2.41) with (2.43) and (7/2)sin(z) > « for = € (0,7/2) we obtain

=+ O(¢*) and F,¢" =

0 (e) r"VB(1+ O(p™)
swe | T At |VE =17 ({1} — ) + O(6™)]
Vor(1+ O(p*™)
477"|\/—_77n ({te} — 3) + O(p>)|
0O o). (2.44)

~ A, (11 O, h))

Observe that if n is sufficiently large (2.44) implies that ZtF” D22/2 <1 and
therefore we are able to apply Lemma 2.2.12 and obtain

(Fn—1)/2 9 (Fn—1)/2 2
1> ] ( - T“) >1- Y S—gt =1 - 0("). (2.45)
t=mnn Snt t=mnn n
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Now consider the terms in (2.39) where ¢ < 7,. Using again (2.42) and sin(z) =
x + O(23) we get for sufficiently large n that

t tF, 1] 1
=t (= ({5 - 3)) + oeem)

= 27" <L) — {tp +tO(¢™™) } + %) + O(p™®)

1+ O(¢™
= 2" (VB4 O() {19} + 5 + O(™) ) + O(")
= mg" (i + O,

with u; given in (2.38), and combined with (2.41) this implies

vn(e)| _ me" |1 —2e(=9) " (1 + O(¢*"))
Sni T (uy + O(9"7))
_ 1 =2e(=¢)™" 1+ 0(p™)
N Uy 1+ O(pn/5)
_ I1— 251(%—90)n| (1+ O(gon/s)).

It follows that

=1 " ) " (1 - 25(;90)”)2> (2.46)
. M o ser) o

Before we now evaluate the two subproducts (2.46) and (2.47) separately note that

1 2\ 5
— 4 L) <3 (2.48)



Consider the subproduct (2.47) and observe that by (2.48) we are capable of applying
Lemma 2.2.12 and we then have

- T (1 oo

and thus

Now consider the second subproduct (2.47). Using the bound (2.40), it is easily
checked that

< oQ.

t=1

Thus, for sufficiently large n, we can use Lemma 2.2.12 to conclude that

e _ O(p™?) n/5 .
II(l z@—«l—zd—w>nv) )2 1—2d BEIE
=1 —0O("?). (2.50)

Inserting the bounds (2.49) and (2.50) for the subproducts (2.46) and (2.47),
respectively, we get

ﬁ (1_ vn(;)?) . "_" (1_ (1—26(;¢)-”)2> (1-0(mY) (1-0(")). (251)

t=1 Snt

Finally, inserting (2.45) and (2.51) in (2.39), and recalling that 1, = [¢~3"/°], we get

Tle) = f‘[ (1 _ M) (Fnﬁ)/2 (1 _ M)

t=nn+1
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We are now equipped to bound Unj (¢;) from below.

Proof of Lemma 2.2.11. For n = nj and ¢ = ¢; = —> "' . (—¢)™, we have |¢| <

s=j+1
¢"*1, and thus by Lemma 2.2.13 we get
o > (14 2p;)? n;/5
c%@nzIIO— a2 O™™)

with p; given in (2.34). Recall that p; € [—¢?, ¢], and thus (1 + 2p;)? < 5. Moreover,
from (2.48) it also follows that (1 + 2p;)?>> 52, u;> < 1. Thus, we may apply
Lemma 2.2.12 to obtain

— (1 4+ 29.)2 1
Coy(g) 21> A+ 2p,) O(p"/%) > 1 — =(1+2p;)* — O™ /7).

u; 7

Main proof

Let us now confirm that Lemma 2.2.7 indeed follows from Lemmas 2.2.9, 2.2.10 and
2.2.11.

Proof of Lemma 2.2.7. We recall that our goal is to show that
Pr, (€)1 (252

whenever n; is sufficiently large. We have seen that

Pr, (p,65) = An;(65) Bn; Cn; (¢5), (2.53)

where A, (;), B, and C,,(g;) are defined in (2.27), (2.19) and (2.28). By Lem-
mas 2.2.9, 2.2.10 and 2.2.11 we get

PFnj+2 (80)

I A & T n;/5
PFnj+1<90) (1 0(90 )>

_ 1
Pe, () > o214 (1= 201+ 20,
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with p; given in (2.34). Consider the function

g(z) = (1+2) (1 _ ;(1 + 2@«)2) |

It is easily checked that for z € [—¢?, @], this function satisfies g(x) > 5/11. Addi-
tionally by the main result of [104] we know that lim,_,« Pr, ,(¢)/Pr,.,(¢) = 1. So
there exists S € N such that

PFn-+2 (90)
g(lﬁ)}%;%——agj

whenever n; > S. Hence, we obtain that

n;/5 i

5
PFnj (p,€5) > cp_zﬁ > 1forall n; > S.

and in particular, this means that (2.52) holds for all j > J = 5/2 O
Finally, we recall that Theorem 2.2.2 is a consequence of Lemma 2.2.7:

Proof of Theorem 2.2.2. Let N be any natural number, and let N = Z;nzl F,, be its
unique Zeckendorf representation. We rewrite Py(p) as

N m
Py(p) = [[ 12sin(rre)| = [ | Pr., (2. 25),
r=1 j=1

with ¢; given in (2.31).

Assume first that the length of the Zeckendorf representation of N is smaller than
the bound J in Lemma 2.2.7, i.e. m < J. In this case it follows from Lemma 2.2.6
that

Pn(p) > K™ > K. (2.54)

for some 0 < K7 < 1.
Suppose now that m > J. Then by Lemmas 2.2.6 and 2.2.7, we have

Pn(p) = (H Pr,, (gp,gj)) ( 1T P»., (w,sj)> > K] 1" > K7 (2.55)

j=J+1

Combining (2.54) and (2.55) we have Py(yp) > K{ for all N, where J € N and
K, > 0 are absolute constants. It follows that

liminf Py(¢) > K{ > 0.
N—o0

This finishes the proof of Theorem 2.2.2. O
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2.3 Asymptotic behaviour of the Sudler product
of sines for quadratic irrationals

We will continue the analysis of the asymptotic behaviour of the Sudler product
Py (a) in this section. This time we put the focus at certain subsequences of the form

Qn(a) = ﬁ |2 sin(7ra), (2.56)

where (g,)n>0 are the best approximation denominators of a. In a recent paper,
Verschueren and Mestel [104] study @,(«) in the special case where a = ¢ =
(v/5 — 1)/2 is the fractional part of the golden mean. For this case, it was suggested
by Knill and Tangerman in [57] that the limit value lim,,_,~, @, (¢) might exist, and
this is confirmed by Verschueren and Mestel.

Theorem 2.3.1 ([104, Theorem 2.2]). If ¢ denotes the golden mean and (F,),>1 =
(1,1,2,3,5,...) the Fibonacci sequence, then there exists a constant ¢ > 0 such that

Fr

lim Q,(p) = nh_}rgloli[l |2sin(mre)| = c.

n—o0

Verschueren and Mestel [104] conjecture that Theorem 2.3.1 can be extended to
all quadratic irrationals. More precisely, they suggest that if the continued fraction
expansion of a has period ¢, then the subsequence @, («) will converge to a periodic
sequence whose period length divides ¢. Our main goal is to verify this claim.

Theorem 2.3.2. Suppose o has a purely periodic continued fraction expansion o =
[0;ar, -~ -, ag| with ay,...,ap € N and period . Let (gn)n>1 be the sequence of best

approzimation denominators of c. Then there exist positive constants cg, ¢1,...,Co_1
such that
Qm—+k
lim Qunix(a) = lim H 12sin(mra)| = ¢
m—0o0 m—00 1
r=

for each k =0,1,2,... ¢ —1.

Corollary 2.3.3. Suppose 3 has continued fraction expansion of the form [ =
lag; ay, ... an, Gty -5 ane) and let « = [0;@n41, -5 Gnie). We then have

m Qniemix(B) = lim Qpnyr(a).
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The proof of Theorem 2.3.2 (and Corollary 2.3.3) largely follows that given by
Verschueren and Mestel for the special case of the golden mean. Nevertheless, we
include the proof in full detail for the sake of completeness. We emphasise that the
challenge in generalising Theorem 2.3.1 to all quadratic irrationals lies in finding
appropriate analogues for (¢,),>1 of certain special properties of the Fibonacci
sequence (F,)n,>1 = (1,1,2,3,5,8,13,...). Throughout their proof for the golden
mean case, Verschueren and Mestel make heavy use of the identities

1
Fn‘Pn = % + 0(902”)

and
anl

Fy
which do not have obvious analogues for the more general case of a quadratic irrational
«. However, we will see that similar identities can indeed be formulated for the
sequence (g, )n>1 of best approximation denominators of «, and with these established
the proof of Verschueren and Mestel easily carries over.

The existence of lim,,, o Qpmir claimed by Theorem 2.3.2 is verified by splitting
the product Qg1 x into three more manageable products

Q€m+k - AmBm Cm

=+ 0(p™),

gn—1 s gn—1 52 1/2
= |2¢,, si b’ﬂ”#” _ °m0 : 257
sl L5 Gtz < m) (250
t=1 t=1

where n = ¢m + k, e, is a k-dependent constant, and s,,; is the generalised version of
the sequence given in (2.21), which will be introduced later on in Section 2.3.3.

Remark 2.3.4. If we consider the special case where o = ¢ = [0;1],i.e. £ =1,k =0,
qn(a) = F,, b = —p and ey = —1, the decomposition of Q. x given above reduces
to the decomposition of Pg, (p) as stated in (2.17). We will also see in Section 2.3.3
that s,,; and the sequence given in (2.21) are connected in the same vein.

The decomposition (2.57) is explained in detail in Section 2.3.3, where we also show
the straightforward convergence of A,, as m — oo. The convergence of B,,, and C,, is
more involved, and is therefore treated in subsequent Sections 2.3.4 and 2.3.5. Prior
to this, in Section 2.3.2, we establish analogues for (¢,),>1 of the above-mentioned
Fibonacci identities. In particular, we point out a connection to so-called Lehmer
sequences, which we consider to be of independent interest (see Theorem 2.3.13).
Finally, we summarize the proofs of Theorem 2.3.2 and Corollary 2.3.3 in Section 2.3.6.
First, however, we introduce necessary notation and some general theory on continued
fraction expansions in the following section.
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2.3.1 Preliminaries

Following Verschueren and Mestel [104], we stick to the generalised sum and product
notation which we have already introduced in Section 2.2 (see p.78).

Permutation operators

Whenever we have an (-dimensional, integer-valued vector, e.g. d = (dy,...,d;) € N,
we use the corresponding greek letter (in this case §) to denote the real number with
continued fraction expansion § = [0;d;, ..., dy].

We introduce two families of permutation operators acting on N¢: Let 7, : N — N*
be defined by

Tu(d) == (dus1y ... doydy, .. dy), we{0,1,...,0—1}, (2.58)
and similarly o, : N® — N be defined by

ou(d) = (dy_1,...,dy,dg,...,dy), uwe{2,3,....,0—1}, (2.59)
with oo(d) = (d¢_1,...,d1,dy) and o1(d) = (dy,...,d;). Moreover, we use d,, and

., to denote the real numbers with periodic continued fraction expansions given by
7.(d) and o,(d), respectively. That is, we write

57’u = [O;du+l7'"7d€7d17--~7du] (260)

and

50'u = [O;du—la"'7d17df7"'7du]' (261)

Our motivation for introducing the operator 7, is explained by Lemma 2.3.7 in the
following subsection. The need to introduce o, is less evident, but will be clear from
Lemma 2.3.18 in Section 2.3.2, where we describe the asymptotic behaviour of the
sequence of denominator quotients (g,—1/¢n)n>1 for a quadratic irrational number.

Continued fraction expansions

We briefly review some facts about continued fraction expansions of real numbers. In
general, for any irrational, real a € (0, 1) whose continued fraction expansion is given
by

[0; a1, aq, .. .],
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we denote its nth convergent by p,/q,. The numerators p,, and denominators ¢, are
given recursively by

@0=0, =1 Gu1 =+ Gn1;

po=1 p1=0  ppy1=anpn+pn.
Note that the indexing of p, and ¢, is offset by one compared to what is normally
seen in literature. As a consequence, the nth convergent p,/q, is smaller than « for
every odd value of n, and greater than « for every even value of n. It follows readily
from the recurrences above that

Pndn+1 — Pn+14n = (_l)nv (262)

and as a consequence of this identity we have the error bound
1

dn+19n

DPn
o — —

4n

<

(2.63)

for the nth convergent of «.

Remark. Whenever it is not clear from context, we write p,(«) and ¢, () to indicate
that these are the best approximation numerators and denominators corresponding
to the real number «.

Theorem 2.3.5 (Ostrowski representation). Let o € (0,1) be an irrational number
with continued fraction expansion [0;ay,as,...| and best approximation denominators
(Gn)n>1- Then every non-negative integer N has a unique expansion

N = Zvnqn, (2.64)
n=1

where:
i) 0<vi<a;—1and0<v, <a, forn>1.
ii) If v, = a, for some n, then v, 1 = 0.
iii) z = z(N) = O(log(N))
We refer to (2.64) as the Ostrowski representation of N in base «.
The proof of Theorem 2.3.5 can for example be found in [64, p. 126].

Remark 2.3.6. Observe that for the special case where @ = ¢ = [0; 1] and ¢, (p) = F,
the Ostrowski representation of IV in base ¢ is exactly the Zeckendorf representation
of N (see Definition 2.2.4).
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Periodic continued fraction expansions

Suppose now that « is an irrational with ¢-periodic continued fraction expansion
a = [0;ay, .-, ag|. For this special case, further properties of the convergents p,, /g,
of a can be established. The following lemma summarizes useful relations for (p,),>0
and (g, )n>0 established by Perron in [86, p. 14-17].

Lemma 2.3.7. Let a = [0;a1,..-,a¢ and for every k € {0,...,0 — 1} let 75, be
defined as in (2.58).

(a) For all n,m € N, we have
Pt (@)@ () = P (@) (@) = (1) qu(0r,, oa o),
where o, is defined in (2.60).
(b) For all r € Ny, we have

Gorr(@) = g (@)gr(a) + qe(a)pr ()

and
perr(@) = pe(a@)pr(@) + pes1(a)gr ().

(¢) For every k € {1,2,...,{ — 1}, we have
QZ—l(aTk) :pé(a’rk—l)‘

Let us now associate to a = [0;ay, - .- ag| the constant

c(@) == geir(@) + pe(@). (2.65)

This constant will play an important role as we go forward. As a first application, it
appears in the following recursion formula for (g, )n>o-

Lemma 2.3.8. Let a = [0;ay, ..., ag) and let (¢n)n>0 be the sequence of best approxi-
mation denominators of a. For all n > 20 we have

n = (@) gn—e + (=1) " gn20, (2.66)

with ¢(a) given in (2.65).
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Proof by induction. For n = 2¢, the right hand side in (2.66) reads

cl@)qe + (=1 q0 = qeqesr + qepe = qu

according to Lemma 2.3.7(b) with » = £. So (2.66) holds for n = 2¢.
Now let n = 2¢ 4 1. The right hand side in (2.66) then reads

c(@)qeer + (=) g1 = qpyy + pegerr + (=) a1 = g7y + periae,

where the last equality follows from Lemma 2.3.7(a) with m = ¢ and n = 1. Again,
using Lemma 2.3.7(b) with » = ¢ + 1, we have

G2e+1 = Q?H + De+19e,

s0 (2.66) holds for n = 2¢ + 1.
For general n > 2¢ + 1, we have

n+1 = ApQn + @n-1 = Gp mod ¢Gn + qn—1,

where we understand ag as a,. Using the induction hypothesis for ¢, and ¢,_1, and
the fact that n mod ¢ = (n — ¢) mod ¢ = (n — 2¢) mod ¢, we get

dn+1 = C(Oé) (an mod ¢4n—¢ + Qn—é—l) + (_1)6_1 (a'n mod ¢4n—2¢ + %—2@—1)
= c(a)gni1—¢ + (= 1) gnr1-20-
This completes the proof of Lemma 2.3.8. n

We complete this section by observing that the constant c(a) is, in a sense,
independent of the permutation operators 7, and o, introduced in (2.58) and (2.59),
respectively.

Lemma 2.3.9. Let a = [0;ay, .., ag), and let c(a) be given in (2.65). Moreover, let
o, and o, be defined as in (2.60) and (2.61). We have

cla) = clag,) = c(ag,), (2.67)
for every u € {0,1,...,0—1}.

Proof. Given an integer vector d = (di, ..., d;) € N* and the corresponding irrational
number 0 = [0;dy, ..., dy|, we define two sequences of matrices A,(d), B,(d) € N"*"
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d? -1 0 0 0 -1 0 0

1 dyY -1 : 1P -1
Ad)=10 1 4V 0 |.Bud)=]0 1 df 0 |.

: S .o =1 P — |

0 ... 0 1 4d¥ 0 ... 0 1 d9,

with dy) := d; mod ¢, and where we understand dy as dy. It can be verified that
Ini1(0) = det A, (d)  and  p,(0) = det B,(d),

where p,,(9)/q,(9) is the nth convergent of § (see e.g. [86, p. 10-11]). In particular,
for every uw € {0,1,...,¢ — 1}, we have

c(ay,) = det Ay (14(a)) + det By (14(a))

and
c(ay,) = det Ay (ou(a)) + det By (oy(a)),

where a = (aq, ..., a).
Let us first show that

clay)=cla) for w=0,1,...,0—1. (2.68)

This is clearly the case when u = 0, as 7y is the identity operator on N’ and o, = a.
For u > 0, one can show that

det Ay (1u(a)) — det By (1y11(a)) = det Ay (1 41(a)) — det By (1,(a)) .

(This is attained by taking the Laplace expansion along appropriate rows and columns
of the matrices above.) It follows that

c(ar,,,) = det Ay (1u41(a)) + det By (Ty41(a))
= det Ay (1y(a)) + det By (1u(a)) = c(a,),

and thus (2.68) holds.
Now let us verify that

clag,) =cla) for uw=0,1,...,0—1. (2.69)



We note first that the operator o, (for u # 0) can be expressed as a composition of
7, and og; namely

ou(@) = oo(ru(@), wef{l,2,... (—1}
Thus, if we can verify that
() = c(a), (2.70)

then the general case (2.69) will follow from (2.68). In fact, for oy it is easily seen
that
det Ay(op(a)) = det Ay(1—1(a)),

and by Laplace expansion one can verify that also
det By(oo(a)) = det By(1,_1(a)).

It follows that c¢(ae,) = ¢(a,_, ), which by (2.68) implies (2.70). This completes the
proof of Lemma 2.3.9. O

2.3.2 Properties of the sequence (¢,),>0

The main focus in this section is to attain a closed form for the sequence of best
approximation denominators (g, )n>o for the irrational a = [0;ay, .-, @]. We will see
that having such a closed form enables us to formulate analogues of known properties
for the Fibonacci sequence (F,)n>0 = (0,1,1,2,3,5,8,...), most notably of

1
Fo" = — 4+ O(p*) for n > 0; 2.71
= (™) (2.71)
F,_
- L= o+ O(*) for n > 0, (2.72)

where ¢ = (v/5 — 1)/2 is the fractional part of the golden mean. These two identities
play a crucial role in the proof of Theorem 2.3.1 by Verschueren and Mestel. Likewise,
the analogous identities for the sequence (g, )n>0, formulated in Lemmas 2.3.14 and
2.3.18 below, will be important for the proof of Theorem 2.3.2.

A connection to Lehmer sequences

We begin by establishing a closed form for the sequence (g, ),>0 of best approximation
denominators of . It turns out that this closed form can be expressed in terms of a
Lehmer sequence. Lehmer sequences were first introduced in [72], and are defined as
follows.
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Definition 2.3.10. Let R,Q € Z with R > 0 and R—4¢) > 0. We define the Lehmer
sequence (Ly(R,Q))n>0 with parameters R and Q) by

L2n(R> Q) = L2n—1(Ra Q) - QLQn—2(R7 Q)
Lons1(R, Q) := RLon(R, Q) — QLan1(R, Q)

LO(R7 Q) = O
Li(R,Q) =1
The closed form of the recurrence in Definition 2.3.10 is
Y 7Y s odd,
L(RQ) =4 ", (2.73)
5 5 if nis even,
u2 — v

where u and v are the unique solutions of the equation 22 — vRz + @Q = 0.
We will consider only the Lehmer sequence with parameters R = c(a)? and
Q = (—1)". Accordingly, we write

Ly =1L, (C(a)zv (_1)Z)

from now on. If we introduce the constants

a=ala):= 5 ; (2.74)
b= b(a) = LY W(O‘; 4= (2.75)

for the two distinct solutions of 22 — c¢(a)x + (—1)¢ = 0, then it follows from (2.73)
that

“a — Z if  is odd,
L,=4{ %~ 2.76
a® —b" ( )

——— if n is even.
a2 _ 2

By straightforward calculations one can verify that
ab=(=1)" and a+b=c(a).

Moreover, we have a > 1, and b € (—1,0) if £ is odd and b € (0, 1) if £ is even. Finally,
as a consequence of Lemma 2.3.9, we have

a(a) = a(ar,) = a(as,);
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b(@) = bla-,) = blac, ),

for every u € {0,1,...,¢ — 1}, where we recall the definition of «,, and «,, from
(2.60) and (2.61).

Let us now formulate a closed form of the sequence of best approximation denomi-
nators (gn)n>o for a.. In fact, similar closed forms can be established for both (g, )n>0

and (pn)n>0-

Lemma 2.3.11. For everyn =4{m+k > 2, where m € N and k € {0,1,...,0—1},
the approzimation denominator q, for a = [0;ay, ..., ag| is given by

1
qn = Qem+k = m ((am — bm)qH-k + (—1)5—1(am—1 . bm_l)Qk) 7

where a and b are defined in (2.74) and (2.75).

Lemma 2.3.12. For everyn =4{m+k > 2, where m € N and k € {0,1,...,0—1},
the approzimation numerator p, for o = [0;ay, .-, ag| is given by

1 -1/ m— m—
Pn = Pimik = —7 ((a™ = 0™)peri + (1) (@™ =™ Npy)

where a and b are defined in (2.74) and (2.75).

It is a simple observation that Lemmas 2.3.11 and 2.3.12 may alternatively
be formulated in terms of the Lehmer sequence (2.76). As we find this to be of
independent interest, we formulate it as a theorem.

Theorem 2.3.13. For everyn = {m-+k > 20, wherem € N and k € {0,1,...,0—1},
the convergents p,/qn of a = [0;ay, .., ag) are given by

dn = Qtm+k = ”Y%m)Lquk + (_1)£71’}/§m)[1m71q1€7

and
Pn = Pk =N Limnpesk + (=1) %™ Lo 1pr,
where a and b are defined in (2.74) and (2.75), L, is the Lehmer sequence (2.76),

and

m) {c(a) if m is even,

m )1 if m is even,
1 if m is odd,

d _
e cla) if m is odd.

As the proofs of Lemmas 2.3.11 and 2.3.12 are nearly identical, we include only
the former.
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Proof of Lemma 2.3.11. By Lemma 2.3.8, we have the recursion formula
n = c(a)Qn—E + (_1)6_16171—2(7
whenever n > 2¢. The corresponding polynomial characteristic equation is
% — c(a)z' + (=1)" = 0. (2.77)
Substituting y = ¢, we get the equation y* — c¢(a)y + (1) = 0, whose two solutions
a and b are given in (2.74) and (2.75), respectively. Now let e, = €2™/¢. The 2/
unique solutions of (2.77) are

T, =afe! and  m, = b/ (2.78)

for v =1,2,...,¢. Accordingly, for an arbitrary n > 2¢, the closed form of ¢, is

2
On = chxﬁ, (2.79)
v=1

where the constants ¢y, ..., cop are determined by the 2/ first terms qq, ..., gos_1. For
a given j € {1,2,...,/}, inserting ¢;_1 in (2.79) yields

20
¢ = chx%—l — a(j—l)/ﬁcj(l) 4 b(j—l)/ZC](Z),

v=1

where
‘ : 2 A
C'](l) _ chezu—l) and C](?) _ Z Cuez(]_l).
v=1 v=,+1
Similarly, we have
Qrij1 = a1+(J—1)/€C](1) + bH(j_l)/éCj@),

Thus, the system of 2¢ equations determining the constants ¢y, ..., ¢y decouples into

¢ systems of 2 equations in the variables (C'J(l), C’](-z)), with j = 1,2,...,¢. Solving
these ¢ systems, we get

C(l) . 1 bCijl — qerj-1
i ali—1)/¢ b—a ’
o® _ 1 @1 —agj—

N EN b—a
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Finally, for n = ¢m + k > 2¢, we thus have

20
m m 1 m 2
o = e = D = IO, |y,
v=1

1

I ((@™ = 0™ e + (=) (@™ =" ) ,

where in the final equality we have used that ab = (—1)’. This completes the proof
of Lemma 2.3.11. O

Asymptotic behaviour of ¢, and ¢,_1/q,

In this section, we show that the closed form of (g,),>0 that was established in
Lemma 2.3.11 can be used to formulate analogues of the Fibonacci identities (2.71)
and (2.72) for the more general case of irrationals with a periodic continued fraction
expansion. We begin with the simpler task of formulating an analogue of (2.71).
Informally speaking, we will see that the constant b in (2.75) plays the role of the
fractional part of the golden mean .

Lemma 2.3.14. Let { € N and k € {0,1,...,0 — 1} be fized integers, and let
(Pn/Gn)n>1 be the convergents for a = [0;ay, ..., ag]. For all integers m > 2, we have

ng+k|b|m = Ck + O(|b|2m>, (280)

where
 Qerk — bag
Cpi=—,
a—>

and a and b are given in (2.74) and (2.75). Thus, we have qunir, = O(|b|™™) for
m — oo (note that |b] € (0,1)).

(2.81)

Remark 2.3.15. Note that in the special case when a = ¢ = [0;1] is the fractional
part of the golden mean and ¢, = F}, is the Fibonacci sequence, we have b = —¢p, and
cr = ¢ = 1/4/5. Accordingly, Lemma 2.3.14 reduces to the Fibonacci identity (2.71)
in this case.

Proof of Lemma 2.3.14. Recall again the closed form

1
Qm+k = m ((am — bm)Q£+k + (_1)€—l<am—1 o bm_l)qk)
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from Lemma 2.3.11. Multiplying both sides by |b|™ and using that ab = (—1), we
get

1

Qemy k0™ = p— (qer — bar, + (=1)""6°™ (agr, — qesr)) = cx + O(Jb]*™),

with ¢ > 0 as in (2.81). O

We now aim to establish an analogue, or extension, of the Fibonacci identity
(2.72). This identity, which plays a crucial role in the work of Verschueren and
Mestel [104], is a consequence of the fact that F,_;/F, is the nth convergent of
the golden mean ¢. Naturally, we cannot expect the same identity to hold for the
general case of irrationals with a periodic continued fraction expansion. However,
we will see in Lemma 2.3.18 below that a similar identity can indeed be formulated.
Needed for this lemma is the following estimation error of the nth convergent p,, /g,
of a = [0;@1, .-, ag| in terms of the constant b in (2.75).

Lemma 2.3.16. Let n = ¢{m + k > 2¢, where m € N and k € {0,1,...,¢ — 1}.

Moreover, let (pn/qn)n>1 be the sequence of convergents for a = [0;ay, ..., as. We
have that

GnQ = Qem+kQ = pn + €™, (2.82)
where

(~1)*!

ey = lage — qeil (2.83)

and a and b are given in (2.74) and (2.75), respectively.

Remark 2.3.17. Since ¢, = qum+r = O(|b|™™) for m — oo holds by Lemma 2.3.14
it follows in particular from Lemma 2.3.16 that

a =224 O(bP™) for m — oo. (2.84)

n

Proof of Lemma 2.3.16. As a preliminary step (note that this is not part of the
statement), we show that (2.82) holds when m =1 and k£ = 0, that is

qex = pg — b. (2.85)

It is well known that « is a root of the polynomial q,z% + (qey1 — pe)T — pey1 (See e.g.
[86, p. 69]), and since o > 0 we must have

P + pe+ V(@1 — po)? + Apeiqe
2q,
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_ b =(gen tpo) + V(Gen + 00 — ddeape t dpenas
Qe 24, '

L

Using that c¢(a) = qrr1 + pe and pri1qe — qep1pe = (—1)°71, we thus get

c(a) = Ve(a)? + 4(=D"!
2

Now let us see that (2.82) holds for all n = ¢m + k > 2¢. We recall the closed
forms

qex =Py — =py—b.

1

Pn = Ptm+k — m ((am — bm)pz—i—k -+ (—1)5—1(am—1 . bm_l)pk;) :

and
1

Gn = Qem+k — m ((am — bm)qu + (—1)5—1(am—1 . bm_l)Qk) 7

from Lemmas 2.3.12 and 2.3.11, respectively. Multiplying the latter with a, and using
(2.85), we get

~ (pe—b)
I = qe(a —b)

For ease of notation, let us write A = a™ — b™ and B = (—1)*1(a™ ! — b™1). We
then have

((@™ = ™) gepr + (1) (@™ =" gy -

1

qe(a—0b)
1

= —— (A(qekpe — bqesr — @epesr) + B(peq — bar — qepre)) -
qe(a—b)

@0 — Dp = ((pe — b) (Aqesr + Bai) — (Aqepesr + Bqepr))

Now recall from Lemma 2.3.7 that
Qe+kPe — QePe+k = (—1)4%
(part (a) with m = ¢ and n = k) and
Prde = Qevk — qe+19k

(part (b) with m = ¢ and n = k). Inserting this above, we get

1
4nCt — pp = ) (A((=1)"qr — bqerx) + B(—qerr + qi(qes1 + pe — b))

qla—10b
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1 ( <A6+B) ((—1)€A+Ba) )
=— |- Qe t |\ — &),
Qe a—b a—2b
where we have used that g1 + ps — b = c¢(a) — b = a. From ab = (—1), it follows
that n ‘4
+ B b and (—1)*A+ Ba
a—1>b a—>b

Accordingly, we have

= qab™.

bm
gn®@ — Pp = _<G’Qk - QK+I€)'
de
Finally, we know from the general theory of continued fractions that p,/q, is greater

than « if n is even and smaller than « if n is odd. We thus get

b
Gner — pp = (—=1)"7! E(Q% — Qosk)

i 1 .
= (—1)fm+k=t ((—1)%) o lagr, — qeyr| = exd™,

with eg given in (2.83). This completes the proof of Lemma 2.3.16. O

With Lemma 2.3.16 established, we may now formulate the following analogue
of the Fibonacci sequence (2.72) for the general case of irrationals with a periodic
continued fraction expansion.

Lemma 2.3.18. Let £ € N and k € {0,1,...,0 — 1} be fized integers, and let
(Pn/Gn)n>1 be the convergents for o = [0;ay, ..., as). We have that

Qemtk-1 _ Pem+1 (o) = a,, + O(|b]*™), (2.86)
Qem+k dtm+k (aak )

where b is given in (2.75).

Remark 2.3.19. In the special case when o = ¢ = [0; 1] is the fractional part of the
golden mean and ¢, = F,, is the Fibonacci sequence, we have k = 0, a,, = a = ¢
and b = —p. Accordingly, Lemma 2.3.18 reduces to the Fibonacci identity (2.72) in
this case.

Proof of Lemma 2.3.18. For ease of notation, we write n = ¢fm + k. Let us first see
that ¢,—1/¢n = pn(ao,) /(). We treat only the case k > 1 (the case k = 0 is
similar). On the one hand, we have

ol
n(@;) =051,y Q1 Ay ey Ay e ey A1y ey A1y Ay ey Ay Q1 -+ -5 Q1]
Gn(aoy,) ~ -~ g

m times
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On the other hand, using the recursion formula for ¢,, we get

Gn-1 QZm—i-k—l(a) B 1 o 1
In Qom+k () Qem+k—2 1
k-1 ap—1 +

qem+k—1 Qem+k—3

QAp—9 +
Qem-4-k—2

= ... =[0;a5-1,.. 01,00, .. a1, ap, A

m times

Thus, these quotients are equal. Finally, it follows from (2.84) and the fact that
b(ay,) = b(a) for every k € {0,1,...,¢ — 1} that

p'ﬂ<a0'k)
qn(a0k>

= g, + O(|b(0g,)[™") = g, + O(B]™™).

]

We conclude this section by a more thorough investigation of the constants ¢y
and ey, in (2.81) and (2.83). More specifically, we consider the absolute value of their
product |cxex|. This quantity will repeatedly appear in the proof of Theorem 2.3.2,
and the following lemma on |cxex| will then be useful.

Lemma 2.3.20. For ¢ and ey, given in (2.81) and (2.83), we have that

o QE(aTk) _ qg<a7'k)
|crex| = = :
a—b  clar)—2b

(2.87)

with a and b given in (2.74) and (2.75). It follows that |cxex| < 1 for each k =
0,1,... 0—1.

Proof. Recalling the definition of ¢, and e, we have

|(qer — bar)(aqr — qotr)] _ | @ (C(Oé)QeJrk + (—1)271%) — QEHJ
qe(a — D) qe(a —b) ’

|cren| =

where we have used that a + b = c¢(a) and ab = (—1)‘. We now look at the numerator
in this expression. Using the recursion formula in Lemma 2.3.8, and Lemma 2.3.7(b)
(with r = ¢ + k), we have

c(@)gerk + (=1 gk = Garsr = 1ok + Qupesk-
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Inserting this in the numerator, we get

|9eqrPesk + Gorr(@eers — Qevw)| _ |9Pesk — Gorrpil
q(a—) (a—0b) 7
where for the last equality we have used that ¢xqei1 — qror = —qepr (Lemma 2.3.7(b)

with » = k). It now follows from Lemma 2.3.7(a) (with m = k and n = ¢) and
c(a) = ¢(ay,) that

crer| =

|C e |: qz(aTk) — qe<047'k) — %(am)
K a—b  cla)—2b  c(an)—2b

which confirms (2.87).
From (2.87) it easily follows that |cier| < 1. For £ =1, we get

1
Coey| = ———= < 1.
ool a? +4
For ¢ > 2, we have py(a,,) > 1, and accordingly
|Ck€k| _ q5<057'k) q@(OéTk) <1
QEJrl(aTk) +p£<&7k> —2b QEJrl(aTk) -1
for each k =0,1,...,¢ — 1. This completes the proof of Lemma 2.3.20. O]

2.3.3 Decomposing Q1 x(@)

The aim of this section is to decompose the product of sines Qgp1x(a) in (2.56) into
three subproducts

Q2m+k(a> = AmBmCm

gn—1 s n—1 2 1/2
= |2¢,, si b?ﬂ”#” _ 2m0 2.88
124, sin (weyb™)| 2sin(7t/qy) ( ant) ’ ( )
t=1 t=1

where n = fm+k and s, is a perturbed rational sine function defined in (2.89) below.
This decomposition is achieved by substituting the identity o = p,, /¢, + exb™ /g, from
Lemma 2.3.16 into the definition of Q11 (), which in turn allows us to view Qp,+x ()
as a perturbation of the rational sine product [[%;" [2sin(77(p,/¢n))|- Accordingly,
proving Theorem 2.3.2 is a matter of showing that these perturbations have a suitable
behaviour. For the latter task, it is a disadvantage that the perturbations rexb™ /g,
do not sum up to zero. However, by a rebasing of the argument one can attain a set
of shifted perturbations exb™(r/q, —1/2) which do sum up to zero, and this approach
eventually leads to the decomposition above.
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Important families of sequences

Before we decompose Qg1 () into subproducts A,,, B, and C,, in Section 2.3.3,
let us introduce certain families of sequences which enter into the decomposition. For
integers m > 1 and ¢t € {0,1, ..., qunsr — 1}, we define:

/ tgoment | 1
St 1= 251D (71' ( —Jexd™| ({M} - —))) (2.89)
Qom+k Qom+k 2

Qem+k—1 1
o 1 2.90
Smt { Qem+k } 2 (2.90)
1
Soot 1= (g} — 5 (2.91)
t
Bt = cot ( il ) sin(m|exb™ [Eme) (2.92)
qtm+k
hoot = —’C’“e’;’g‘”t, (t #0) (2.93)

Combining (2.89) and (2.90), we get

t
Smt = 2sin (7T ( - §mt\ekbm|)> ) (2.94)
qem+k

Remark 2.3.21. Note that if @ = ¢ = [0; 1] we have that £ =1, k = 0, ¢,(a) = F,,
b= —p and ey = —1. In this special case s,,; reduces to the sequence given in (2.21).

It is clear from the definition of &, that || < 1/2, and since |b] < 1, we
recognize s,,; as the perturbation of a rational sine, where the perturbation tends to
zero as m increases. As we have already seen, the sequence s,,; plays a crucial role in
the decomposition of Qg ix ().

The sequences h,,; and h.,; will not enter the story until the convergence of the
subproduct B,, is considered in Section 2.3.5. Nevertheless, we introduce them at
this early stage.

Lemma 2.3.22. Let Sp, Emt, ooty Pt and hooy be the sequences given in (2.89)
—(2.93). We have that:

(Cl) ?mt = Sm(qngrkt);}h'mt = hm(qgmﬂcft) and émt = _Sm(qgmﬂcft) fO’I" all t €
0717-"7q€m+k_1 .

(b) St > Smo for allt € {1,2, ..., qumir — 1} if m is sufficiently large.

107



(c) For m — oo it follows that &,y — st = tO(V*™), and thus for any fived t € N,
we have

lim gmt = goot-
m—00

(d) For m — oo it follows that Ny — heoy = tO(b*™), and thus for any fized t € N,

we have

hm hmt = hoot'
m—0o0

Proof. For ease of notation, let us again write n = fm + k.
We first verify (a). The fact that {—z} = 1 — {2z} for 2 € R \ Z immediately
implies & = —&m(gu—1)- Combining this with sin(m — x) = sinz, we get

Sm(gnpy = 2sin (w( =L il r))
. t
=2 (5 (1 (L= gudewrl) ) ) = ome
dn

and likewise since cot(m — x) = — cot z and sinz is an odd function, we have

n

for every t € {0,1,...,q, — 1}.

Now let us verify (b). In light of (a), it is enough to verify s, > $,,0 for
te{1,2,...,|q./2]}. Writing s,,; as in (2.94), and recalling that || < 1/2 for
these values of ¢, it is clear that s,,; > s,,(;—1), and in particular

1 1 b™
Sm1 > 2sin <7r (— — —|ekbm])) > 2sin (M) = S0,
qn 2 2

if only |exb™| < 1/¢,. This in turn follows from Lemmas 2.3.14 and 2.3.20, as
Gnlexd™| = |erer] + O(Jb*™) < 1

for sufficiently large values of m.
Finally, we verify (c) and (d). It follows directly from Lemma 2.3.18 that

Emt = {tag, } — % + Otb*™) = oot + O(D*™),
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which confirms (c). For property (d), we use cotz = (1/x)(1 + O(2?)) and sinz =
(1 4+ O(x?)) to rewrite h,,; as

bm
hant = —q”|€kt [ems (1+0(t%0°™)) ,

where we have also exploited that 1/q, = ©(|b|™). Moreover, since ¢,|b|™ = ¢, +
O(b*™) by Lemma 2.3.14, we get

Bt = —|Cke’; Snt (1 4 o(2e2my) = —'C‘“e‘; Ent | oem),

and finally by recalling property (c) it follows that A, = heo + O(tb*™). This
confirms (d), and completes the proof of Lemma 2.3.22. ]

Decomposition of Qg1 x()

We are now equipped to decompose the sine product Q. x ().

Lemma 2.3.23. Fiz k € {0,1,...,0 — 1}, and for all integers m > 1 and t €
{0,1,. .., Qomer — 1} let sy be given in (2.89). The product of sines Qumir() can
be written as

qtm—+k
Qemi(a) = [ 12sin(rra)| = ApBnCn,
r=1
where:
Am = |2qem s sin(med™)| (2.95)
q{mw‘»k*l s
B,, = ot : 2.96
tl_[1 2sin(mt/ Qo) (2.96)
(gem+x—1)/2 2
= 11 (1-22). 297)
s
t=1 mi

Proof. Again we introduce n = ¢m—+k for ease of notation. We then have Qg1 x() =
Qu(a) = 1™, [2sin(rra)], and

Qr (o) = (2 sin(7rqnoz))2 (ﬁ 281n(7rra)>
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= (2 sin(7rqnoz))2 ﬁ (2sin(rra)2sin(m(g, — r)a))
= (2 sin(7rqna))2 ﬁ 2( cos(2mra — mguar) — cos(mgna)).

For the last equality we have used the identity sin(x) sin(y) = (cos(x—y)—cos(x+y))/2.
Inserting ¢, = p,, + exb™ from Lemma 2.3.16 in the expression above, we get

Qn_]-

Q2 () = (2sin(mexb™) H 2(—1)P" (cos (2mra — meph™) — cos(merd™))

n

qn—l

= (2 sin(wekbm))2 H 4(sin2 (m’a — gekbm> — sin? (gekbm> )

r=1

Observe that we have used the identity cos(z) = 1 — 2sin®*(z/2) and the fact that
(—1)PtD@=1) — 1 The latter follows from the fact that gcd(p,,¢,) = 1, and
accordingly either (p, + 1) or (g, — 1) is an even number. This concludes the rebasing
of the argument described in the introduction to this section.

We now aim to express Q2 («) as a product of perturbed rational sines. Again we
use the identity o = p,,/qn + exb™ /g, from Lemma 2.3.16 to get

(o T (TP (71
sin <7rroz 2ekb>—sm (ﬂ(qn+ %)) (qn 2)))

By the substitution ¢ = rp, mod ¢,, and recalling from (2.62) that p,g,—1 =
(—1)" mod g,,, we have

sin? (m“oz — zekbm> = sin? <7T (w + eib™ (L — —)))
t —1)"q,_ dg, 1
— sin? (W(——I—ekbm(( )"tgn—1 mod g ——>))
In n 2

1
= 182

mt?

with s,,; given in (2.89), and where we have used e;b™ = (—1)""!]e,b™| and

<—1>"tqnq_nl moda, 1 _ {(—1>an_1} oy ( {tq;:} ) %> |
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As r runs through the values 1,2,...,q, — 1, so does t = rp,, mod ¢,. Accordingly,
we get
gn—1

@nl(a) = 2sin(mexd™)* T (st — simo)

t=1

gn—1 gn—1
m 2 2
= (2sin(mexb™) H smt ( )

) Qn—l 52 . gn—1 2 .
= (2q, sin(meid™)) —m (1 — i) ‘
t1:[1 4sin?(nt/qy) g s2

mt

For the last equality above we have used the well-known identity

i r
H 2sin (_p) =q
q
whenever p,q € Z satisfy ged(p,q) = 1 (see Lemma 2.1.1). Finally, we recall

from Lemma 2.3.22(a) that su,: = Sp(g.—t) and hence s2, = sfn( a1 for every
t€{0,1,...,q,—1}. With our generalised notion of products (see p.78), we thus get

gn—1 2 (gn—1)/2 2 2
H ( _ M) _ H ( _ M)

2 2 :
t=1 Smt t=1 o

Inserting this in the expression for Q2(a) above and taking the square root of both
sides, we arrive at

Qn(a) - QZm—Fk(a) = AmBmCma
where A,,, By, and C,, are given in (2.95), (2.96) and (2.97), respectively. O

Convergence of A,,

Let us now see that A, in (2.95) converges as m — oo. Since sinz = z + O(z3), we
have

Am = |2QZm+k: (’H'ekbm + O(b?)m))‘ .
By Lemma 2.3.14 and |b| < 1 it thus follows that
lim A, = 27|excy|, (2.98)
m—ro0

where ¢ and ey, are the constants given in (2.81) and (2.83), respectively. Alternatively,
using the expression for |excy| given in Lemma 2.3.20, we have

lm A, — 270(0m)
M—00 (a — b)
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2.3.4 Convergence of (),
In this section we show that the product
(gem+1—1)/2 2
A
t=1 mt

is convergent. This is not quite straightforward, as it is not obvious that the sequence
(Cy)m>1 is monotonically decreasing. However, we will see that (Cy,),>1 is comparable
to a monotonically decreasing sequence of products bounded below by a positive
number.

Theorem 2.3.24. The sequence C,, converges to the strictly positive limit

. 11/ 1
S G =11 (1 4(t/|exex| — goot)Q) ’ (299)

t=1

where |crex| is given in (2.87) and ot = {ta,, } — 1/2.

We will need Lemma 2.2.12 from Section 2.2.4 for proving Theorem 2.3.24. Recall
that it states the following: For n > 2 and real numbers a;, t = 1,2, ..., n, satisfying
A:=>"" |ay| <1, we have that

- 1
t=1

Proof of Theorem 2.3.24. For ease of notation we again write n = ¢m + k, and begin
by developing estimates for the quotients $,,0/Sm:. We have

Smo = 2sin (z]exd™|/2) = mlexd™| (1 + O(B*™)),

and for ¢ > 1 it follows from Lemmas 2.3.14 and 2.3.22 (c) that

1
Smt = 2sinT (qi - |ekbm|§mt) = 2sin7t|b|™ (c_ - % + (’)(b2m)) . (2.100)
k

n

We now split the values of t at n,, = [|b|™™/°], and treat t < n,, and t > n,,

separately in order to find appropriate bounds on s,,, in (2.100). For ¢ > n,,, we use
sinz > 2z/m for x € [0,7/2] to obtain

i . |€k|§oot
Cr. t

Syt > 4t|b™ ( + O(me)> :
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Recall that ¢ > 0 and |€,;| < 1/2. Thus, for sufficiently large m (and thereby
sufficiently large t), we have s,,; > 21,,|b|™/cx and

smo _ wlexd™[ (1+O®™)) _ 7ok (1+0@®™)) = O0n,h).

Smit o 2nm|b|m/ck 277m
It follows that ( y
m-1)/2
Sm — m
> < g 02 = O(™)
t:nm+1 mt

and accordingly this sum is convergent and smaller than one for sufficiently large m.
Thus, by Lemma 2.2.12 we get

(gn—1)/2 &2 (gn—1)/2 &2
1> ] ( - Zﬂ’) >1— ) FE>1-0(p"?). (2.101)
t=nm+1 S t=nm+1 mt

Now consider t < n,,. It is clear from (2.100) that by choosing m sufficiently
large, the argument in the sine function s,,; can be made arbitrarily small in this
case. Applying sinx = x + O(z?), we get

t
oo = 2207 (= s+ 0 ) + O
= 7lexd™| (u + O(p|"?)) ,

where we have introduced the notation

t t 1
Uy = 2 (lck—ek| — goot> =2 <|Ck—6k| - {tOégk} + 5) . (2102)

We thus have

Swo Tl (L O@F™) 1+ 0(b™)
Smt  T|exb™| (ug + O(|b|™/5)) Uy ’

B (1) Ty (1o L 00

s2.) u? u?

Nm 1 Nm O(|b|m/5)
(=) 05

and moreover



We look closer at the two products on the final line above. Since [€.;| < 1/2 and
leker| < 1, we see from (2.102) that u; > 1 for all 1 < ¢ < 7,. This guarantees
that both products are well-defined. Moreover, we see that u; behaves as 2t/|ciex|
for large t. Hence by comparison with Y >, 1/152 = 72/6, the sum > > 1/(u? — 1)
converges, and it follows that Y 7, (\b|m/5)/( u? — 1) = O(|b|™®). The latter sum
is thus smaller than one, provided m is sufficiently large, and again it follows from
Lemma 2.2.12 that

1 >H< ‘b|m/5)) > 1_5%:1_0(%@%). (2.103)

For the second product we introduce the notation

Since u; > 1 for all ¢, the sequence (U;);>1 is monotonically decreasing and bounded
below by zero. Thus, the limit lim;_,., U; exists.
By combining the estimates for ¢ > n,, and t < n,,, we now have

n—1)/2 )

) H o 11" (1 - sho
fm (1_ u? —1 2 )

t=nm+1 mt

Taking the limit of both sides as m — oo, and recalling (2.101) and (2.103), we arrive

at
lim C,, = lim U, =[] (1 - i). (2.104)

m—oo m—o0 ut
t=1

This nearly completes the proof of Theorem 2.3.24. Our claim, however, is that
lim,,, 00 Cyy, s strictly positive. This will follow from (2.104) and Lemma 2.2.12 if we

can verify that
1
Z—Q . (2.105)
= Ui

Let us first verify (2.105) for £ = 1. In this case, we have k = 0 and |coeq| < 1/v/5
by Lemma 2.3.20. It follows that

uf = ouf 20(t — 1)? 4(\/3—1/2)2 120

t=1 t=2
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The case ¢ > 1 is more involved. However, observe that in this case gp41(a,) > 2
and py(c,, ) > 1 and by (2.75) and (2.65) we get that

pelom) =20 = —qa(an,) + \/(q@ﬂ(&m) + pe(az))” +4(—=1)71 > 0.
Therefore it follows from Lemma 2.3.20 that

1 _ qe"rl(aTk) +p€(a7'k) —2b
|Ck€k| qg(OéTk)

Qe—l(Oérk)
qe(ar,)

> ap +

Y

where we have also used the classical recursion formula for ¢,. By Lemma 2.3.18 we
get
Qe—1(0ry) _ pe(Qoyr) _ pe(Qoy)
qe(aﬁc) qg(acToTk) qf(acfk) 7

(recall from the proof of Lemma 2.3.9 that o, = 0¢7) and thus we have

1 1 1
” _2(——agk+§> zz(ak+m(o“’k) —a0k+—>. (2.106)

|crer] qe(0,) 2

By the standard error estimate (2.63) for continued fractions, we know that

o 1
pg(CK k) N Ofgk' <
(s,) Qo+1(0, ) ()

<1
2

when ¢ > 1, and inserting this in (2.106) we find that u; > 2a; > 2. For all other
terms in the sum >~ 1/u?, the estimate |cpex| < 1 from Lemma 2.3.20 suffices. We
get

11 & 1 1 72
This verifies (2.105) for the case ¢ > 1. Thus, we conclude that lim,, .., C,, > 0, and
this completes the proof of Theorem 2.3.24. O

2.3.5 Convergence of B,,

The aim of this section is to verify the convergence of

Gem+k—1 s
Bm _ : mt
t[[l 2sin(mt/qom k)
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as m — 0o. We will see that this requires greater efforts than verifying the convergence
of C,,. In fact, what we will show is that log B,, converges to a finite limit, and
accordingly lim,, . B,, exists and is strictly positive.

For the remainder of this section, let us again ease notation by writing n = ¢m + k.
We begin by examining each term of the product B,,. Recalling the definition of s,,
from (2.89), we have

Smit

m = cos(m|eph™ |§me) — cot(mt/qy) sin(m]epb™ |Emt)

=1 —2sin®(7|exd™[Emi /2) — Pt

with Ry, given in (2.92). Taking B := 2sin®(7m|exh™ |t /2), it is easily verified that
Bin(gn—t) = Bmet for t € {1,..., ¢, — 1}. Likewise, we recall from Lemma 2.3.22 (a) that
Pom(gn—t) = hme, and thus

1 (gn—1)/2
Bp=]Q =Bt —hwt) = J] (1= Bt — hut)*.
t=1 t=1

This shows that we need only consider t € {1,..., (¢, — 1)/2}.
Let us now show that rather than analysing B,,, we may choose to analyse the

simpler product
gn—1 (gn—1)/2

By= [0 =tm)= T[] (1= hw) (2.107)

t=1 t=1
Taking logarithms, we get

log(1 — Byt — hume) = log(1 — hyy) + log (1 e B”Z ) : (2.108)
— imt

Our claim is that the latter term on the right hand side in (2.108) will not contribute
significantly to the sum log B,, = ngl log(1 — Bt — hmt). To see this, let us first
estimate the size of h,,; and S,,;. Considering only ¢t € {1,..., (¢, — 1)/2}, we use
cotx < 1/z and sinx < z to obtain

n bm m
el = cot(t ) sin(lect ™) < P10 mt
We recall from Lemmas 2.3.14 and 2.3.20 that g,|exb™| = |cxer| + O(0*™) < 1 for
sufficiently large m. As |,,:| < 1/2, we thus get

1 1
ot < 57 < 5 (2.109)

116



and it follows that 1 — h,,; > 1/2. For f3,,;, we have

m 2 2 m\2
Bt < 2 (ﬂeka |§mt> < T (egb ) ;

and thus for sufficiently large values of m we get |5,/(1 — hpe)| < 1 and

mt = 1 mt 7
log (1 -1 f hmt) = —Z} (1 f hm) = O@b™). (2.110)

j=1

Recalling that g, = ©(]b|~™), it now follows from (2.108) and (2.110) that

(In 1)/2 B
llog B, —log B, | = |2 Z log (1— _W;th) = O([p|™),

and thus lim,,_, log B,, = lim,,_, log B,. This confirms that we may choose to
analyse B in (2.107) rather than the original product B,.
Finally, we rewrite log B}, using its Taylor expansion as

(gn—1)/2 (4n—1)/2 oo
log By, =2 Y log(l — hyy) = —2 Z Z .
t=1
" )2 o (2.111)

= -2 Z ot + Z Z Shi | = —2(HD + H),

We go on to study the behaviour of the two sums HY and HY separately in the
following subsections.

Convergence of H ﬁf )

Let us first treat the sum

It is an easy task to show that HY is bounded, but showing convergence requires
greater efforts.
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We begin by showing that terms where ¢ or j is greater than |b|~™/2 will not
contribute significantly to Hy). Recall from (2.109) that |hu| < 1/(2t) for sufficiently

large m, and thus for u > 2 we get
Z L, <Z|h Ml (LY
|hmt| 2t

(¢gn —1)/2 and (2.109) holds.

Now let u,, = L|b|’m/2j, and choose m so that 2 < u,, <
Note that this is always possible since u,, = O(|b|™/?) and ¢, = Gemsr = O(|b]™™).
We then have
(n—=1)/2 oo (gn—1)/2 2 o]
1. 1 1 1 1
—hl,l < 2(=) <= =< —
S Y aid< 2 2(5) <3 X mea
t=um+1 j=2 t=um-+1 t=um+1
and
Um o0 1 ) Um 1 Um+1 1 Um O 1 7T2
“RL<Y 2= <= -= —
S % o <X(y) <(3) Ta-iam
t=1 j=um-+1 t=1 t=1
Both of these sums are O(|b|™/?), and it follows that
Um  Um (an—1)/2 oo
Y = Zzh +ZZ—hJ+ZZh
t1]2 tl]um+1 tu+112
Um  Um
= ZZ ~Hne + O([bI™"2).
t=1 j= 2
Thus, we have for m — oo
~y Z ~hi (2.112)
t=1 j= 2

where we recall that this notation means that the limit of H\? equals that of its

truncation » ;™ > 75" by, /j as m — oo,
Now let us see that

VN R’ .
;; ;;j I (2.113)
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where hyy is given in (2.93). As we are considering only 7,¢ < u,,, we have jt <
u? < |b]™™, and hence jtb*™ — 0 as m — oco. From Lemma 2.3.22 (d), we therefore
get for some constant ¢; > 0 that

By < (hoos + crth®™) = Z( )h” E(eatb®™)"

Recall that by (2.109) we have |ho| < 1/2. Thus by rewriting the above inequality
it follows

J .
e = Pl < 227105+ 3 () o (catm

J .
< ey jth™" +277 ) (‘;) (2c,t0*™)"

k=2

7 .
< et + b2y (‘2)

k=2
< czjth®™, (2.114)

where we have used that ¢ < u,, < b=/ 2 and that 2¢,6°"/2 < 1 for sufficiently large
m. Hence by (2.114) we obtain i, — hl, = O(jtb*™) and we get that

ui uzm - h’got) = “Zm i O(tb2m) = O(ufanm) _ O(|b|m/2)'
t=1 j= 2 =1 j—2

This confirms (2.113).

Finally, by reusing the arguments that led us to the conclusion that a® ~
2 Sy b/, we find that

ZZ ~h ZZ h (2.115)
t=1 j= =/ =1 j= = J

1
and recalling that [heot| = |ererboct/t] < 1/(2t) < 1/2 we get
heot]? <
33t < Yot <
J
Thus, the sum on the right hand side in (2.115) is absolutely convergent. We denote
its limit by {7, and from (2.112)-(2.115) it follows that

lim H® =T). (2.116)

m—r0o0
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Convergence of H 7% )

We are left with verifying the convergence of

(‘In 1 /2

H(l)_ Z Py

This rather tedious task is performed in several steps Eventually we will see that if
lim,, o0 aY exists, then it equals the limit of th" V2o 'mt, Where

t

St 1= Zsin(ﬂekbmléms) and Cly,; := cot(nt/q,) — cot(m(t + 1)/qn).

s=1

Careful estimates of S,,; and C,,; will reveal that the sum th”_l /2 CitSme indeed
converges.

Note first that we may return to standard summation notation at this point, as
Pin(gn/2) = 0 if g, is even. Thus, we let M, := |(¢, — 1)/2] and have

tht = Zcot < ) sin(7]exb™[Eme),

regardless of whether ¢, is even or odd.
Now let us see that

t
H) ~ Hy = cot (Z—) sin(7|exh™ Ent). (2.117)

Using that sinz = z(1 + O(2?)) and Lemma 2.3.22 (c), we get

HY — Zcot( )ﬂekb |(Emt — Eot) (1 + O(B*™))

= Zcot ( > T|exb™ O (th*™).

From the inequality cotz < 1/z it thus follows that

My
HY = Hy | < O0™™) Y qulerd™|

t=1
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= O™ - M, (lexer| + OB*™)) = O([p]™),

where we have used Lemma 2.3.14 and the fact that M, < ¢, = ©(|b|~™). This
confirms (2.117).

Finally, let us see that if lim,,, o, H, exists, then it equals that of qu:”l_l)/ 2 SOt
for a certain sum of sines S,,; and cotangent difference C,,;. As a first step we will
make use of the following formula which is also called summation by parts:

i akbk = ni ((bk - bk+1> Z CLi) + bn i a;, (2118)

k=1 k=1
where n € N and ag, by € R for k € [n]. Using (2.118), we may rewrite H}, as

= 3 (o (2) oo (L)) S i

t=1 n

M, <=
+ cot ( n) Z sin(7]exd™ [€sos)-

n s=1

(2.119)

Consider the second term on the right hand side in this equation. As |{.s| < 1/2
and sinz = z(1 + O(x?)), we have

Mn
S sin(aled" x| < Sanlert”|(1+ OF™) = Zleer 1+ O@™)),
s=1

where we have again used that M, < ¢, = O(b*") and Lemma 2.3.14. Tt follows that

Y

M,
cot < ) S sin(rlent"|¢us)
s=1

n

<7T
2

Cren cot (”M”> (1+ Ob*™))

an

and recalling that M, = [(¢, — 1)/2], it is clear that the cotangent term tends to
zero as m — oo. It thus follows from (2.117) and (2.119) that

Myp—1
H ~ Hyo~ > ContSt (2.120)

t=1

where C.,; = cot(mt/q,) — cot(m(t +1)/qn) and Sy = >0, sin(7]exh™[Enes)-
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The cotangent difference C,,;

We establish two estimates for C,,;; one rather coarse bound and one more precise
estimate. For ease of notation, let us write ¢ = m/q,. We then have

_sin((t 4 1)) cos(tg) — cos((t + 1)¢) sin(te)
0 < Cone = sin(tg) sin((t + 1)¢)
_ sin(¢)
sin(t¢) sin((t + 1)¢)”

Note that when t < M,,, we have (t + 1)¢ < 7/2, and thus by 2z/7 < sinx < x for
0 < x < m/2, we obtain

Tn T
- : 2.121
O<Ct<4t(t+1)<4t2 (2.121)
This is our coarse bound for C,,,;.
For t¢ < 1, or equivalently ¢ < g,,/m, we have the finer estimate
oo o1+ O(¢)
" (14 O(8207)(t + 1oL+ O(t262))
dn t2 dn 2192
(o () = maim o @),
where we have used that 1/g, = O(|b|™). Combining this estimate with
t
St = ﬂ-‘ekbm’(l + O(me» Zfoosa
s=1
and using Lemma 2.3.14, we get
t
Co Sy = K1 (1+0Er™) Y €. (2.122)

tHt+1)

s=1

The sum of sines 5,,;

Now let us find an appropriate bound on 5,,; in terms of m and t. As illustrated by
Verschueren and Mestel in [104, Figure 7.1], this sum appears to grow slowly with
increasing values of ¢, at least for the specal case of @ = ¢ the golden mean. As
demonstrated by the next lemma, this is also true for the general case where ¢ > 1.
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Lemma 2.3.25. Fort € {1,2,...,q, — 1} and sufficiently large m, the sum

t
S,y = Z sin(m|exh™[€os)
s=1

satisfies | Smt| < c|b|™logt for some constant ¢ > 0 independent of m.
For proving Lemma 2.3.25, we will need the following result.

Lemma 2.3.26. Let p/q be a convergent of any real a. Then for any 0 € R and

v € N, we have
vq 1
> {0 +ia} - 5
i=1

Proof. The proof for v = 1 is given in [104, Lemma 7.2]. For v > 2 it follows that

vq 1
6 +ia — - =
;{ +ia} 2‘

<3v
5

v—1

SS 0+ g+ ) —

7=0 u=1

— | 1| &3 3w
gz Z{(9+jqa)+u04}—§ <Z§ =5

=0 |u=1 =

]

Proof of Lemma 2.3.25. Recall from Lemma 2.3.5 that there exist unique integers
zZ,v1,...,0, € N such that

t= Z V5qs( oy )-

s=1

In order to simplify notation we will drop the argument of ¢s(c,, ) for the rest of
the proof. We will use this representation of ¢ to split the sum 5,,; into chunks of
length vyqs as follows. Let us introduce the notation t, = 0 and t, = ZZ:S +1 VuQu-

Moreover, we define
1
boor(0) :={0+ray, } — 5

Note that our &, defined in (2.91) is then precisely £..,-(0). With this generalised
€oor(0) introduced, we may rewrite S,,; as

V2qz Vz—19z—1
St = Y sin(wlexh™ [€cr (0)) + Y sin(rexd™ oo (v:0-0,))
r=1 r=1

123



Vz—24z—

+ Z sin(7]exd™ | Eoor (V202 + V2m1@am1) 00, ) + - -
r=1
zZ Us(s

— ZZsm 7| exb™ [Eoor (tstoy, ))-

s=1 r=1
Thus, if we also introduce the generalised notation

t

Smt(e) - Z Sin(ﬂekbmlfoor(e))v

r=1
then we can express Smt as

z

St = St (0) =D Si(uagn) (taa)- (2.123)

s=1

Finally we use Lemma 2.3.26 to bound the terms in the sum (2.123). Using the
estimate sinz = z(1 + O(2?)), we get

Vsqs

red™(14+ O0) - rltin,)
r=1

Vsqs

Z {tsaak + rO‘Uk} - 5

r=1

[Sinegn) (tse, )| =

= 7lexb™|(1+ O(b™))

w

< Smuglepd™|(1 + O(H*™)).

\)

Thus, we have

|Sit| < Z |Sm(vags) (Fsoy )| < ﬂ\ekbm|(1 +O*™)) sz (2.124)
s=1
Recalling from Lemma 2.3.5 that vy < max{ay,...,a,} for all s, we have

z

sz < z-max a; = O(z) = O(logt),

pat 1<5<4
and combined with (2.124) this yields |S,,:| = O(|b|™ logt). O
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We are now equipped to prove the convergence of Hr(r}), or equivalently the

convergence of S Mn 1 ¢, S, in (2.120). From (2.121) and Lemma 2.3.25 it follows
that
Tn m logt
oSl < T - O 01) = 0 (51, (2.125)
where we have also used ¢, = ©(b~™) from Lemma 2.3.14. This implies that there
exists a constant K > 0 such that

Mp—1

> Cont S| < K. (2.126)

t=1

It is not clear that the sequence ( tj\i 71_1 CintSmt)m>1 18 monotone, so the bound
(2.126) alone does not prove convergence. But let us now compare this sequence to a
closely related, absolutely convergent sum.

Let u,, = ||b|7™/2], and choose m sufficiently large such that u,, < ¢,/7 < M, —1.
We can then write

Mp—1 M,—1
Z Cmt mt — Z Cmt mt + Z Cmt mt- (2127>
t=um+1

It follows from (2.125) that for some constant ¢ > 0 we have

M,—1

Z C(mt Smt

t=um+1

* logt log(um) + 1
<c/ i—%dt:cw—ﬂ)fmm—ﬂx}. (2.128)
Um,

For the first sum on the right hand side in (2.127), we use the finer estimate (2.122)
from Section 2.3.5 to obtain

S Coee = (11 O™ Z e Zsm (2.129)

— t(t+1)

It follows from (2.126) that both sides in (2.129) are bounded by K in absolute
value. Thus, the series >_i |exex|/(t(t + 1)) 320, € is absolutely convergent, and

converges to some real number Fﬁk); as m — oo. Finally, by combining (2.127)—(2.129),

it follows that
My, —1

lim H{) = lim > CousSint = Iy (2.130)
=1

m—0o0
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Conclusion

Combining (2.111), (2.116) and (2.130), we finally arrive at

lim log B;, = —2 (T{} + T(3)

m—o0

Recalling that log B}, ~ log B,,, it follows that log B,,, converges to a finite limit, and
accordingly the product B, in (2.96) converges to a strictly positive number.

2.3.6 Proof of Theorem 2.3.2

The proof of Theorem 2.3.2 is essentially completed. Nevertheless, we include a

brief summary. Theorem 2.3.2 states that if o« = [0; a1, .-, @] is an irrational with a
periodic continued fraction expansion, then there are positive constants cg, ..., /1
such that
Um+k
lim Qpir(a) = H |2sin7ral = ¢ (2.131)
m—0o0 —

for each k =0,1,2,...,¢ — 1. By Lemma 2.3.23, the product Qs +x(«) for fixed k
can be decomposed as

Qﬁm—&-k(a) = AmBan’n (2132)

where A,,, B, and C,, are defined in (2.95)—(2.97). We have seen in Section 2.3.3
that

lim A, = 27|cre,| > 0.

m—0o0

Moreover, by Theorem 2.3.24 we have lim,, ,, C,, > 0, and finally we have seen in
Section 2.3.5 that also lim,, . B, > 0. It thus follows from (2.132) that (2.131)
holds for some C}, > 0.

Proof of Corollary 2.3.3

We only sketch the proof of Corollary 2.3.3, as it largely follows that of Theorem 2.3.2.

Let 8 = lag;a1,...,an, Gpi1,---,anre) and o = [0;@p11, .-, Gnpe)- 1t is an easy
exercise to verify the identity
Ghu(B) = qhr1(B)qu(@) + an(B)pu(a) (2.133)

for all v > 0. By combining (2.133) with Theorem 2.3.13 and Lemmas 2.3.14 and
2.3.16 for the purely periodic case, one can establish the closed form

Ghtmik(B) = Y Gsere(B) Lo + (= 1) %W g (B) Linr, (2.134)
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where L,, = Ly (c(2)?, (—1)"1) is the Lehmer sequence and 1™ and {™ are defined
as in Theorem 2.3.13. Moreover, one can find constants ¢y, and ey (independent of
m) such that

Gt (BB = e + O™ (2135)

and
Ahtem+k(B)B = Phyemsr(B) + enid™, (2.136)

with b = b(«) defined in (2.75). Note that (2.135) is essentially Lemma 2.3.14 for the
irrational 3, and similarly (2.136) corresponds to Lemma 2.3.16. Further calculations
verify that

Qnrem+k—1(5) 9
httmtk—1\P) _ j2m |
Thrtmtk(B) g, +O(b™"), (2.137)

which is basically Lemma 2.3.18 for 3. Thus, we have all tools needed to prove that
the limit

lim Qniemx(B)
m—0o0

indeed exists for each k € {0,1,...¢ — 1}. Finally, it turns out that the product
|ch ken k| is independent of h, that is

Chkenk] = |crerl, (2.138)

with ¢ and e given in (2.81) and (2.83). By carefully examining the proof of
Theorem 2.3.2, it is clear that (2.138) guarantees that

lim Qthferk(ﬁ) = lim Q€m+k(&)7
m—0o m—00

and this completes the proof of Corollary 2.3.3.
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2.4 Conclusions and further research

Let us briefly summarize the main results of the second part of this thesis. The
central object of Chapter 2 was the following sequence of trigonometric products
(referred to as Sudler product)

N

Py(a) =[] 12sin(mra)],

r=1

where N € N and a € (0, 1) and irrational. Amongst many others this sequence was
also analysed by Lubinsky and one of his results in [76] states that

liminf Py(a) =0 (2.139)
N—o0

if @ has unbounded continued fraction coefficients. Moreover he suggested that the
same result is valid for a with bounded partial quotients. However, the main result
of Section 2.2 states that this can not be true. For a being the golden ratio ¢ = [0; 1]
we were capable to prove that

liminf Py (p) > 0, (2.140)
N—oo
which provides a counter example to the suggestion of Lubinsky.

In the second section of Chapter 2 we shifted our attention to certain subsequences
of (Pn(a))nen. Verschueren and Mestel showed in [104] that there exists a constant
¢ > 0 such that

lim Pg, (¢) =c, (2.141)

n—oo

where ¢ is again the golden ratio and (F},),en is the Fibonacci sequence. Additionally
they conjectured in [104] that the above result is valid for the whole class of quadratic
irrationals. The main goal of the remaining section was to prove exactly this conjecture.
More precise, we were capable of proving for a (purely periodic) quadratic irrational «

with continued fraction expansion a = [0; a7, - .-, ag] that for each k € {0,...,¢ — 1}
Gem+k ()
Til_l)rclx) PQZerk (a> = H ‘QSin(ﬂ'TOz)’ = Ck;
r=1

where ¢, () is the nth best approximation denominator of « and ¢, > 0 some constant
independent of m. There is also a version of this result for quadratic irrationals of
the form o = [ag; a1, ..., an, Gpi1,-- -, anie) (see Corollary 2.3.3).
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2.4.1 Further research

In this final subsection we want to discuss further research ideas and pose some
interesting problems related to the topics we have seen in Chapter 2.

First of all the work of Verschueren and Mestel [104] was essential to proof
that liminfy_,., Py(p) > 0. It was exactly this work that has been generalised in
Section 2.3 to quadratic irrationals and therefore it would be a natural question to
ask whether it is possible to join the ideas of Section 2.2 and Section 2.3 and prove
that

liminf Py(c) > 0 (2.142)
N—o0

for other quadratic irrationals « than the golden ratio. Unfortunately an extension
to all quadratic irrationals is too much to hope for. This is reflected by the following
theorem which is a direct consequence of the results in [76]. For more information in
this direction and a nicely illustrated proof of the subsequent theorem we refer to
[39].

Theorem 2.4.1. Let o = [0; a4, as, . ..] have bounded continued fraction coefficients,

and let M = maxjen a;. Provided M is sufficiently large, there exists some threshold
value K = K(M) such that if a; > K infinitely often, then

liminf P,(a)) = 0.
n—oo

Remark. We want to point out that Lubinsky mentioned in [76] that (2.139) is
already true if the continued fraction coefficients of o exceed some absolute constant
K infinitely often. Unfortunately the constant K is not described in more detail and
it is not clear for us how to derive this absolute constant from his proves. We were
only able to derive a weaker version of his statement (see Theorem 2.4.1), where the
constant K (M) is not absolute.

In other words the actual size of the continued fraction coefficients of a plays a
crucial role if one wants to determine if either (2.139) or (2.142) is true. Additionally
note that pursuing the same strategy as it was outlined in Section 2.2.2 for some
other quadratic irrational « forces a switch from the Zeckendorf representation of
an integer N to a more general representation (e.g. Ostrowski representation (see
[4, 92]) or [-expansion (see [91])) which unfortunately results in several technical
problems. In order to keep these technicalities at a minimal extent and still gain
some new information, a possible next step could be to try to follow the ideas of
Section 2.2 and Section 2.3 in the case where a = [0;@] and a € N with a > 2 (i.e.
M = K = a). Numerical experiments indicate that in this case the critical value of a
seems to be 5. This phenomenon is illustrated in more detail in Table 2.1.
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Q

Evolution of minima (P,(«),n)
(1.865, 1)
(1.928, 1)
(1.333, 1)
(1.351, 1)
(1.138, 1)
(
(
(

(0.977, 1), (0.907, 7), (0.849, 44), (0.794, 272), (0.742, 1677), (0.693, 10335)
(0.852, 1), (0.708, 8), (0.589, 58), (0.491, 415), (0.408, 2964), (0.340, 21 164)
(0.755, 1), (0.564, 9), (0.422, 74), (0.316, 602), (0.236, 4891), (0.177, 39731)

0], | ) Y ] 0] DD =)

S eeee

—

Table 2.1: Evolution of minima of Pp(a) forn=1,..., 50 000.

Second, recall that the asymptotic behaviour of P, ,)(«) has been studied for
the cases where « is the golden ratio [104] and where « is a quadratic irrational
[40]. The underlying structure of the continued fraction expansion of « is essential
in both proofs. It is therefore the subject of current research to investigate if it is
possible to widen the class of irrationals for which (P, (4)(«))>1 converges (in some
sense). One should point out that we already know by the work of Lubinsky [76] that
lim; o0 Py, (@) (@) = 0 if a = [ag; ay, ay, .. .] and (ay, )ien is strictly increasing. Using
the following notation to represent the continued fraction expansion of Eulers number
in the subsequent way

e=21,2,1,1,4,1,1,6,1,1,8,.. ] = [2:1,2,T,1,2n + 2)°2,,

gives rise to the question if P, )(e) shows a similar behaviour as a quadratic irrational
with period ¢ = 3. This is mdeed what numerical experiments suggest, i.e. numerics
indicate that P, ()(e) has again three subsequences (see Figure 2.1). However,
the limiting behaviour of the corresponding subsequences is still subject to further
research.

Pgp(@) Pgy (@)
2.8F
50
261
al

241
3l

Figure 2.1: Illustration of Py, (q)(a) forn e {1,..., 18}, where for o = e (left) and o = [0; 1, 1, 2] (right).
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Moreover, one could even try to let go of the periodic structure of the underlying
irrational a and allow patterns of variable length in the continued fraction expansion
of a. Maybe the simplest example would be

a=1[0;1,2,1,1,2,1,1,1,2,1,1,1,1,2,.. . (2.143)

It would be an interesting task to analyse the asymptotic behaviour of P, (4)(cr) with
a given in (2.143).

Last but not least there are several open problems related to the case o = ¢. It
would be a nice additional result to determine if the minimum of the sequence Py (¢p)
exists. Indeed numerical experiments (see Table 2.1) indicate that

min Pn(p) = Pi(p) =1.864.. ., (2.144)

but unfortunately this is not evident from the proof we have seen in Section 2.2.
Similar numerical computations give rise to the more general conjecture that for
n>3and all N € {F,_4,...,F, — 1} we have

Pp,_,(¢) < Pn(p) < Pr,—1(9). (2.145)
Exactly this behaviour is illustrated in Figure 2.2.

Pn(®)
200 p

150

100

50

W

50 100 150 200 250

Figure 2.2: Value of P,(y), with the two subsequences P, (¢) and Pp, _1(y) indicated by blue and red marks,
respectively.

131



For similar conjectures (where « is not necessarily the golden ratio) see also the
introduction of [3] and the references therein. Observe that the upper bound of
(2.145) would imply for n > 3 and all N € {F,,_4,..., F,, — 1} that

Pn(p) < Pg,_1(¢) < cF,, < 2cN, (2.146)

where we have additionally used that Pg,_1(¢) < cF), (see [104]) for the constant
¢ =/5/41lim,,_, Pr, () ~ 1.35. The linear bound stated in (2.146) is also supported
by numerical calculations (with an even better constant) shown in Figure 2.3.

200

150

100}

50}

s0 100 150 200 !

Figure 2.3: Value of Py, (a) for a = (v/5 — 1)/2 (blue line) plotted against f(n) = n (red line).

This linear bound in N would be a significant improvement to all known bounds
of Py(p) and is an interesting problem on its own.
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