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Abstract

We study generalizations of plateaued functions, partially bent func-
tions and their relations. We extend a well-known property of bent and
semibent functions, in relation to their shifts, to all plateaued func-
tions. Focusing on the subclass of partially bent, functions, we obtain a
characterization and present results on their differential properties and
corresponding relative difference sets. This unifies previous work on
partially bent functions.
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1 Introduction

We first consider Boolean functions f : Fon — Fy. For an element ¢ € Fon, the
unitary transformation V§ : Fyn + C is defined in [2] as

V;(U) _ Z (_1)f(:p)+¢7€(x)ZTrn(cm)(_1)Trn(ux) : (11)

IGFQH

where Tr,(z) denotes the absolute trace of z € Fon and o¢(x) is the Boolean
function defined by

o(z) = Z (cz)* (cx)? . (1.2)

0<i<j<n—1

Note that for ¢ = 0, V} reduces to the conventional Walsh-Hadamard transform

Vi(w) = Wy(u) = ) (-1t (1.3)

z€Fon

A Boolean function f is called a c-bent,; function if for some ¢ € Faon, the
transform V§ satisfies [V§(u)| = 2/2 for all u € Fyn. A function f is benty if it
is c-bent, for some ¢ € Fy». We note that a ¢-bent, function is a classical bent
function when ¢ = 0. A 1-bent, function is called negabent. An alternative
definition of a c-bent, function can be given in relation to the so-called modified
derivative of f. The authors of [2] define f to be c-benty if the modified
derivative

f(z +a)+ f(z) + Try(c’ax) (1.4)

is balanced for all nonzero a € Fan. As expected, this corresponds to the
characterization of bent functions via the derivative when ¢ = 0.

Previously, c-bent, functions were studied in multivariate form. Consider
the unitary transform U5 : Fy — C, defined as

) = 3 (e 15
z€Fy
where y - z denotes the dot product of y, z € F, and
S5(T1, ... xy) = Z (ciwi)(cjzy) if e = (c1,..., ). (1.6)
1<i<j<n

A function f : Fy +— Fy is called c-benty in [7] if [Uf(u)| = 2"/2 for some
c € F3, and for all w € F}. In fact the authors of [7] use the term benty, not
c-benty.



The values ¢ = (0,...,0) and ¢ = (1,...,1) € F} yield again the (mul-
tivariate) bent and negabent functions. An appropriate modification of the
derivative to obtain an alternative definition of a multivariate c-bent, function
is given in [2] as follows. A function f : Fy — Fy is c-benty if and only if the
(modified) derivative

flz+a)+ f(z)+c-(a®x) (1.7)

is balanced for every nonzero a € Fy, where y ® z := (y121,...,Ynz,) for
Y= WY1, Yn), 2= (21, -, 2n)-

Another motivation for introducing c¢-bent, functions in [2] comes from
their relation to modified planar functions. We recall that a function F' :
Fon +— Fon (or F' : F} — F%) is modified planar if F'(z + a) + F(z) + ax (or
F(z+4a)+F(z)+a®z) is a permutation for every nonzero a € Fan (or a € ),
see [12, 15, 16] and also the excellent survey [10]. It is shown in [2] that benty
functions describe the components of modified planar functions.

Bent and negabent functions describe the same set of functions in both
univariate and multivariate settings. We note that this property does not hold
for other values of c¢. Indeed, any affine function from Fy.» to Fy is c-benty for
every nonzero ¢ € [Fon, however an affine function from F} to Fy is c-benty,
only when ¢ = (1,...,1), see Remark 3.1 below and [2] for details. After this
brief survey of some recent generalizations of bent functions, we are ready to
proceed to generalizations of plateued and partially bent functions.

We first introduce some notation that enables us to treat the univariate
and multivariate interpretations together.

Let V,, be a vector space over Fy of dimension n. We identify V,, by Fan or
F5. From now on we shall use the notation

Vi(u)  when V, = Fon,

Tr(u) = { Uf(u)  when V, =TF3. (1.8)

Recall that VP = Wy, where Wy is as in (1.3), hence the Walsh-Hadamard
transform is a special case of Tf.
The Parseval‘s identity implies that

o TFw)P =2, (1.9)
U,EVn
We denote the modified derivative of f : V,, — 5, by

flz+a)+ f(z)+ (? ax) when V,, = Fon,

Da(f)) = { flz+a)+ f(z)+ (¢, (a®x)) when V, =F7, (1.10)



where the inner product (u,v) is Tr,(uv) in case V,, = Fan, and it is the
canonical dot product when V,, = 3.

Recall that a Boolean function is called plateaued or s-plateaued if [Wy(u)| €
{0, 2"35} for all w € V,,, where s is an integer depending only on f. When s =
1, f is called semibent. A well-known proper subclass of plateaued functions
are partially bent functions. Recall that a function f : V,, — Fy is partially
bent if the derivative DY(f) is either balanced or constant for all a € V,,, see
[6, 17]. We note that quadratic functions are partially bent hence plateaued.

One may consider a natural generalization of s-plateaued functions. We
define a function f : V, = Fy to be c-s-plateaued if [Tf(u)| € {0,22"}
for an integer s depending only on f, and all v € V,,. The value ¢ = 0
yields s-plateaued functions hence we use the term s-plateaued rather than
0-s-plateaued.

In [3] partially c-benty functions are introduced considering the modified
derivative DS(f) as in (1.10) when V,, = Fon. Hence f is partially c-benty if
D¢(f) is either balanced of constant for all a € V,,. As shown in [3], every
partially c-benty function is plateaued with respect to V§, and every quadratic
function is partially c¢-bent, (for every c).

In this article we focus on c-s-plateaued and partially c-bent, functions
in both univariate and multivariate settings. In Section 2 we observe that
functions which are c-s-plateaued are shifts of s-plateaued functions that have
certain additional properties. This generalizes similar results for bent, func-
tions. We construct c-s-plateaued functions with various interesting properties
in Section 3. In particular we construct functions f : Fy +— Fo, which are c-
s-plateaued but not partially c-bent,, showing that partially c-bent, functions
form a proper subclass of c-s-plateaued functions. In Section 3 we also present
the behaviour of shifts of plateaued functions, which may or may not be par-
tially bent. In Section 4 we characterize partially c-bent, functions and we
investigate their differential properties. We end this paper with the study of
relative difference sets corresponding to partially c-bent, functions, see Section
D.

2 Shifts of Boolean Functions

Recall that for a function f : V, — Fy, an element a € V,, is called a linear
structure of f if DY(f) = f(x + a) + f(x) is constant. As can be seen easily,
the set of linear structures of f forms a subspace of V,, which we will denote

by A(f).



The concept of a linear structure has been extended to V,, = Fy. in [3],
using the modified derivative DS(f). Putting

A(f) ={a eV, : D;(f)is constant}

for f : 'V, — Fy, one may also show that A.(f) is a subspace of V,,. For the
proof in case V,, = Fan, see Lemma 1 in [3]. The proof of the case V, = FJ
follows similarly.

The functions ¢¢(z) and s§(z) play an important role in the theory of bent,
functions. The following properties of 0¢(z) and s§(x) will be frequently used.

Lemma 2.1. For ¢ € V,,, let 0°(z) : Fou — Fy and s5(x) : Fy — Fy be
functions defined as in (1.2) and (1.6), respectively. Then o¢(x) and s§(x)
satisfy the following.

(i) o°(x+z) = 0%(x)+0°(2)+Try(cx) Try(cz)+Try(c?22) for every x, z € Fan.
(11) s§(x+ z) = s5(x) + s5(2) + (c-x)(c-2) + ¢ (x ® z) for every x, z € Fy.

Proof of part (i) is given in [2], part (ii) follows similarly.
From now on we set

(x) = { o°(z) when V, = Fon,

| s5(z)  when V, =TF%. (2.1)

Lemma 2.2. For every function f :V, — Fy and every c € V,, we have
Ac(f) = A(f +5)n{a e Vy 2 (¢,a) =0},
hence dim(A.(f)) = dim(A(f + s°)) or dim(A.(f)) = dim(A(f + s%)) — 1.
Proof. We give a proof for the case V,, = Fon, the case V,, = F follows
similarly.
Let a € A.(f), i.e.,
fla+a) + f(z) + Tra(c*az) = £(0) + f(a) (22)

for all € Fan. When x = a one has Tr,(c?a?) = Try(ca) = 0. Lemma 2.1(i)
implies for any a € Fon that
DY(f +0°)(z) = f(x + a) + f(z) + o°(z + a) + o(x) (2.3)
= f(x+a) + f(z) + 0%(a) + Try(cx) Try(ca) + Try(c?ax).



If a € A.(f), with Tr,(ca) = 0 and Equation (2.2) we see that DY(f +0¢)(z) =
o°(a)+ f(0)+ f(a), hence it is constant. Consequently, A.(f) C A(f+0c°)N{a €
Fon : Try(ca) = 0}.

Conversely suppose that Try(ca) = 0 and D(f + 0¢) is constant. Then by
Equation (2.2) we obtain DY(f+0°)(x) = f(x+a)+ f(x)+0°(a) + Try(c*ax) =
f(a)+ f(0) + 0°(a), which implies that a € A.(f). O

Lemma 2.2, in particular, shows that the derivative D%(g) of the shifted
function g = f + s¢ is constant for every a for which D¢(f) is constant.

Regarding the transforms 7§, in Theorems 4.26, 4.28 in [16] and in [2,
Corollary 14], it is shown that for even integers n, a function f : V,, — Fy is
c-bent, if and only if f + s¢ is bent. Hence, in even dimension n, a c-benty
function is a shifted bent function. When n is odd we have a similar one-to-one
correspondence between the set of c-bent, functions and the set of semibent
functions with certain additional properties, see [2, 16] and also [7, 9, 13]. The
following theorem extends these results to arbitrary values of s > 0.

Theorem 2.3. (i) Let n + s be even. A function f : V, — Fy is c-s-
plateaued if and only if f+s° is s-plateaued and |Wiise(uw)| = |Wiyge(u+
c)| for allu € V,.

(i) Let n+ s be odd. A function f :V, — Fy is c-s-plateaued if and only
if f+ s is (s+ 1)-plateaued and Wiise(u+c) =0 for any u € V,, with
Wy ewe(u)] £0.

Proof. This theorem was essentially proved (s = 0) in [2, 16]. The proof
for this generalization uses the same arguments however we sketch it for the
convenience of the reader. Observe that for any a € {0,1} we have i* =
1+(2_1)a + il_(;)a, and from Jacobi’s Two—Square Theorem, stating that for
a non-negative integer k, the integer solutions of the Diophantine equation

R? 4+ 1?7 = 2% are
(i) (R,I) = (0,42%2) or (£2%/2,0) if k is even, and

(ii) (R, 1) = (£2k=1/2 £2:=1)/2) if [ is odd.
Then

_ Wripse (u) + Wise (u+c) + Z-va+8C (u) — Wise (u+c)
2 2 '

Consequently, a function f is c-s-plateaued if and only if for all u € V,,

Wrtse(u) + Wrgse (u + C)>2 + Wiise(u) = Wripge(u + c))2 e {0,2nts+2) |

Ty (u)



or equivalently
W (0)? + Wyssou+ ) € {0,271}, (2.4)
If n + s is even, by Jacobi’s Two—-Square Theorem, we have
Wi (W) = Wsaelu +6)] € {0,2059/2)

for all w € V,,. Hence f + s® is an s-plateaued function with the claimed
additional property. The converse also follows easily from Equation (2.4).

If n+ s is odd, then Jacobi’s Two-Square Theorem implies that for all u € V,,
we have

(Wrsee (1), Wrsse (u+ ) = (0,0), (0, £20F5+1/2) o (£20++D/2 () |

Therefore f+s°is (s+1)-plateaued and |Wyise(u)| # 0 implies Wi ge(u+c) =
0. Again the converse of the statement follows easily from Equation (2.4). [

As mentioned earlier, partially bent functions are standard examples of
plateaued functions. Indeed a partially bent function g : V,, — Fy is s-
plateaued, where s = dim A(g). Moreover, the support of the Walsh transform
W, of g is a coset of A(g)*, the orthogonal complement of A(g), see [5].

Similarly, a partially c-bent, function is c-s-plateaued where s is the di-
mension of A.(f), see [3]. The support of the transform 7§ of f is also a coset

of A.(f)", see the proof of [3, Proposition 2]. When we wish to emphasize the
value of s we also use the terms s-partially bent and s-partially c-bent,.

As pointed out in [1], given a 1-partially bent function g : V,, — Fy, the
shifted function g + s¢ is c-benty for 2"~! different nonzero elements ¢ € V,,.
More generally, by Theorem 2.3 we have the following corollary.

Corollary 2.4. Let g : V,, — Fy be a partially bent function with linear space
A(g) of dimension s. Then f = g+ s° is s-partially c-bent, for all nonzero
c € Mg)*, and (s — 1)-partially c-bent, for all ¢ & A(g)*.

Proof. We prove the assertion for the case V,, = Fon. Since g is partially bent,
g is s-plateaued where s = dim(A(g)), and there exists a coset b+ A(g)* such
that |W,(u)| = 2("*9)/2 if and only if u € b+ A(g)*. Let ¢ € A(g)*, then
u+c € b+ A(g)t if and only if u € b+ A(g)*, hence |W,(u)| = [W,(u + ¢)|
for all u € Fon. By Theorem 2.3, f = g+ o€ is then c-s-plateaued. By Lemma
2.2 we have A.(f) = A(g) since ¢ € A(g)*, hence Tr,(ca) = 0 for all a € A(g).
Therefore, dim(A.(f)) = s, and f is s-partially c-benty.



If on the other hand ¢ € A(g)*t, then u +c & b+ A(g)t if u € b+ Ag)*.
Therefore |[W,(u)| = 2"/ implies W,(u + ¢) = 0, and by Theorem 2.3,
f = g+0°is c-(s—1)-plateaued. Moreover, by Lemma 2.2, dim(A.(f)) = s—1,
hence f is also (s — 1)-partially c-benty. O

Although s-plateaued functions from V,, to Fs exist for all even n + s,
0 < s < n, c-s-plateaued functions exist only for 0 < s < n — 1, ¢ # 0 while
n + s may be odd or even.

Corollary 2.5. Let ¢ be a nonzero element in 'V, and s with 0 < s <n —1
be arbitrary. Then there exists a function f :V, — Fy which is c-s-plateaued.

Proof. From s-partially bent functions g, with 0 < s <n — 2 and even n + s,
we obtain functions which are s-plateaued or ¢-(s — 1)-plateaued by Corollary
2.4. Note that for g(z) and g,(z) = g(x) + v - © we have W, (u) = W,, (u+v).
Hence we can always choose the coset of A(g)* that forms the support of W, by
adding a suitable linear function to g. It remains to show that n-partially bent
functions (i.e., affine and constant functions) only yield functions which are
c-(n — 1)-plateaued. For an affine or constant function g we have A(g) = V,,,
hence A(g)t = {0}. Therefore we conclude by Corollary 2.4 that, g + s¢ is
c-(n — 1)-plateaued since any nonzero c is not in A(g)*. O

Remark 2.6. The functions that are ¢-(n—1)-plateaued are exactly the shifted
functions s + ¢ for an affine or constant function /.

3 Constructions of Some Special Functions

Given a semibent function g, which is not partially bent, the shift g + s§ may
not be plateaued with respect to Uf, see [1]. This also holds for s-plateaued
functions for arbitrary s. On the contrary, it is possible that the shift of an s-
plateaued function g, which is not partially bent (even satisfying A(g) = {0})
may be c-s-plateaued or c¢-(s — 1)-plateaued for some ¢ € Fy. Theorem 3.6
below states all possible cases for the shifted function.

Remark 3.1. The constructions in this section are given in multivariate form,
however all statements apply to the univariate case also. 1-s-plateaued func-
tions in univariate and in multivariate cases form the same sets. It was pointed
out in [2] that if f : Fn — Fy is a c-benty function, ¢ # 0, then the function
f(z) = f(c'z) is negabent. In fact, observing that o(¢™'z) = o'(z), with
straightforward calculations we infer that V§(u) = V}(c‘lu). Hence the spec-

trum of f with respect to V; and the spectrum of f with respect to V}- are

8



the same. Consequently many questions on the transforms V§, ¢ # 0, can
be reduced to questions on V}. In particular, if f is c-s-plateaued, then f is

l-s-plateaued. It is straightforward to see that cA.(f) = Ai(f). By Theorem
2.3, the Walsh transforms of f +¢¢ and f 4 ¢! have the same properties. This
does not apply to the transforms U} for multivariate functions.

In what follows we employ an adaptation of the Maiorana-McFarland con-
struction for plateaued functions, presented in [17]. For integers k,t with k < ¢,
let 7 : F% — FY be an injection, and let g : F5 x F, — Fy be the function defined
by g(z,y) = m(x) - y. Then for any (3,~) € F5 x F} we have, see [17],

Wi ={ 7 e 3.1

where Im(7) is the image of 7. Hence ¢ is (¢ — k)-plateaued, and the support
of W, is determined by the image of .
We further recall and slightly extend Lemma 6 in [17].

Lemma 3.2. Lett > 3.

i) There exists a set S = {vg,v1,...,v;} C Fy such that for any nonzero
v € F,, we have

(v-vg,v-vy,...,v-v) € {(0,0,...,0),(1,1,...,1)}. (3.2)

ii) For any nonzero ¢ € Fh, the set S can be chosen in such a way that
v #vj+c, 0<4,5<t.

Proof. Let {v1,..., v} be a linearly independent subset of F5. Then the map
¢ : Fh — FL defined by ¢(v) = (v - vy,...,v 1) is a bijection. Hence we have
é(v*) = (1,...,1) for a unique vector v* € Fh. Let vy € F} be a nonzero vector
such that v* - vy = 0. Then {vg,vy,..., v} satisfies (3.2).

For {vg, vy, ..., v} to satisfy the additional property, we have 2 — 1 choices
for vy, then 2! — 3 choices for vy (we also have to exclude vy + ¢). For vz we
have at least 2¢ — 22 — 2 choices. Continuing with this argument, we finally
have at least 2t — 271 — (t — 1) = 21 — ¢ + 1 choices for v;. For vy we choose
a vector other than v; + ¢, 1 <1 < t, with v* - v9 = 0, which leaves us with
2t=1 — ¢ choices. O

Proposition 3.3. Let n > 7. For any ¢ € Fy there exists a c-s-plateaued
function, which is not partially c-benty.

9



Proof. We will use the construction in [17] of an s-plateaued function g. Let
n=1t+kt>k2>2t+1) and 7 : F§ — F} be an injective function.
Consider g(z,y) = w(z) - y. By construction ¢ is t — k plateaued. Now we
consider the vectors {vg, v1,...,v;} as in Lemma 3.2 and impose the condition
on 7 that {vg,v1,...,v:} C Im(w). This assumption guarantees that g has
trivial linear space A(g) = {0} since

Wg(m+a7y+ﬁ)+g(fc7y)(0) = Z (_1)g(x+a’y+ﬁ)+g(z’y)

(z,y)EFE xF

- Z (—1)@re) () t(a)y

(z,y)EFE T

- Z(—l)“(“a)'ﬁ Z(_1>(w(x+a)+7r(a:>)-y .

z€F% y€F

If a # 0, then 7(z + ) + 7(x) # 0 and the inner sum vanishes for all x € F%,
and hence [Wy(ata,y+8)+g(x)(0)] = 0. If @ = 0, then we have

Wg(z+a,y+ﬁ)+g(w,y)(0) = 2' Z (_1>7r(a:)-ﬁ 7£ +2MH

:L‘EIF’2C

as(z)- 6 & {(0,0,...,0),(1,1,...,1)}. We may also assume that 7 has addi-
tional properties that enable us to use Theorem 2.3 (i) and obtain a function
f = g+ s which is c-s-plateaued. We now fix ¢ = (¢, ¢2) € F& x F, and as-
sume without loss of generality ¢y # 0, otherwise we permute the variables. In
order that g satisfies W, (5, 7)| = [W,(B + 1,7 + ¢2)| either 7,7+ ¢, € Im(7)
or v,v + ¢ & Im(7) for all v € F,. Note that such 7 exists since F} can be
expressed as the disjoint union of the sets Ff = Uung{’/’ v + c3}. Hence by
Theorem 2.3, f = g+ s5 is c-s-plateaued. Alternatively, we can choose 7 such
that v € Im(7) implies v + ¢o & Im(7), equivalently |W,(3,7)| # 0 implies
Wy (B + 1,7 + ¢2) = 0. In this case Theorem 2.3 (ii) gives f = g + s which is
c-(s—1)-plateaued. In both cases Lemma 2.2 implies that A.(f) = A(g) = {0}.
We therefore have a plateaued function that is not partially c-benty.

O

Remark 3.4. The proposition above answers the question about the existence
of c-s-plateaued functions that are not partially c-bent,, which was left open
in [3], see the explanation after Corollary 4 in [3].

Given a partially bent function g, the shifted function f = g+ s is partially
c-bent, for every ¢ € V,, as Corollary 2.4. Standard examples are quadratic

10



functions. Now we construct a partially c-bent, function f such that f + s§ is
plateaued but not partially bent, showing that there exists a plateaued function
¢ which is not partially bent but its shift is partially c-bent,.

We use the well known fact that for functions ¢; : V,, — Fg, g5 : V,,, — Fo,

for g(z,y) = g1(x) + g2(y) we have
Wy, B) = We, (@)W, (B). (3.3)
Note that Equation 3.3 also holds for the transforms 7.

Proposition 3.5. Letn > 10. For any ¢ € Fy, ¢ # 0, there exists f : Fy — Fy
such that f is s-partially c-benty and g = f + s§ is (s + 1)-plateaued but not
partially bent.

Proof. Set n = 2k + 2t 4+ s+ 1, where £k > 3, t > 1, s > 1. Note that
A(f) € Ag), ie., dim(A(g)) > s. Hence we need to construct g : Fj +— Fy
satifying the following conditions:

i) gis (s + 1)-plateaued,
i) dim(A(g)) = s,
iii) W, (u) # 0 implies W, (u + ¢) = 0 for all u € F7.

Consider g, : F¥ x F5*! s T, satisfying ¢1(z,y) = mi(x) - y, where m; : F§
5™ is the same injection as the one used in the proof of Proposition 3.3.
Similarly, we define gy : F5 x F5™ s Fy by go(2, w) = m(2)-w, where my : L
FL*s is injective and linear. Set ¢ = (c1, ¢z, ¢3, ¢q) € Fy = FE x FET! T4 x F5*,
We can assume without loss of generality that Im(m) contains cy.
By [6, Section 3], g, is s-partially bent with A(gy) = {(0,b) : b € Im(my)*}. We
now define g : F§¥ x FA™ x F4 x F5™ v Fy as g(z,y, 2, w) = g1(x, y) + g2(2, w).
Since Wy (a, 5,7,0) = Wy, (o, B)W,, (7, 9), g is (s+1)-plateaued. Furthermore,
Wy(a, 5,7,0) # 0 implies Wy, (o, B) # 0. By the choice of g1, W,, (o, 5) # 0
implies W,, (a + ¢1, 8 + ¢2) = 0, i.e., Wy(a + 1,5+ 2,7+ ¢3,0 + ¢4) = 0.
Therefore, g+ s§ is c-s-plateaued by Theorem 2.3 (ii). An element (o, 3,7,0) €
F? lies in A(g) if and only if
We(atay+B.ztyw+)+g(ay.zw) (0, 0,0,0) = oL,

Observing that

D?a,ﬁ,’y,é)(g)(m7ya Z,'LU) = g(fL’ +o,y+ sz + v, w + 6) +g(l‘7ya Z,UJ)
=g+ a,y+B8)+ (2, y) + g2z +v,w+6) + g2z, w)
= D{, 5 (91) (2, ) + DY, 5 (92) (2, w),

11



we have
VBP0 @(0:0:0,0) = Wog_61) (0, 0)Wpp 62 (0,0).

This implies that A(g) = A(g1) x A(g2). Therefore A(g) = {(0,0,0,b) : b €
Im(72)1}. By Lemma 2.2, A.(f) = {(0,0,0,b) € Fy : b € Im(ma)t, s - b= 0}.
Recall that ¢; € Im(my)t, i.e., A.(f) = A(g). Therefore f satisfies the required
properties. O]

Theorem 3.6. Let g : F} — Fy be an s-plateaued function. Put f = g + s5,
c € 3. Then the following are possible.

(i) g is s-partially bent and f is s-partially c-benty;
(i1) g is s-partially bent and f is (s — 1)-partially c-benty;

(11i) g is s-plateaued but not partially bent and f is c-s-plateaued, but not
partially c-benty;

(iv) g is s-plateaued but not partially bent and f is c-(s — 1)-plateaved, but
not partially c-benty;

(v) g is s-plateaued but not partially bent and f is (s — 1)-partially c-benty;

(vi) g is s-plateaued but not partially bent and f is not plateauved with respect
to TF.
f

Proof. Parts (i) and (ii) follow from Corollary 2.4. Part (iii) is a consequence of
Proposition 3.3. By using Equation 3.3, we observe that the sum g of functions
g1 and g9, satisfying the properties of (ii) and (iii), respectively, satisfies the
condition (iv). Part (v) can be obtained from Proposition 3.5, and (vi) follows
by [1, Proposition 6.3]. O

Remark 3.7. A characterization of plateaued functions via the Walsh trans-
form is given in [8]. Let f : V,, — [y be a function, k be a positive integer,

Sk(f) =D Wr)* and  Ti(f) = Sk (f)/Sk(f)-

UGVTL

Then f is plateaued if and only if Ty 1 (f) = Tx(f). In particular, f is plateaued
if and only if T5(f) = Ti(f). Since the proof relies on Parseval’s identity,
an analog statement is true for every function H from V,, to C satisfying
> uev, [HI? = 27", hence for the transforms 7.
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4 Partially c-bent; functions

In this section we give some characterizations of partially c-bent, functions.

Definition 4.1. Let f : V, — Fy and ¢ € V,,. We define the sets D}C) and
Z}C) as

Dgf) ={a eV, | D(f) is balanced} ,
and
Z ={ueV,| Tf(u) =0} .

We denote the cardinalities of the sets D](f) and Zj(f) by N« and N, re-
f s
spectively.

In [4], the author shows that for ¢ = 0, and for any f : V, — Fy the
inequality

(2= Npo ) (2 = N0 ) 22" (4.1)

holds. We now generalize this inequality for any nonzero ¢ € V,, and show
that the equality holds if and only if f is partially c¢-bent,. Note that in [4],
partially bent functions have been defined as functions for which the equality
n (4.1) holds for ¢ = 0.

Proposition 4.2. Let f : V, — Fy, c € V,,, and the integers Ny and N
f f

be defined as above. Then we have
(2" - ND%)) (2“ . NZ@) > on

The equality holds if and only if f is partially c-benty.
Proof. For simplicity we give the proof in univariate case. First we show that

2" (2" — ND;@) > SUD, R, yv;(u)\2 . (4.2)

For |V§(u)* we have

Vs = 3 (—1) @040 @) )+ Ton o) T ) ~Ton )

I,yGIFQn
_ Z (_ 1)f(m)+f(a:+z)+ac (2)+0¢(z+2)+Trn (UZ)Z-Trn (cx)—Trn(cz+c2)

z,zEFon

13



Recalling that
Try(z) + Try(z) = Trp(x + 2) + 2T, (2) Try(2) mod 4,
by the property of ¢¢ in Lemma 2.1 we obtain

|V}:(u)|2 _ Z (_1)UC(Z)+TrIL(Uz)i—Trn(CZ) Z (_l)f(x-i-z)-l—f(z)-i-Trn(chz) . (4.3)

z€Fon z€Fon

For z € D;C) the inner sum vanishes, and for z € Faon \ D}C) the inner sum is

at most 2". Hence we have 2"(2" — ND}C)) > |V§(u)[* for any u € Fyn, which

proves (4.2).
As can be observed easily , (2" — N ) )SuD,er,, [ VF(W)|* > 7, cp,., [V5(u)].
7

By Parseval’s identity (1.9), we obtain

22n

f

g (4.4)

SUPyer,, | Vi(u)]* -

Combining equations (4.2) and (4.4) yields the claimed inequality.

It remains to show that the Equality in (4.1) holds if and only if f is
partially c-benty. First observe that for a partially c-bent, function f with
dim(A.(f)) = s we have 2" — ND;C) = |A(f)] = 2°, and [V§(u)|* € {0,2"°},

hence by Parseval’s identity, 2" — N 79 = 2"=%. Consequently, Equation (4.1)

holds. Conversely suppose that the equality holds in (4.1), and hence the
equality in (4.4) holds, i.e.,

WP, [V (W) (2" = Ny ) = 2 = 37 V502 (4.5)
ng}C)

Note that we used Parseval’s identity in the second equality. Equation (4.5)
holds if and only if

Vi ()| = sup,er,, [Vi(u)|

for all v € Fan \ Zj(f). This implies that [V§(v)| € {0,2("*)/2} and hence by

Equation (4.5), we have 2" — N ) = 2"~* for some non-negative integer s.
7
Supposing equality in (4.1), this yields that 2" — N ) = 2°. For an element v
7
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in the support of V§¢(v), Equation (4.3) can be written as

|VJE(U)’2 _ Z (_1)ac(z)+Trn(uz)Z~—Trn(cz) Z (_1)f(z+z)+f(z)+Trn(02mz)

ZE]F2TL JTEFQ'VL
_ Z (_1) c(z)—l—Trn(uz) —Trn(cz) Z (_1)f(w+z)+f(z)+Trn(02:pz) — gnts
2€Fyn\DY” z€Rzn

Note that in the second equality We used the fact that the inner sum is 0 if

and only if z € D . Since |Fan \Df | = 2" — N, = 2° we must have
h

’ Z flz+2)+f(2)+Trn(c a:z)| on

zE€Fon

for all z € Fon \ Dgf). This applies if and only if f(z + 2) + f(2) + Try(c?z2)

is constant for all z € Fan \ Dj(f), hence A.(f) = Fan \ D](f), which gives the
desired result. O

The following corollary generalizes characterization of partially bent func-
tions given in [4] to arbitrary partially c-benty functions.

Corollary 4.3. Let f : V,, — Fy be a function and ¢ € V,,. Then the following
are equivalent.

(i) [ is partially c-benty.
(i1) f is c-s-plateaued for some integer s > 0, where dim(A.(f)) = s.

(i1i) Using the notation in Proposition 4.2 we have

(2= Npo) (20 = Ny ) =2

(iv) For any complement AP of A.(f) in V,, the function f restricted to
AP s c-bent, (Corollary 3 in [3]).

5 Relative Difference Sets

Recall that a (u, v, k, \)-relative difference setin a group G of order uv relative
to a subgroup B of GG of order v, is a k-elementary subset R of G such that
every element in G \ B can be written as r; — 19, 71,72 € R, in exactly A
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ways, and there is no such representation for any nonzero element in B. The
subgroup B is then called the forbidden subgroup. If G = A x B, then R is
called a splitting relative difference set. As is well known, a Boolean function
f:V, — Fyis bent if and only if its graph is a splitting relative difference set
in V,, xFy, see for instance [14]. We have a similar combinatorial interpretation
of negabent functions and more generally of c-bent, functions, ¢ # 0. Consider
the operation *. on V,, x Fy, ¢ € V,, \ {0}, given by

(21, Y1) *c (T2, y2) = (71 + Ta, y1 + Y2 + (¢, 2122)) when V,, = Fan
and
(@1, 11) *¢ (T2, Y2) = (21 + T2, 41 + Y2 + (¢, 21 © 22)) when V,, = F.

Then V,, x Fy under *. forms a group isomorphic to ]Fg‘_l X Z4. A function
f :V, — Fyis c-benty if and only if its graph {(z, f(z)) : = € V,} is a
relative difference set in (V,, x Fy, *.) relative to {0} x Fy. We refer to [2] for
the details, and remark that these relative difference sets are not splitting.

In [6] it has been observed that partially bent functions f : V,, — Fy induce
a certain generalization of a relative difference set in V,, x Fy, which is called
a partially bent relative difference set. More generally, partially bent functions
have been characterized as functions f from a group H into a group N for
which the graph R = {(z, f(z)) : * € H} has the following properties, see [6,
Proposition 2.8]. The group G = H X N contains a subgroup B of the form
B = A x N such that

(1) g € G\ B can be represented as r; — ry, for 11,72 € R in exactly A ways
for some A > 0;

(2) g € B\ A has no representation of the form r; — ry, for r,79 € R;

(3) g € A can be represented as r; — ry, for r1,ry € R in exactly |R| = k
ways.

If A = {0} then R reduces to a conventional splitting relative difference set,
which corresponds to a bent function from H to N, see [11].

In the following, we point out that partially c-bent, functions likewise in-
duce generalizations of such relative difference sets in Z4 ' x Z4 that come from
c-bent, functions. We define the generalization of (not necessarily splitting)
relative difference sets in a more general framework, and first discuss some of
its properties.
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Let G be an abelian group of order mnl and A C B be subgroups of G of
orders |A| =1, |B| = nl. We call a k-subset R of G a pre-relative difference
set relative to B\ A with parameters (m,n, [, k, A), if the conditions (1),(2),(3)
above hold.

Theorem 5.1. Let R be an (m,n,l, k, A) pre-relative difference set in G rela-
tive to B\ A, and let G = G/A and B = B/A. Then we have the following.

(i) R is the union of cosets of A, at most one of which lies in B. In partic-
ular, if |R| = k = vl, then (vV* —v)l = XA(mn —n).

(i1) Let R be the subset of G consisting of the cosets of A that lie in R. Then
R is an (m,n,v, A/l)-relative difference set in G relative to B.

Proof. (i) Let r € R. We need to show that r 4+ a € R for all « € A. Since
any element a of A can be written as a difference ry — ry, where r,75 € R in
k ways, for any fixed r € R, there exists a unique 7 € R such that a =7 —r.
Hence r + a = 7 € R. Suppose that the distinct cosets r + A, o + A are in
BNR. Thenry —ry =b€ B but b ¢ A, which is a contradiction. If |R| = vl,
then |R|?> = \|G'\ B| + | R||A| implies the claimed equation.
(ii) First we show that any element b € B can not be written as a difference
of elements in R. Suppose that b = 7, — 7, € B\ {0} for some 71,7, € R.
Then b = r; —ry 4+ a for some a € A, b € B\ A and r1,75 € R. Since a can
be written as a difference of elements of R in k ways, for o € R, there exists
r € R such that a = ro —r. Consequently, b = r; —r, which is a contradiction.
It remains to show that every element § € G \ B can be written as a
difference of elements in R in exactly \/|A| = A/l ways. (In particular, this
shows that A is divisible by |A| = [.) The element g can be represented as
g € G\ B in exactly |A| = ways. Also we know that each g € G\ B can be
written as a difference of elements in R in exactly A ways. Therefore, elements
in the coset g+ A can be expressed as a difference ry —ro, 71,79 € R in exactly
M ways. Since (2 differences r; — ro give the same § € G, we conclude that g
can be represented in exactly A/l ways, which gives the desired result. O

Corollary 5.2. Let f : Fon — Fy be an s-partially c-benty function. Then
the graph R = {(x, f(z)) | © € Fou} is a (277%,2,25,2" 2" Y _pre-relative
difference set in G = (Fan X Fo, ).

Proof. We assume without loss of generality that f(0) = 0 and define

A:={(a, f(a)) |a€ A(f)} and B:={(a,y)|acAf),y € Fa}.
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It is clear that B is a subgroup of GG, so we first show that A is a subgroup of
G. For (a, f(a)), (b, f(b)) € A, we have

(a, f(a)) *c (b, f(b)) = (a +b, f(a) + f(b) + Tra(c®ab)) .

Since f(z +a)+ f(z) + f(a) + Try(c*az) = 0 for all x € Fan, we have f(a) +
f(b) + Try(cab) = f(a + b), which gives the desired result.

To investigate the difference properties of R we first observe that the inverse
of (z, f(x)) € Gis (x, f(z))™! = (z, f(x) + Tru(cx)), hence for (z, f(x)), (z +
a, f(z +a)) € R we have

(x+a, f(x+a))* (z, f(2)" = (a, f(x +a) + f(z) + Try(za)) .

Let g :== (a,b) € G. If a &€ A(f), i.e, (a,b) € G\ B, then DS(f) = f(x +
a) + f(x) + Try(c®za) is balanced. Consequently every element g € G\ B
can be represented as difference in R in exactly 2" ways. If a € A.(f), i.e.,
(a,b) € B, then D(f) = f(x+a)+ f(z)+Try(c*za) = f(a) is constant. Hence
if b = f(a), i.e., (a,b) € A, then (a,b) has 2" representations as a difference
of elements in R, and all elements (a, f(a) + 1) of B\ A do not have such a
representation.

It can be verified easily that when f(0) = 1, then A and B \ A (which in
this case is a subgroup) switch roles. ]

Remark 5.3. Since we have Tr,(ca) = 0 for a € A.(f), every element g € B
has order 2, i.e., the subgroups A, B are elementary abelian 2-groups. In
particular, A ~ Z3 and B ~ Z5*".

Acknowledgement

N.A. is supported by the Austrian Science Fund (FWF): Project F5505-N26
and Project F5511-N26, which is a part of the Special Research Program
“Quasi-Monte Carlo Methods: Theory and Applications”. A.T. was supported
by TUBITAK Project no 114F432. Parts of this paper was written while C. K.
visited Johannes Kepler Univeristy and RICAM, and N.A. visited Sabanci Uni-
versity. Authors gratefully acknowledge the hospitality and financial support
provided by all three institutions.

References

[1] N. Anbar, W. Meidl, A. Pott, Equivalence for negabent functions and
their relative difference sets, preprint 2017.

18



2]

[10]

[11]

[12]

[13]

N. Anbar, W. Meidl, Modified planar functions and their components,
Cryptogr. Commun. 10 (2018), no. 2, 235-249.

N. Anbar, W. Meidl, Bent and bent, spectra of Boolean functions over
finite fields, Finite Fields Appl. 46 (2017), 163-178.

C. Carlet, Partially bent functions, Des. Codes Cryptogr., vol. 3 (1993),
135-145.

A. Cesmelioglu, G. McGuire, W. Meidl, A construction of weakly and
non-weakly regular bent functions. J. Comb. Theory, Series A, 119 (2012),
420-429.

A. Cesmelioglu, W. Meidl, A. Topuzoglu, Partially bent functions and
their properties, Applied algebra and number theory, 22-38, Cambridge
Univ. Press, Cambridge, 2014.

S. Gangopadhyay, E. Pasalic, P. Stanica, A note on generalized bent cri-
teria for Boolean functions. IEEE Trans. Inform. Theory 59 (2013), no.
5, 3233-3236.

S. Mesnager, Characterizations of plateaued and bent functions in char-
acteristic p. Sequences and their applications—SETA 2014, 72-82, Lecture
Notes in Comput. Sci., 8865, Springer, Cham, 2014.

M.G. Parker, A. Pott, On Boolean functions which are bent and negabent.
Sequences, subsequences, and consequences, 9-23, Lecture Notes in Com-
put. Sci., 4893, Springer, Berlin, 2007.

A. Pott, Almost perfect and planar functions. Des. Codes Cryptogr., vol.
78 (2016), 141-195.

A. Pott, Nonlinear functions in abelian groups and relative difference sets.
Discrete Applied Mathematics 138 (2004), 177-193.

K.U. Schmidt, Y. Zhou, Planar functions over fields of characteristic two.
J. Algebraic Combin. 40 (2014), no. 2, 503-526.

W. Su, A. Pott, X. Tang, Characterization of negabent functions and
construction of bent-negabent functions with maximum algebraic degree.
IEEE Trans. Inform. Theory 59 (2013), 3387-3395.

19



[14] Y. Tan, A. Pott, T. Feng, Strongly regular graphs associated with ternary
bent functions. J. Combin. Theory Ser. A 117 (2010), no. 6, 668-682.

[15] Y. Zhou, (2n,2n,2n, 1)-relative difference sets and their representations.
J. Combin. Des. 21 (2013), no. 12, 563-584.

[16] Y. Zhou, Difference Sets from Projective Planes. PhD-Thesis, OvGU
Magdeburg (2013).

[17] Y. Zheng, X-M. Zhang, On plateaued functions, IEEE Trans. Inform.
Theory 47 (2001), no. 3, 1215-1223.

20



