On components of vectorial permutations of Fy
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Abstract

We consider vectorial maps

F(z1,. o mn) = (filze, o 2n), 0 fu(@, 0 2n)) t By = T,

which induce permutations of Fy. We show that the degrees of the com-
ponents f1, fa,..., fn € Fylz1,...,2,] are at least 2 when 2 < deg(F) =
d < /q and d|(q — 1). Our proof uses an absolutely irreducible curve
over F; and the number of rational points on it that we relate to the
cardinality of the value set of a polynomial.

1 Introduction

Let ¢ be a power of a prime p and F, be the finite field with ¢ elements. For an
integer n > 2, the ring of polynomials in n indeterminates over F, is denoted
by Fylx1,. .., 2] It is well-kown that any map from [} to IF, can be uniquely
represented as f € Fy[zq,...,x,] such that deng(f) <gqgforall j=1,...,n,
where deng( f) is the degree of f € F,[z1,...,x,]|, when it is considered as
a polynomial over F,[z1,...,2;_1,%j+1...,%,), see [3]. The degree of f =
> aih,,,yinxil -l is defined as deg(f) = max{i; + -+, , a;_;, # 0}.
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An element f € F,[zy,...,2,] is a permutation polynomial in n variables
if the equation f(zi,...,z,) = a has ¢"~! solutions in Fy for each a € F,. A
classification of permutation polynomials in F,[xy,...,x,] of degree at most
two is given in [6].

A polynomial f € F,[xq,...,z,] is called a local permutation polynomial if
for each i, 1 < i < n, the polynomial f(ay,...a;_1,%;, aiy1,...,a,) is a per-
mutation polynomial in x;, for all choices of ay,...a;_1,a;41,...,a, € F,. The
author of [4] and [5] gives necessary and sufficient conditions for polynomials
in two or three variables to be local permutation polynomials over prime fields.
Relevence of local permutation polynomials for the study of Latin squares or
cubes are also described in [4] and [5]. Furthermore, it is shown in [1] that the
degree of a local permutation polynomial in F,[z, z5] is at most 2¢ — 4, and
that this bound is sharp.

Any map F : Fy — F}' can be represented by

F(zy, ... xn) = (fi(xy, . ), oo [T, o)), (1.1)

where f; € F,lxy,...,x,] with deng(fi) < g for all i,j = 1,...,n, see [3,
Lemma 7.40]. The degree of F' is defined as deg(F') = max {deg(fi)}. A map

F :Fy — Fy is called a vectorial permutation if it induces a permutation on
[Fy. In what follows, we consider the class F of vectorial permutations F' as in
(1.1) with deg, (fi) < g foralli,j=1,...,n.

We consider a natural extension of the concept of local permutation poly-
nomials to maps F': Fy — Fj. We define

F(zy,...,x0) = (fi(xr, .. 20), oo fulTr, oo )

to be a vectorial local permutation if all polynomials f;(xy,...,z,), 1 <i <n,
are local permutations. We denote this class of maps by Fi.

Here we focus on the degrees of components of maps in F. It turns out
that the vectorial permutations, which are not vectorial local permutations
yield a subclass of maps F' = (f1,..., f,) € F (with additional properties),
that satisfy deg(f;) > 2 for 1 < i < n. This note is organized as follows. In
Section 2, we give preliminary results on maps in F. The main results are
presented in Section 3. In particular, given a map F' = (f1,..., f.) € F \ Fr,
the conditions are obtained for f; to be of degree > 2 for 1 <7 < n.

2 Preliminaries

We start by pointing out the well-known connection between vectorial permu-
tations and orthogonal systems of equations.



Lemma 2.1. A map F = (f1,..., fn) : Fy = F7 is in F if and only if for any
1<m<nanda,...,a, €, the system of equations

fi(xy, ..o zn) =ay .o S fi, (21,000 20) = am (2.1)

m

has exactly ¢"~™ solution with i1 < ... < t,,.

Lemma 2.1 is a direct consequence of Theorem 2 in [7].

Lemma 2.2. Let F' = (f1,...,fn) be as in (1.1), with deg(F) > 1. Then
there exist i,7 € {1,...,n} and on,...,0_1,Qj41,...,0q € F, such that the
polynomial fi(ou, ..., -1,%;, g1, ..., Q) 1S not constant in the variable x;.

Proof. For the proof we need to show the following. Suppose f(z1,...,2,) €
Fylz1,...,2,] is of degree > 0. Then there exists (ay,...,a,) € Fy such that
flaq, ..., a,) # 0. We use induction on n. The argument holds for n = 1 since
f in this case is a polynomial of degree d < ¢. Suppose the argument holds for
all 1 <k < n. We can assume without loss of generality that deg, (f) = d > 0.
That is, we can write f as

f=al{fa+ - +zfi+ fo

for some f; € Fy[zo, ..., z,] with f; # 0. By the induction hypothesis there ex-
ists (g,...,ap) € ngl such that fy(as,...,a,) # 0. Hence, f(x,aq,...,ap)

is a polynomial of degree d < ¢ and there exists oy € F, with f(ay, oo, ..., a,) #
0. O]
We recall that two vectorial maps Fi(zq,...,2,) and Fy(zq,...,x,) are

said to be equivalent if
Fg(xl, Ce ,In) = LQ (F1 (Ll(l'l, Ce ,In) + (Cl, Ce 7Cn))) + (dl, Ce 7dn)

for nonsingular linear transformations Ly, Ly : Fy — Fj and (1. ¢n),
(di,...,d,) € Fy. In other words, Fy and F; are equivalent, if one can be
transformed to the other by non-singular transformations and shifts. Obvi-
ously equivalent maps have the same permutation behaviour.

In what follows we sometimes use equivalent maps in F interchangeably. In
particular, we assume without loss of generality that ¢ = j = 1 in Lemma 2.2,
i.e., we deduce that if F' = (f1,..., f,) € F has positive degree, then g(z) :=
fi(z, aq,...,ay) is a polynomial of degree d > 0 for some as, ..., o, € F,.



Lemma 2.3. Let F' = (fi,..., fn) € F and suppose that g(x) = fi(x,q9,...,ay)

has degree d > 0 for some (aq, ..., o) € Fg_l. If g(x) is not a permutation of
[, then there exits j € {2,...,n} such that f;(x,aq, ..., ay) is not a constant
polynomial.

Proof. Suppose that f;(z,as,...,a,) = a; for a; € Fy, 7 = 2,...,n. The
System

fo(z, .o xn) =ag ..o, fulz,. . 20) = ay

has ¢ solutions by Lemma 2.1, namely the solution set is S = {(z, ag, ..., a,) | €
F,}. Then for any y € I, the system

fl(xh'"axn) =Y 7f2(x17"'7xn) =daz,... 7fn(x17”'7xn) = Qp
has a unique solution in the set S. This implies that fi(z,aq,...,q,) is a
permutation, which contradicts our assumption. [

We also need the following lemma in Section 3.

Lemma 2.4. Let g be a separable polynomial over F, of degree d < q. Then
there exists ¢ € F, such that ged(g(x) + ¢, ¢'(z)) = 1.

Proof. The fact that g is a separable polynomial implies that ¢’(x) # 0. Now
we prove that g(x)+ ¢ and ¢'(x) have no common root in the algebraic closure
F, of F, for some ¢ € F,. Note that ¢’(z) is a polynomial of degree t <
d—1. Let Bi,...,53 be the roots of ¢’(z) in F,. Let cy,...,c; be elements
of JFq such that g(x) + ¢; has a zero at 3; for i = 1,...,¢t. Then we have
F,\{c1,...,ct} # 0, and hence g(z) + ¢ and ¢'(z) have no common root for
any element ¢ € F, \ {c1,..., ¢} O

3 Main Results

In this section we investigate the component polynomials fi,..., f, of F =
(fi,..., fn) € F with deg(F') > 2. As above, we take g(x) = fi(z,a9,...,a,)
of deg(g) > 0, and relate g to some f;(z,aq,...,a,), 2 < i < n, via an affine
equation, which defines an absolutely irreducible curve over F,. By using the
cardinality of the value set of a polynomial, and the number of rational points
of the curve, we obtain sufficient conditions for fs,..., f, to be non-linear.



Let F be a function field over F, of genus g(F). One calls F, the full
constant field of F' if I, is algebraically closed in F. In this case, the well-
known Hasse-Weil bound states that the number N(F') of rational places of
F' satisfies

q+1-29(F)\/G< N(F) < q+1+2(F)\q, (3.1)

see [9, Theorem 5.2.3]. When F is a rational function field, say F' = F,(z) for
some z € I, we denote the places of F,(z) corresponding to zero and the pole
of z—a by (2 = a) and (z = 00). Now we consider a function field F' as a
compositum of rational function fields over a rational function field to obtain
a bound on its genus as follows.

Lemma 3.1. Let g, h be separable polynomials in F [T with positive degrees
di and dy. Let ' = Fy(x,y) be the function field defined by the equation
g(x) =1/h(y). If ged(g(T), ¢’ (T)) = 1, then F is a function field with the full
constant field F, of genus g(F) < (dy — 1)(dy — 1).

Proof. Let IF,(z) be a rational function field. We consider the rational function
field extensions F,(z)/F,(z) and F,(y)/F,(2) defined by the equations z = g(z)
and z = 1/h(y), respectively. Then F is the compositum of F,(z) and Fy(y),
see Figure 1. Note that F,(z)/F,(z) is an extension of degree d; and the place
(z = o0) is totally ramified in F,(x). Also, F,(y)/F,(z) is an extension of
degree dy and (z = 0) is totally ramified in F,(y). In other words, the place
(x = o0) of Fy(x) (resp. (y = oo) of Fy(y)) is the unique place lying over
(z = 00) (resp. (2 =0)). Since (z = o0) and (z = 0) are totally ramified, the
function fields F,(z) and F,(y) are defined over IF,. Moreover, the assumption
ged(g(T),¢'(T)) = 1 implies that (z = 0) is unramified in F (x)/F,(z). Hence,
by Abhyankar’s Lemma (see [9, Theorem 3.9.1]), any place of F,(z) lying over
(z = 0) is totally ramified. This proves that the full constant field of F' is F,.
Moreover, by Castelnuovo’s Inequality (see [9, Theorem 3.11.3]), the genus
g(F) of F satisfies

g(F) <(di = 1)(d2 = 1) .
O

Corollary 3.2. Let g,h be separable polynomials in F [T with positive de-
grees di and dy. If ged(g(T),g' (T)) = 1, then the polynomial p(X,Y) =
g(X)hY) —1 € F,[X,Y] is absolutely irreducible over F,. Therefore, the
zero set of p(X,Y') defines an absolutely irreducible curve over IF,,.



(2, y)
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Figure 1: Compositum of rational function fields

Lemma 3.3. Let X be the projective curve over F, defined by the affine equa-
tion p(X,Y) = g(X)h(Y) — 1, where g, h are polynomials over F, given as in
Lemma 3.1. Then the number N of affine rational points of X satisfies

Q—Qh+dr—m—2ur_nwy—m<Vﬁ+dy;@)fEN.

Proof. By Lemma 3.1, we see that F' = F,(z,y) with g(z) = 1/h(y) is the
function field of X with the full constant field F,. Then the fact that g(F) <
(dy — 1)(dy — 1) together with Equation (3.1) implies that the number N(F)
of rational places of F' satisfies

g+1—2(d —1)(dy— 1)\ /G< N(F) < q+1+2(d — 1)(ds — 1)y/G . (3.2)

It is a well-known fact that each non-singular rational point of X’ corresponds
to a unique rational place of F, see [2, 8]. Next we find the rational points at
infinity, and obtain an approximation to the number of singular rational points.
This enables us to approximate the number of rational places corresponding
to them.

We first consider the points of X’ at infinity, i.e., the ones (X : Y : 0) for
which P(X : Y : 0) =0, where P(X : Y : Z) = Z4%(g(X/Z)W(Y/Z) — 1).
Since P(X : Y : 0) = X4Y% there are only two points at infinity, namely
@1 =(1:0:0)and @2 = (0 : 1 :0), which are rational. The number
of places corresponding to ()1 and (), are determined by the factorization of
the homogeneous polynomials Z%h(Y/Z) and Z%g(X/Z), respectively. Hence
there exist at most dy and d; rational places corresponding to points )7 and
()2, respectively.

An affine point (X,Y) € Fj is a singular point of X if and only if the
following equality holds.

J(X)RY) =1 (Y)g(X)=h(Y)g(X)-1=0.




Note that we have P(X,Y) = —1 for any X,Y € F, with g(X) = 0 or
h(Y) = 0. This shows that if (X,Y") is a singular point of X’ then ¢’'(X) =0
and h/(Y) = 0. Therefore, there are at most d; — 1 choices for X and dy — 1
choices for Y. In particular, X can have at most (d; — 1)(dy — 1) singular
affine rational points. Since X is a degree d; + dy curve, there exist at most
(dy —1)(dy — 1)(dy + ds) rational places corresponding to these singular points.
Therefore, we conclude that there exist at least

N(F) = (di + dz) — (di — 1)(d2 — 1)(d1 + do) (3.3)

rational places corresponding to the rational affine points. Then equations
(3.2) and (3.3) give the desired result. O

Theorem 3.4. Let F' = (f1,...,fn) € F and deg(F) > 2. Suppose F is
not a vectorial local permutation, so that there exist ag,..., o, € F, where
9(x) = fi(z, 22, ...,0y) is not a permutation. If we have 0 < deg(g) < /g,
then deg(f;) > 2 for any i =2,...,n unless fi(x,aq, ..., o) is constant.

Proof. We set d; = deg(g). By Lemma 2.3, there exists i, 2 < i < n, such that
deg(fi(x, a9, ..., ap)) =ds > 0. Set h(x) = fi(z, aq, ..., ). We assume with-
out loss of generality that g, h are separable polynomials. Otherwise, we can
replace ¢, h by other separable polynomials g, h over F,, where g(z) = g(z)?"
and h(z) = h(z)?" for some integers n,m > 0. Note that since g(z) is not a
permutation polynomial, the degrees of g and g are at least 2. We suppose that
¢ has no root in F,. We also suppose by Lemma 2.4 that ged(g(T"), ¢'(T)) = 1.

We denote the value set of g by V,, i.e., V, = {u = g(a) |a € F,;}. In [10],
Wan gives bounds for the cardinality of V;

—1 —1
1<y, <q-1=.

4
i i (3.4)

Let S C F} be the set consisting of elements (z,y) such that (g(z),h(y)) =
(t,1/t) for t € F;. Then by Equation (3.4) we conclude that

48 < (q—qgl) dy (3.5)

1

Hence any affine point (z,y) of X defined by the equation p(X,Y) = g(X)h(Y)—
1 corresponds to a solution of the system

glx)=t and h(y) =1/t



for some ¢ € . Therefore by Lemma 3.3 and Equation (3.5) we conclude that

dy+d —1
Q—(d1+d2—1)—2(d1_1)(d2_1)(\/(—H_ 12 Q)S(q_qd )dg.
1
This shows that if dy = 1, then we have d? > ¢ — 1, which contradicts the fact
that d; < \/a .

Example 3.5. (i) Let Fy : F3 — F3 be the map defined by (z,y) —
(f1(w,y), fa(w,y)) where fi(z,y) = 2*(y*+()+Cy? and fo(x,y) = 2*(y*+
¢) +v° + Cy?, where ( is a primitive element of Fys. It is straightforward
to show that Fy(x,y) = Loo Fyo Ly(z,y), where [ : F2; — F3, is defined
by Fy(z,y) = (2%, (z* + ()y?) and Ly, Ly are linear permutations of F2,,
defined by Li(z,y) = (y,x +y), Lo(z,y) = (x + y,y). Note that F; is
a vectorial permutation since the system z° = a, (2® + {)y? = b has a
unique solution for all (a,b) € F5;. This follows from ged(5,63) = 1 so
that ° permutes Fy, and the polynomial 7% + ¢ not having a root in
Fas. By Hermite’s criterion, for a € Fj the polynomial o*(T? 4 () + ¢T?
is not a permutation of Fos. Hence Theorem 3.4 applies, and indeed
deg fo(a,y) = 5.

(ii) Let Fy : Fas +— F3s be the map defined by (z,y) — (fi(z,y), f2(z,y))
where fi(z,y) = v° + 2?y® and fo(x,y) = ya* + 2. For a € Fj, the
polynomial T° + o®T® has two distinct roots in Fee, namely 7' = 0 and
T = a. That is, fi(«,y) is not a permutation of Fos. Since deg fo(a, y) =
1, by Theorem 3.4 we conclude that F; is not a vectorial permutation.

Theorem 3.6. Let F' = (fi,....f,) € F. If 1 < deg(F) = d < /g and
dlqg — 1, then deg(f;) > 2 for anyi=1,...,n.

Proof. We assume without loss of generality that deg(f;) = d. We first show
that f is equivalent to a polynomial of the form f = cax¢ + h, where h €
Flz1,...,7,] and c € F;. Put

fi(zy :c):xe%...xei+...+x6'f...x6ﬁ+ (x Zn)
g e ooy n 1 n 1 n g Tyevos n ,

where > 7", e/ =dforall j =1,....k and g € Ffz,...,,] of degree at
most d — 1. Consider the change of variable x; — x; + ¢;z; for some ¢; € F,
1 =2,...,n. Then we obtain

1

flon,a) = (e bbb ) b b)) (36)



for some h € F[z1,...,2,]|. By the argument in the proof of Lemma 2.2, there
exist cg,...,c, € F, such that cgé e cf{l1 + -+ cgé o 'ci’lg # 0, which proves
our claim. Note that deg, (h) < d. As a result, for any ay,...,a, € F,, the
polynomial g(z) = fi(x,as,...,a,) is of degree d, and hence by Hermite’s
criterion [3, Theorem 7.4], it is not a permutation polynomial. Then Theorem
3.4 shows that any other component f; has to be non-linear. O

Remark 3.7. One can immediately obtain from the proof of Theorem 3.6 that
it = (f1,...,fn) € F,deg(F)=d>1and d|qg— 1, then F is not a vectorial
local permutation.

Remark 3.8. In fact, one can prove a more general result in a similar way.
Let FF = (f1,...,fn) € F and deg(F) > 2. Suppose that there exist j,
i1, .. 0 € {1,...,n} such that

deg,, [fi(@1,...,an) + - +degy, fi(21,... @) =d

where ¢ > d* and d|g — 1. Then f; cannot be a linear polynomial for any
1=1,...,n.
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