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Abstract

A bent function from FJ to Fa, n even, can be transformed into a negabent function,
or slightly more general into a bent,, also called shifted bent function, by adding a certain
quadratic term. If n is odd, then negabent functions similarly correspond to semibent func-
tions with some additional property. Whereas bent functions induce relative difference sets
in F3 x Fgo, negabent functions induce relative difference sets in Fg_l X Z4. We analyse
equivalence of negabent functions respectively of their relative difference sets. We show that
equivalent bent functions can correspond to inequivalent negabent functions, hence one can
obtain inequivalent relative difference sets in F3 ! x Z4 with EA-equivalence. We also show
that this is not the case when n is odd. Finally we analyse the class of semibent functions that
corresponds to negabent functions and show that though partially bent semibent functions
always can be shifted to negabent or bent, functions, there are many semibent functions

which do not correspond to negabent and bent, functions.

1 Introduction

Let f be a function from an n-dimensional vector space V,, over Fy to Fo. The Walsh transform

of f is the function



where (u,z) is a (nondegenerate) inner product in V,. If V,, = F3, we will always use the
conventional dot product, if V,, = Fon, we take (u,x) = Try(ux) as an inner product, where
Try(z) denotes the absolute trace of z € Fon.

The function f is called a bent function if [Wy(u)| = 27/2 for all u € V,,. Equivalently, f is
bent if f(z)+ f(z + a) is balanced for all nonzero a € V;,. Clearly, bent functions only can exist
when n is even. For n odd, a function V;, — [Fy is called semibent if Wy(u) € {0, +2(n+1)/2} for
all u € V,,.

In a combinatorial interpretation, a bent function is a relative difference set in the elementary
abelian group. Recall that a k-elementary subset R of a group G of order mn with a normal
subgroup N of order n is called an (m,n, k, \)-relative difference set relative to N, if every
element in G \ N can be written as a difference of two elements of R in A\ ways and there is no
such representation for nonzero elements of N. The subgroup /N is then also called the forbidden
subgroup. Let now f be a Boolean function from V,, to Fa, then f is bent if and only if the
graph {(z, f(z)) : = € V,,} of fis a (27,2,2", 2" 1)-relative difference in the elementary abelian
group V,, x Fy with forbidden subgroup {0} x Fs (this is both easy to see and well known).

Closely related to bent functions, and when n is odd to semibent functions, are negabent
functions, or, slightly more general, benty functions. Negabent and benty functions induce
relative difference sets, but in the group Fgfl X Zy4, as follows:

Let B be a nonalternating bilinear form from V,, xV,, to Fa. Consider G := (V,, xFg, %), where “x”
is defined by (z1,y1) * (22, y2) := (z1+ 22, y1 +y2 + B(x1, x2)) for any (z1,y1), (z2,y2) € Vi X Fo.
Then G is a group, which is isomorphic to F4~! x Zg, see [12]. For instance one may obtain

B from a nonalternating bilinear form B from V,, x V,, to V,, with an inner product (,) in

Vn as B(z1,22) = (¢, B(x1,22)) for every nonzero ¢ € V,. A natural solution is to choose
B(z1,x2) = x120 if V), = Fon and B(x1,22) = 21 © a2 if V, = FY, where u®v = (ujv1, ..., upvy)
foru = (uy,...,up),v = (v1,...,v,) € FY, see [22]. Hence we may represent the group Fgfl X 74

as G, := (Fan X Fg, *.), respectively G. := (F§ x Fa, *.), where “x.” is defined by
(@1,91) *e (22, 42) = (21 + 22,91 + Y2 + (¢, 2122)) (1.1)
for any (x1,y1), (x2,y2) € Fan x Fo, respectively by
(71,y1) *c (T2, 92) := (21 + 22, Y1 + Y2 + (¢, 11 © 72)) (1.2)

for any (z1,v1), (x2,y2) € F§ xFa. For technical reasons, in the univariate case we use ¢? instead
of ¢ in accordance with [1]. The graph of a function f : Fon — Fa, respectively f : Fy — Fy, is
then a (27,2,2", 2" !)-relative difference set in G. with forbidden subgroup {0} x Fy if

f(x)+ f(z +a) + (2, azx), respectively f(z)+ f(z+a)+ (c,a® z), (1.3)



is balanced for all nonzero a. Again, this is not difficult to see using
(z,y) " = (z,y + (*,2%)), respectively(z,y) " = (z,y + (¢, © z)).

If we choose the conventional dot product for F%, and for Fo» the standard inner product
(u,v) = Try(uv), then the Boolean functions satisfying (1.3) are the multivariate bents functions
defined as in [8], respectively the univariate bents functions defined as in [1]. Specifying ¢ we
also use the notation c-benty. Recall that then c-benty functions are called negabent when
c=1=(1,1,...,1) € Fy, respectively ¢ =1 € Fan.

We remark that the component functions of modified planar functions defined in multivariate
and in univariate form as in [22], are exactly benty functions defined as above. Recall that
modified planar functions were introduced for the purpose of representing (2™, 2", 2", 1)-relative
difference sets in the group (Z},+). This group can be represented on the set G =V, x V,,, as
(G, *) where “x” is defined by

(x1,91) * (22, y2) = (z1 + x2,y1 + Y2 + B(z1,22)) (1.4)

for a nonalternating bilinear form B from V,, x V,, to V,,. In [22], modified planar functions are
defined to describe (2",2",2™ 1) relative difference sets in the group G with the natural choice
B(x1,x2) = x129, respectively B(xy,x2) = 21 © x3.

Note that whereas all bilinear forms B(z1,72) = Try(c2x122), ¢ € F,, are nondegenerate,
for the bilinear forms B(z1,22) = ¢ - (1 ® x2), nonzero ¢ € Fy, this only applies for ¢ = 1.
Hence, under some aspects, multivariate bent, functions behave different than univariate benty
functions. For instance, every univariate affine function is c-benty for every nonzero ¢, whereas
a multivariate affine function is not c-benty for any c different from 1, see [1] for the details.
Solely the negabent functions in multivariate form can be obtained from those in univariate form
choosing a basis of Fon over Fs.

Both, univariate and multivariate bent4 functions are closely related to bent, respectively
semibent functions. If n is even, then a bent, function is a bent function shifted by a quadratic
term. If n is odd, then bents functions are shifted to a subclass of semibent functions, see
Lemma 2.2 and 2.3 in Section 2.

In this article we investigate equivalence of negabent, or more general of benty functions, in
two different aspects. In the first interpretation we regard two negabent functions as equivalent
if the corresponding relative difference sets are equivalent in the conventional sense. The second
concept uses the correspondence between negabent functions and bent, respectively semibent
functions. We may call two negabent functions shifted equivalent if their corresponding bent
functions (semibent functions) are EA-equivalent. After recalling some preliminaries in Section

2, we analyse equivalence for negabent functions in Section 3. Section 4 deals with the case



that n is even. We show that equivalence of negabent functions implies shifted equivalence,
i.e. EA-equivalence of the corresponding bent functions, but conversely, two EA-equivalent bent
functions can induce inequivalent relative difference sets in Fg_l X Zy4. In Section 5 we show
that the situation is different for odd n, where, in general, equivalence of negabent functions and
EA-equivalence of the corresponding semibent functions is the same. In Section 6 we analyse
semibent functions with respect to negabentness. In particular we show that semibent functions
which are partially bent always correspond to bent, functions, which is not true for arbitrary
semibent functions. However, we show that some semibent functions that are not partially bent

can be used to construct negabent functions.

2 Preliminaries

Recall that a c-benty function f from Fon to Fy is a function for which f(z+a)+ f(x)+Try(c2ax)
is balanced for every nonzero a € Fan. In multivariate form a c-bents function is defined as a
function for which f(x+a)+ f(z)+c-(a®x) is balanced for every nonzero a € Fy. We described
already in the introduction that c-bent functions give rise to relative difference sets in G, see
(1.1). The graph G¢ = {(z, f(z)) : © € Fan)} of a c-benty function f is a (2",2,2", 2" 1) relative
difference set in G, whose forbidden subgroup is {0} x Fs.

Alternatively, in multivariate framework the groups we consider are the groups G. := (F§ x
Fa, *.), with multiplication given as in (1.2), which are again isomorphic to Fyn—1 x Z4, and for
which the graphs of multivariate c-bent, functions are (27,2, 2", 2"~ 1) relative difference sets.

For a nonzero ¢ € Fon we define the function o(c,z) on Fan by

o(c,x) = Z (ca:)zi(ca:)zj. (2.1)

0<i<j<n

Some properties of o are summarized in the following lemma.
Lemma 2.1. (i) o is Boolean.
(i) For every x1,x9 € Fon we have
o(c,z1 4 29) = o(c,x1) + o(c, x2) + Trp(Ea122) 4+ Try(czy) Trp(cas) | (2.2)
where Try, is the absolute trace from Fon to Fy, cf. [1, Lemma 5].
(iii) o(xz) ;= o(1,x) can be represented as

o(z) = 2727;—11 Trn(x21+1) + 22_11 g if n=2m,
> i Try, (2> 1) ifn=2m+ 1.



Lemma 2.2. [1] Ifn is even, then a function f : Fon — Fo is c-benty if and only if f(x)+o(c, x)
is bent. If n is odd, then a function f :Fon — Fy is c-benty if and only if g(x) = f(x) + o(c, z)
is semibent such that |Wy(u)| # 0 if and only if [Wy(u+ )| =0 for all u € Fon.

In multivariate case the function s§(z), defined as (see [8])

ss(@) = Y (cmi)(ejz))
1<i<j<n
forc=(c1,...,cn), x = (x1,...,2y) in FY, plays a similar role as o(c, x) for univariate functions.
Note that s§(x) = sa(c ® x), where sa(x) is the homogeneous symmetric Boolean function with
algebraic degree 2. The version of Lemma 2.2 for multivariate functions is as follows, see
8, 11, 19, 23):

Lemma 2.3. If n is even, then a function f :FY — Fy is c-benty if and only if f(x) + s§(x) is
bent. If n is odd, then a function f : 3 — Fo is c-benty if and only if g(x) = f(z) + s§(x) is
semibent such that [Wgy(u)| # 0 if and only if [Wy(u+c)| =0 for all u € F3.

We remark that one can also analyse shifts of plateaued functions other than semibent
functions. The resulting functions are plateaued, see [2], but do not correspond to relative
difference sets.

We intentionally use both representations of Boolean functions, univariate and multivariate,
to emphasize that the results we present here are independent from these (or other) representa-
tions.

For the proofs of some results we may without loss of generality switch from univariate to

multivariate representation.

3 Equivalence for bent, functions

Recall that two relative difference sets Ry and Ry of a group (G, +) are called equivalent if Ry =
©(R1) + b for an automorphism ¢ of G and an element b € G. For relative difference sets in the
elementary abelian group, equivalence precisely corresponds to extended affine equivalence (EA-
equivalence) for Boolean functions. Recall that two functions f1, fo from Fan to Fa, respectively

from Fy to [Fy, are EA-equivalent if
fa(@) = fi(L(z) + o) + Trn(Bz) +b
for some a, 8 € Fan, b € Fy and a linearized permutation £ of Fon, respectively, if

fo(x) = fi(Ax +a)+b-z+c



for some a,b € Fy, ¢ € Fo and an invertible n x n-matrix A over Fs.

In order to develop a concept of equivalence for c-benty functions, ¢ € [F5,., which describes
equivalence of their relative difference sets, we are interested in the automorphism group of
G. = (Fon x Fo, %.), with (z1,y1) *¢ (22,y2) = (21 + 22,91 + y2 + Tr,(c?z122)). Observing that
0 : Gi — G, given by 0(x,y) = (x/c,y) is an isomorphism, it is sufficient to determine the
automorphism group of G, for ¢ = 1. A similar argument applies for the multivariate case.

The most obvious automorphisms of G are (z,y) — (L£(x),y) for which £ is an isometry,
i.e. L is a linear transformation satisfying Tr,(L(z)L(y)) = Try(zy) for all 2,y € Fan. This can
easily be confirmed by direct calculations. Hence the group of isometries on Fon is a subgroup
of Aut(G1). Before representing the whole automorphism group, which requires the function o

given by Equation (2.1), we remark that in [10] these automorphisms are called orthogonal.

Lemma 3.1. Let L be a permutation of Fon and B € Fon. Then the function vz g : Fon X Fo
Fan x Fy defined by

bepr,y) = (L(x),y +o(z) + o(L(z)) + Tra(Bz))

is an automorphism of Gy if and only if L is linearized such that Tr,(x) = Tr,(L(z)) for all
T € Fon.

Proof. The map v g is an automorphism of G if and only if for any (x1,y1), (2, y2) € Fan X

we have
Ve p(x1,y1) * Vrp(r2, y2) = e (@ + 22, 41 + y2 + Trp(z122)) -
By the definition of * and ¢, g, this holds if and only if the following equality holds:
(L(w1),y1 + o(w1) + o(L(21)) + Trp(Bz1)) * (L(22), Y2 + 0(22) + 0(L(22)) + Try(Br2))
= (ﬁ(:cl + $2)7 Y1+ Y2 + Trn(xlxg) + U(xl + CCQ) + U(,C(l'l + 372)) + Trn(,B(:cl + xg)))
This implies that
L(x1) + L(x2) = L(z1 + x2) , i.e. L is linear, and (3.1)

o(x1) +o(L(z1)) + Trp(Bz1) + o(x2) + o(L(x2)) + Try(Bza) + Try(L(x1)L(x2)) (3.2)
= Trp(z122) + 0 (21 4 22) + 0 (L(21 + 22)) + Trp(B(z1 + 22)) -

Applying the identity in Equation (2.2), we then see that Equation (3.2) is equivalent to
Try (z1) Trp(22) = Trp(L(x1)) Try (L(22)) (3.3)

for any 1,22 € Fan. Setting 1 = z2 = z in Equation (3.3), we see that Tr,(x) = Tr,(L(x))
for any x € Fon. Conversely, the property Tr,(x) = Tr,(L(z)) implies Equation (3.3). Hence
Equation (3.3) is equivalent to Try,(z) = Tr,(L(x)) for all z € Fan. O



By Theorem 4.1 in [9], the cardinality of the automorphism group of Gi = Fon—1 X Zy is

equal to
n—1

Aut(Gy)| =27 []@F - 1) (3.4)
k=1
To show that every automorphism of G is of the form given in Lemma 3.1, we need the

following definition.

Definition 3.2. Let a € F3, and
Qq :={L | L : Fon — Fon linearized pemutation with Tr,(ax) = Tr,(aL(x)) for all z € Fan} .

We note that for any o € F3,, the set €, forms a group and the group of isometries is a

subgroup of ;.
Proposition 3.3. The cardinality of Q. is the same for every nonzero o € Fon.

Proof. Let a be a nonzero element in Fon. By definition, a linearized permutation £ is in €2 if
and only if Tr,(x) = Tr,(L(z)) for all x € Fan. This holds if and only if for all x € Fan

Tr,(az) = Try(L(ax)) . (3.5)

Set L(z) := (1/a)L(azx). Then we have Tr,(L(azx)) = Tr,(al(z)), i.e. by Equation (3.5) we
have Tr,(az) = Trp(al(z)) for all z € Fon. Hence there exists a one to one correspondence

between the sets €27 and €2, which proves our claim. O

Proposition 3.4. Let G := (Fan xFy, %) be the group defined by Equation (1.1) for ¢ = 1. Then
the automorphism group Aut(G) is given by

Aut(G) = {Yrp | Yep(@,y) = (L(2),y + 0(2) + 0(L(z)) + Tra(Bz)) , £ € N, f € Fan} .

Proof. Note that every linear permutation £, satisfying Tr,(z) = Tr,(L(x)) for all x € Fon,
gives rise to 2" distinct automorphisms of G (arising from 2" choices for 5 € Fon). Hence,
by Equation (3.4), it is enough to show that there exist 27("~1)/2 HZ;%(Q’“ — 1) such linear
permutations. Fixing a basis B for Fan over Fay, we identify Fon with F5, and thereby Try(ax)
with (v, z) for some nonzero vector v = (v1,...,v,) € Fy (where (v, z) denotes the standard dot
product). By Proposition 3.3, we are looking for the number of linear permutations P : Fy — FY
such that
(v,z) = (v, P(x)) for all x € F} .

This is equal to the number of n x n invertible matrices M = (m;;) with

z-v' = Mz o' for all z € FY | (3.6)



where v! is the transpose of the row matrix v. By Proposition 3.3, without loss of generality,
we fix v = (1,0,...,0). Then by Equation (3.6) we conclude that the number of desired linear
permutations is equal to the number of invertible n x n invertible matrices M = (m;;) whose

first row is (1,0,...,0). This is equal to

(2" —2)(2" =22 (2" — 2" ) =2 [ (26 - 1)
k=1

which gives the desired result. O

Remark 3.5. It can be seen from the definition of ¥, g that the group operation “o” in Aut(G1)
V1B © Vo By = VrioLs,a(B1,8), Where a(B1, B2) € Fan such that Try(a(f1, B2)x) = Try(Baz +
BrLa(z)).

Remark 3.6. The automorphism group Aut(G.) of G = (Fan x g, *.) consists of ¢z g defined
by
Ve y) = (cL(x),y +o(c,x) +o(c, L(x)) + Trn(Bz)) |

where £ is a linearized permutation such that Try(cz) = Tr,(cL(z)) for all z € Fon.
The following corollary confirms the initial observation on isometries.

Corollary 3.7. The group {¢c | L is an isometry, B € Fan} with ¢z g(x,y) = (L(x),y +
Try(Bx)) is a subgroup of Aut(Gh).

Proof. First note that Tr,(L(x)L(y)) = Try(xy) for all z,y € Fon implies Tr, (L(x)) = Try(z)
for all x € Fan. For £ € )y, we claim that o(z) + o(L(z)) is a linear mapping if and only if £ is
an isometry. As a consequence for an isometry £ we have ¢z g(z,y) = (L(z),y + Try(8'z)) for
some (' € Fan. In particular, ¢z g(z,y) = (L(x),y) if o(x) + o(L(z)) = Try(Bz). It remains to
show our claim. Let £ € Oy, i.e. Try(z) = Tr,(L(z)) for all z € Fan. Then by Equation (2.2),

for z,y € Fon, we have the following equalities.

z+y)+o(Ll(z+y))
o(x) + o(y) + Trp(zy) + Trp(2) Try(y)
+0(L(x)) +0(L(y) + Tra(L(z)L(y)) + Trn(L(x)) Trn(L(y))
=o(z) +o(y) +o(L(z)) + o(L(y)) + Trn(zy) + Trn(L(z)L(y)) (3.7)

o

By Equation (3.7) we then conclude that o(z) + o(L(z)) is linear if and only if Tr,(zy) =
Trp,(L(z)L(y)), i.e. L is an isometry. O

By Proposition 3.4 we obtain the following theorem on equivalence of negabent functions.



Theorem 3.8. Let fi1, fo be negabent functions from Fon to Fo. Then the corresponding differ-
ence sets {(x, fi(x)) : © € Fon} and {(z, fo(z)) : ® € Fon} of Gy are equivalent if and only
if

fo(x) = fi(L(z) + a) + o(L(x)) + o(x) + Trp(Bz) + b

for some a, 8 € Fon, b € Fy and a linearized permutation L of Fan for which Try(L(z)) = Try(z)

for all x € Fon. Note that if f1 is quadratic, we may assume o = 0.

Remark 3.9. As for the difference sets in the elementary abelian 2-group, the shifts of a
difference set in (G; are obtained by using affine instead of linear transformations and by the
addition of the constant b € Fs.

4 Equivalence and shifted equivalence: The case n even

If n is even, then by Lemma 2.2 a function f : Fan — Fy is c-benty if and only if f(x) + o(c, x)
is bent. Therefore, we can shift a c-benty function to the corresponding bent function, perform
an EA-equivalence transformation on the bent function and shift the result back to a c-benty
function, see Figure 1. Here we concentrate, without loss of generality, to the case ¢ = 1, which
means the negabent case. Accordingly we call negabenty functions f; and fy shifted equivalent,

if the corresponding bent functions are EA-equivalent, i.e.
fa(x) = (fr+0)(L(z) + a) + o(x) + Trn(Bz) + b

for some o, 8 € Fan, b € Fy and a linearized permutation £ of Fon. Using that o(L(x) + a) =
o(L(x))+ affine function, we may simplify this expression and now call two negabent functions
f1 and fo shifted equivalent if there is a linearized permutation L of Fon, elements «, 8 € Fan
and b € Fy such that

fa(@) = [i(L(z) + @) + o(L(x)) + o(2) + Trn(Bz) + b.

By Theorem 3.8, equivalent negabent functions are always shifted equivalent. We now show
that the latter concept is more general. Since the proof uses the theory of quadratic functions,
we recall some basic facts about quadratic functions in n variables.

By a (much more general) result of McEliece [7], which uses a technical result of Dickson [5]

we have the following lemma.

Lemma 4.1. Every homogeneous quadratic bent function g1 (quadratic bent function without

linear and constant term) from 3 to Fy is equivalent to

g(x1,...,xp) =122 + 2324 + -+ Tp_1Tp, , (4.1)



shifting to bent

f(@) +o(x)

applying EA-equivalence

(f +0)(L(2) + @) + o(x) + Trn(Bz) +b

shifting to negabent

(f + o) (L(z) + @) + Trn(fz) + b

Figure 1: Shifted eqivalence

by a linear coordinate transformation, i.e.

gz, ... xn) = g((x1,...,20)A)

for a non-singular n x n matrizx A over Fa. The number Ny of homogeneous quadratic bent

functions from Fy to Fo (all equivalent to g) is given as
mo(28—1)
N, = 2m*1gm 4yl 21 4.2
g ( + )H;il(Qm_l) ( )

For a (homogeneous) quadratic function g : F +— Fo, we denote by O(g) the group of
linear transformations fixing ¢ and it is called the orthogonal group associated to g. Note that
2"t |GL(n,2)| = N, - |O(g)|, where the factor 2" counts the number of affine shifts of

quadratic bent functions. We obtain (see [5])

m—1
0(g)] = 22m — 12D TT 2% - 1) . (4.3)

=1
Theorem 4.2. Two EA-equivalent bent functions can induce inequivalent difference sets in G1.

In other words: There are shifted equivalent negabent functions which are not equivalent.

Proof. We first note that Aut(G1) acts on the set of negabent functions. The action “-” is given
by

Ve f(x) = f(L(x)) +o(L(z)) + o(x) + Tra(Bz) .
We denote by Hy the stabilizer subgroup of f, i.e.
Hyp:={rp | Yrp € Aut(G1) with Y- f=f}.

Now let f be a quadratic negabent function and g = f + o be the corresponding bent function,

which is fixed by the transformations O(g) (for the univariate case we can obtain g from (4.1)

10



choosing a basis of Fon over Fy, the orthogonal group is determined accordingly). Then for any

transformation £ € O(g) N Q (see Definition 3.2 for Q) the automorphism ¢ o fixes f as

Vo f(z) = (f +0)(L(x)) +o(z) = g(L(2)) + o(x) = g(x) + o(x) = f(z) .

Hence {¢c0 | £ € O(g) NQ} is a subgroup of Hy. In particular, for some positive integer F,
we have |Hy| = k|O(g) N §|. By Theorem 3.8 and using that f is quadratic, we know that
f and f are equivalent if and only if f(z) = f(L(z)) + o(L(z) + @) + o(z) 4+ Try(Bz) + b for
some L € Q1, a,8 € Fon and b € Fy. Since o is a quadratic function, this is equivalent to
f(@) = f(L(x))+0(L(x))+0(z)+ Try(Bz) +b for some 3 € Fan and b € Fy. Hence by the orbit-
stabilizer theorem, the number of distinct negabent quadratic functions which are equivalent to

f under the action of G is

I 2|Aut(G)|
" EO(g) Ny

Since equivalence implies shifted equivalence, we have L,, < 2"T'N,,, where 2"t N,, is the total
number of quadratic bent functions (including affine terms), respectively, the number of distinct
negabent functions of algebraic degree at most 2. Then it is sufficient to observe that the equality
L,, = 2"t N,, can not hold. Note that the equality holds if and only if

2|Aut(G)] 2" GL(n,?2)|

Holgn ~ 10 44

Since |Aut(G)| = 2"|| = 2"|GL(n,2)|/(2" — 1), Equation(4.4) implies that |O(g)| = (2" —
1)k|O(g) N Q4], and hence 2™ — 1 has to divide |O(g)|. Using n even, say n = 2m, by Equation
(4.3) we conclude that 2™ + 1 has to divide (2™ — 1) [[7,* (2% — 1). This does in general not
hold (e.g. for m for which 2™ + 1 is prime), hence in general in L, < 2""!N,, we have strict

inequality. O

Remark 4.3. In fact among m < 12 only for m = 3 the term (2™ —1) H?gl@% —1) is divisible

by 2™ + 1 (calculations by conventional calculator).

Remark 4.4. The existence of a relative difference set R with parameters (27,2,2" 2" 1)
implies the existence of an incidence structure: the points are the group elements, and the blocks
are the translates R+ g := {r+g¢ : r € R}, see [12], for instance. These incidence structures
are divisible designs (see [14] for background from design theory). There is an obvious concept
of isomorphism of incidence structures. Two incidence structures are isomorphic if there is a
bijection between the point sets which induce a bijection between the block sets (which are just
subsets of the point set). It is easy to see that equivalent difference sets give rise to isomorphic

incidence structures, but not vice versa: there are, for instance, four inequivalent bent functions
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(whose supports are inequivalent difference sets) on 6 variables, see [13]. These give rise to
three different symmetric designs with parameters (64, 28,12), see [13], again. In the context of
our investigation we may ask whether the designs that we obtain via inequivalent but shifted
equivalent negabent functions are isomorphic. It turns out that shifted equivalent negabent
functions can give rise to nonisomorphic designs. For instance, the bent function f given by
f(x1, e, x3x4T516) = T1X2+T3T4 + X576+ 12375 and the equivalent one given by g(x) = f(Ax)
with

101 000
011110
A:011010
1100 01
011111
001010

give rise to inequivalent negabent functions (by adding ) .. x;x;) whose corresponding designs

1<j
are not isomorphic (computations using MAGMA [6]).

We also checked all the bent functions equivalent to xi1xs + z3x4 and their corresponding
negabent functions. All the divisible designs that we obtained are equivalent, and they are

equivalent to the divisible design corresponding to the elementary abelian relative difference set
{(z1, 22, 33, T4, 2172 + 2374 ¢ T1, T2, 23,74 € Fo} C F3.

It is well known that a relative difference set can be obtained form a divisible design if the
design has a point and block regular automorphism group. The full automorphism group of
the design described by a quadratic function is huge, therefore it is not a surprise that the full
full automorphism group contains other groups (isomorphic to Zj x Z4) which act regularly on
points and blocks. That would explain why all the designs that we found via shifted equivalent

negabent functions are isomorphic if we start with a quadratic bent function.

5 Equivalence and shifted equivalence: The case n odd

In the case of n even, we have seen that two shifted equivalent negabent functions can correspond
to two inequivalent difference sets. In this section we investigate negabent functions for n odd.
Recall that when n is odd, then for a c-bent, function f, the function g(z) = f(z) + o(c,x) is a

semibent function satisfying the property
[Wy(u)| #0 if and only if |[Wy(u+c)|=0 for all u € Fan. (5.1)

This condition shows that for 2"~ of the u’s we have W, (u)| # 0 provided f is semibent.
Hence for semibent functions, the condition (5.1) is equivalent to Wy(u)Wy(c +u) = 0. A

12



fundamental difference to the case of n even is that an EA-equivalence transformation on the
semibent function g may destroy the Property (5.1), so that the resulting semibent function
does not correspond to a negabent respectively a c-benty function. Hence we first scan the set
of EA-equivalence transformations with respect to Property (5.1). Let f be a negabent function
or more general a c-benty function, and let ¢ = f + o be the corresponding semibent function.

By definition of EA-equivalence, we have to consider the following cases:

(i) For b € Fy, let §(x) = g(x) +b. Since for any u € Fan we have Wj(u) = (—1)°W,(u), with
g, the EA-equivalent function g has Property (5.1) as well.

(ii) For B € Fan, let g(x) = g(x)+Try(Bx). Since for any u € Fon we have Wy(u) = W, (u+3),
the equality Wj(u) = 0 holds if and only if Wy(u + 8) = 0, which holds if and only if
Wy(u+ B+ ¢) # 0. This implies that § has Property (5.1).

(iii) For a € Fan, let §(2) = g(x-+a). Since for any u € Fon we have Wj(u) = (—1)T=@WW), (u),
with g, also g has Property (5.1).

(iv) Finally we consider § = g(£(z)) for a linearized permutation £ : Fan — Fon. We will next
show that Property (5.1) is preserved if and only if £ satisfies the identity Tr,(cL(x)) =
Try(cx), ie. L € Q.

More generally, we have the following lemma:

Lemma 5.1. Let g be a semibent function from Fon to Fo such that for all u € Fon we have
Wy(u)Wy(u + ¢) = 0 for some nonzero ¢ € Fan, and let L be a linearized permutation of Fan.
Suppose that Tr, (cL(z)) = Try(dz), then g(x) = g(L(z)) satisfies Wy(u)W;(u + d) = 0 for all
U € Fon.

Suppose conversely that Try, (cL(z)) = Try(dz) and g(z) = g(L(x)) satisfies Ws(u)Wy(u+d) =0
for all w € Fan. Then Wy(u)Wy(u+¢) =0 for all u € Fon.

Proof. For g given as in the lemma and a linearized permutation £ we have the following

equalities.

0 = Wy(u)Wy(u+c) = Z (—1)9(@)+Tra(uz) Z (—1)9()+Trn(ey)+Trn (uy)
2EF9n yEFan
— Z (—1)9(£@)+Tra(ul(z)) Z (—1)9EW)+Tra(eL(y)+Tra(ul(y)
z€Fon y€Fan
— Z (—1)9(£@)+Tra () Z (—1)9(EW)+Tra(eL(y)+Tra(Ty)

$€F2n yngn
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If Tr,(cL(x)) = Tr,(dz), then

0 — Z (—1)9(£@)+Tra (i) Z (—1)9 LW+ Tea(d)+ T (@) — Yo (@)W (i + d)
2€Fon y€Elan

for all @ € Fan. For the converse statement, observe that g(z) = g(£L~!(x)). Since Tr,(cL(z)) =
Tr,, (dz) implies that Tr,,(dL~!(x)) = Tr,(cx), the converse follows. O

From Lemma 5.1 we obtain the following corollary.

Corollary 5.2. (i) Let f : Fon — Fo, n odd, be a c-benty function, and let L be a linearized
permutation. Then the function f(z) = f(L(z)) + o(c, L(x)) + o(d, z) is d-benty where d
is the unique element that satisfies Tr,(cL(x)) = Tr,(dx).

(ii) Let L be a linearized permutation of Fon, n odd, and suppose that Tr, (L1 (x)) = Tr,(cz).
Then f and f = f(L(z)) + o(c, L(z)) + o(z) are both negabent functions from Fan to Fy
if and only if f is negabent and c-benty.

Proof. (i) For a c¢-benty function f, the function g(x) = f(x) + o(c, z) is semibent satisfying
the Property (5.1). Let d € F5, be the (unique) element for which Try(cL(z)) = Try(dx). By
Lemma 5.1, the semibent function g(x) = f(L(x))+0o(c, L(x)) then satisfies Wy(u)W;(u+d) = 0.
By Lemma 2.2, the function f is d-benty.

(ii) By Lemma 5.1 for a linearized permutation £ with Tr,(£~1(z)) = Tr,(cz), the function
g(x) = g(L(x)) = f(L(x)) + o(c, L(x)) is semibent with W;(u)W;(u + 1) = 0 for all u € Fan if
and only if Wy(u)Wy(u+ ¢) = 0 for all v € Fon. Hence (ii) follows. O

Note that for a negabent function f, the transformation f — fo L+ oo L+ o always preserves
negabentness if Tr,(L(z)) = Try(z). Whether such transformations with other linearized per-
mutations L preserve the negabentness of f depends on special properties of f, respectively of
the semibent function g = f 4 o corresponding to f. Differently to the case of n even, for n odd

we have the following corollary.

Corollary 5.3. Let L be a linearized permutation of Fon, o, B € Fon, b € Fo. The transformation
f— f(L(x)+a)+o(L(z))+o(x)+Trn(Bx)+b preserves negabentness for any negabent function
f i Fon — Fy if and only if Try,(L(x)) = Tr,(x). These transformations exactly represent the

automorphisms of the group G plus a shift by a constant.

Proof. By Theorem 3.8 the indicated transformations exactly represent the automorphisms
of the group G plus a shift by a constant, and hence preserve negabentness. We still have to
show that there are no other transformations that preserve negabentness. In order to show this,
we have to find two semibent functions g1, go for which Wy, (u)Wy,(u + 1) = 0, i = 1,2, hence
they are negabent, and for which there exists no ¢ # 1 such that W, (u)W,, (u + ¢) = 0 for
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both ¢ = 1 and ¢ = 2. That means, none of the transformations in Corollary 5.2(ii) with ¢ # 1
can transform both g1 and g2 to a negabent function. The existence of such semibent functions

g1, g2 will be shown in the following section. O

Remark 5.4. We particularly emphasize that when n is odd, in general one can not generate
inequivalent relative difference sets in Zy4 X Fg_l by performing EA-equivalence transformations
on the semibent function corresponding to the negabent function which represents the relative
difference set. This is different to the situation when n is even.

We also remark that the following procedure does not yield new relative difference sets: let
f be a negabent function and g(z) = f(x) + o(x) the corresponding semibent function. Let £
be a linearized permutation, then Tr,(£(z)) = Try(dx) for some nonzero d € Fon, and hence by
Lemma 5.1 the function f(z) = f(£(x)) + o(L(z)) + o(d, ) is d-benty. We can now apply the
group isomorphism from G4 to G given by (z,y) = (z/d, y) to obtain a negabent function given
as f(x) = f(L(x/d)) +o(L(z/d))+o(d,z/d). However, this gives f(z) = f(L'(x)) +o(L'(x)) +
o(x), where £'(x) = L(x/d) satisfies Try(L'(x)) = Try(z).

6 Semibent functions and bent, functions

Recall that by Lemma 2.2 when n is odd, a function f from Fo» to Fo is c-benty if and only if
g(x) = f(x) + o(c,x) is semibent and Wy(u)Wy(u + ¢) = 0 for all u € Fon. Similarly, in the
multivariate case, f : F§ — Fy is ¢-benty if and only if g(z) = f(z) + s§(x) is semibent and
Wy(u)Wy(u+ ¢) = 0 for all v € Fan. Hence only semibent functions with special properties can
be shifted to benty functions. A natural question is whether this property is quite exclusive or
if there are many semibent functions satisfying this property at least for some c.

We first investigate a subclass of the class of semibent functions, the class of partially bent
functions which are simultaneously semibent, for short partially semibent functions. This class
contains all quadratic semibent functions. Recall that g is called partially bent if for all a € Fan
(a € Fy) the derivative Dyg(x) = g(x + a) + g(x) is either balanced or constant. The set of
elements a for which D,g is constant forms a vector space called the linear space Ay of g. As
easily observed, a partially bent function g is s-plateaued where s is the dimension of A,. More

precisely we have the following lemma (see e.g. [4]).

Lemma 6.1. Let g be a partially bent function with a one-dimensional linear space Ay = {0, ~}.
Then g is semibent and the support of the Walsh transform W, is a coset of the orthogonal

complement of Ag.

With Lemma 6.1 we can show that a semibent function which is partially bent satisfies the
Condition (5.1) for half of the elements ¢ in Fon (IF3).
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Corollary 6.2. Let n be odd and let g be a semibent function from Fon (F§) to Fo which is
partially bent. Let Ay be the linear space of g, and let Aé‘ be its orthogonal complement. Then
Wy(u)Wy(u+ ¢) = 0 if and only if c € AgL.

Proof. Since A, has dimension 1, the dimension of AgL is n — 1, and Fon (F%) is partitioned
into AgL and its coset, one of which is the support of W,. The condition W,(u)Wy(u + ¢) =0
holds for an element ¢ in Fan (F%) if and only if for all u, exactly one of u and u + ¢ is in A;-.
This applies if and only if ¢ ¢ A;-. O

Partially semibent functions are easy to obtain. For instance a bent function in n variables, seen
as a function in n + 1 variables is a partially bent semibent function. However they are still a
special class of semibent functions. A construction of semibent functions (and more general of
plateaued functions), which are not partially bent has been presented in [21]. We employ this
construction to show that there exist semibent functions which do not satisfy Property (5.1) for
any ¢, i.e. they can not be shifted to a c-benty function for any c¢. We first recall the construction
in [21], which is a version of the Maiorana-McFarland construction:

Let 7 : F5 — IF72"+1 be an injective map and let g : F5* x ]FQ”Jrl > Fy be the function defined by
g(z,y) = m(z) -y, where “” is the standard inner product on F3"'. Then the Walsh coefficient
of g at (8,7) € FJ* x F"™ is given as follows:

Wg(ﬁ,’y) = Z (_1)7r(x)'y+5-x+'y-y — Z (_1)533 Z (_1)(7r(x)+'y)-y

(z,y)€FY xFy Tt S yeryH
+2mtlify el
_ ify € Im(r) , (6.1)
0 if v € Im(m) ,

where Im(7) is the image of 7. Hence g is semibent and the support of W, is determined by the
image of 7.

We now show that Property (5.1) is not a universal property of semibent functions.

Proposition 6.3. Ifn > 7, there exists a semibent function g such that for all c € Fon there is
an element u such that Wy(u)Wg(u + ¢)#0.

Proof. We use the above recalled construction and determine the injective map = so that g
does not satisfy Property (5.1) for any ¢ = (c1, ¢2) € F§* x F9*T!. Therefore we have to construct

7 such that for any choice of ¢ = (¢1, ¢2) the resulting function g(z,y) satisfies

Wy(B,7) =0 and Wy(B+ci,7+c2) =0 or

Wy(B,7v) #0 and Wy(B+c1,7+c2) #0
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for some (3,7) € F3* x F5**1. Note that [W,(83,7)| is independent of 3. Hence by (6.1) our aim

is to construct m such that for every co € anﬂ there exists v for which
v ¢ Im(r) and v+ ca €Im(m), or 7€ lIm(m) and v+ ¢ € Im(7) . (6.2)

Let m > 3 and let W be an m-dimensional subspace of IFQ”H, hence Fg”“ =WU(v+ W) for
some vector v € F ;”‘H \ W. For an element w € W we choose an injection 7 : F5* — IFE”'H such
that

Im(7w) = (W \ {0,w}) U{v,v+w} forsome w € W with @ # w.
We show that 7 has Property (6.2) distinguishing three cases:
- If ¢o € Im(7), then with 7 = 0 we have v € Im(7) and v + ¢c2 & Im(7).
- If ¢ = v or ¢ = v + W, then with v = @ we have v € Im(7) and v + ¢o € Im(7).

- If ¢ € W\ {0, w}, then there exists wy € W\ {0, w} such that co +w; € W\ {0, w} (here
we use m > 3). With v = wy, we then have v € Im(w) and v + ¢2 € Im(7).

O

Similarly as in the proof of Proposition 6.3, we can construct semibent functions g(x, y) satisfying
W,y (u)Wy(u+¢) =0, ¢ = (c1,c2) € F* x FPH = F2™ 1 for a unique nonzero ¢y € F*+! (and

every ¢ € F3'):

For a nonzero element co € IF;”H, m > 2, let W be an m-dimensional subspace of IF';”H which

does not contain cy, and hence F§**1 = W U (¢ + W). Choose an injection 7 : F§* — F3'*! such
Im(7) = (WA {0}) U {ca} .
Then we have
v € Im(m) if and only if v+ c2 & Im(7) ,

and consequently g satisfies Wy (u)Wy(u 4+ ¢) = 0, for ¢ = (c1,¢2), c1 € Fy arbitrary. For
d = (di,ds) € FJ* x IE‘;”H with do # ¢, we distinguish two cases:

- If do & Im(7), with v = 0 we have v ¢ Im(7) and v + da & Im(7).

- If dy € Im(m), do # co, then for any v € W, v # da (here we use m > 2) we have
dy + v € Im(m).

Hence for d = (dy,ds2) with do # co, Property (5.1) does not hold. We conclude the following

lemma.
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Lemma 6.4. There exist semibent functions gy, go which both satisfy (5.1) for ¢ = 1 and for
which there is no ¢ # 1 such that both, g1 and go, satisfy (5.1).

Proof. With the above described procedure we can construct a semibent function g; :
Fngrl — [y satisfying (5.1) if and only if ¢ = (j1,...,Jm, 1, 1...,1), 7; € Fy. Switching variables
we can construct a semibent function g satisfying (5.1) ifand only if¢ = (1,1...,1, jm+2, - -+, J2m+1)s

ji € Fo. The semibent functions g1, go satisfy then the required properties. O
Remark 6.5. Lemma 6.4 also finishes the proof of Corollary 5.3.

As we observed above, many linear coordinate transformations preserve the property W, (u) W, (u+
1) = 0 of a partially bent (semibent) function from Fan to Fy. However as we will point out
in the following, EA-equivalence transformations on quadratic semibent functions still do not
provide new relative difference sets in IF;_I X ZLg.

We recall that €2 is the group of linearized permutations £ on Fon satisfying Tr,(L(z)) =
Try,(x).

Proposition 6.6. Two linearized permutations Hy and Ho of Fon are in the same left coset of
Qy if and only if Tr,(H, () = Trp(Hy '(x)) = Trn(ca) for some nonzero ¢ € Fon.

Proof. Note that the identity Tr,(H;'(z)) = Tr,(H, '(z)) holds if and only if Tr,(H;' o
Hy(x)) = Tr, () holds. By definition of Qy, this holds if and only if H; ' o Hy(x) € Qy, and our

claim follows. O

Accordingly, we denote the left coset containing the linear transformations H satisfying
Tr,(H '(z)) = Trp(cx) for a nonzero ¢ € Fan by S.. Note that then Q; = S;. Let g be a
semibent function such that g+ o is negabent. If H € S, the function go H + o is also negabent
if and only if Wy (u)Wy(u+c) = 0 for all u € Fan, using Lemma 5.1. Furthermore, for a partially
semibent function g and H € O(g), i.e. go H = g, we have

Wiorr (0)Wyorr (u + 1) = Wy(u)Wy(u +1) = 0,

and hence H € S, for some ¢ ¢ AgL by Corollary 6.2. In particular, we have O(g) C Uegnt Se-

We will use the following lemma.

Lemma 6.7. Let g : Fon — Fo, n odd, be a semibent function such that for all u € Fon we have
Wy(u)Wy(u+1) = 0 and Wy(u)Wy(u+c) = 0 for some nonzero ¢ € Fan, and let H € S.. Then

go H 4+ o and g + o are equivalent negabent functions if and only if

go H(z) =g(z+ a) + Tr,(Bx) + ¢

for some H € Se, a, B € Fon and ¢ € Fs.
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Proof. By Lemma 5.1 the assumptions Wy(u)Wy(u + ¢) = 0 for all u € Fon and H € S, imply
that § = g o H satisfies W5(u)W5(u 4+ 1) = 0 for all v € Fon, hence g o H 4 o is a negabent
function. By definition, go H + o and g + o are equivalent if and only there exists £ € €, such
that

go H(x) +o(x) = (9 +0)(L(x) + ) + o(L(x)) + o () + Trp(az) +b (6.3)

for some «,a € Fon and b € Fo. By the additive property of o in Equation (2.2), we conclude
that Equation (6.3) holds if and only if

go H(x) = g(L(z) + a) + Try(bz) + ¢ (6.4)
for some oz,B € Fon and ¢ € Fy. With H = H o £! the claim follows. ]

In particular, by Lemma 6.7, the functions go H 4+ ¢ and g+ o are equivalent for any H € S,
if go H(x) = g(z) for some H € S,, i.e. if S. N O(g) is not empty. We will use this observation

to show the following result.

Corollary 6.8. For a linear coordinate transformation H let g and g = g o H be quadratic
semibent functions such that both g + o and g+ o are negabent. Then the difference sets in G

induced by g+ o and g+ o are equivalent.

Proof. We first recall that H € S, for some ¢ ¢ Aj. With the above observations it is sufficient
to show that for all ¢ & A; we have S. N O(g) # (). For the proof we switch to multivariate
notation, in which case the set S, consists of the invertible matrices A for which 1-z = ¢- Ax.
First we show that S. N O(g) is not empty for all ¢ ¢ A; for the standard quadratic semibent
function g : Fy — Fy given by

g(x1, .. xp) =122+ 0 F Ty_2Tp1 .

Observe that then the linear space Ay of g is {(0,...,0),(0,...,0,1)}. Thatis, c = (c1,...,¢n) &
Agl if and only if ¢, = 1. Let A = (a;;) be an n x n matrix such that a;; =1fori=1,...,n
and a;; = 0 for all ¢ # j and i # n. It can be easily seen that g(Ax) = g(x), i.e. A € O(g),
independently from the choice of the last row (except that ay , has to be 1). This will enable
us to construct a matrix A € S, N O(g) for any given ¢ = (c1,...,¢,) & A;-: we require for A

being in S, that 1-x = ¢- Az, which applies if and only if
1+t xy =z + o 1@t F+ (A 121 F o F A1 Tp—1 + Tp). (6.5)

Recalling that ¢, = 1 if ¢ & A;, this is satisfied for every x = (x1,...,2,) with the (unique)

choice a,; =1+c¢; fori=1,...,n—1.
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For an element ¢ = (cy, ..., ¢y—1, 1) we denote the above constructed matrix by A.. Let now g
be any quadratic semibent function for which g+ o is negabent, and consequently g(x) = g(Bx),
where B € S, for an element d ¢ Aj. Recall that then 1-x = d- Bz for all x € Fy. Observe
that O(g) is then obtained as O(g) = B~1O(g)B since for any A € O(g)

§(B™'ABz) = ¢(BB 'ABz) = g(ABz) = g(Bz) = §() .

As easily seen, the linear space Aj of g is obtained as A; = B~'A,. Hence the elements of Aj
are of the form B!~y for an element v € A;-. Therefore ¢ is not in Aé‘ if and only if ¢ = Blc
for some ¢ ¢ Aj. To show that Sz N O(g) # 0 for any given ¢ ¢ Aé, we will determine
e = (e1,...,en—1,1) such that for the corresponding matrix A, € O(g) we have B~1A.B € S-.
Recall that B~tA.B € O(g).

Let now ¢ = Blc for some ¢ ¢ Aé‘. Then by definition, B~'A.B is in S if and only if
1.2 =¢ (B 'A.Bx) for all x. Together with the fact that 1-2 = d- Bx = 2 BT d for all x, this
holds if and only if

2'Bld=¢- (B 'A.Bz) = (z'B'ALB~%é = 2'B'A! B~'Blc = 2! B! Al ¢

for all x € FZ. Consequently, B~1A.B € S; if and only if 2!B!(d + Alc) = 0 for all z € F3.
Note that by the definition of A, we have Alc = (¢1 +e; +1,...,¢ch—1 + €p—1 + 1,1), and
hence d + Alc = (dy +c1 +e1,...,dn—1 + cn1 + €n—1 + 1,0). Therefore we (uniquely) obtain
e= (81+d1+1,...,Cn_1+dn_1+1,1).

O

7 Conclusion

Negabent functions in 2m variables can be obtained from bent functions by adding a certain
quadratic polynomial. In this paper we have shown that equivalent bent functions may yield
inequivalent negabent functions. We call such functions shifted equivalent. It is also possible
that the corresponding designs of shifted equivalent but inequivalent negabent functions are not
isomorphic. It would be interesting to understand shifted equivalence better. In particular, it
would be nice to find invariants which are invariant under shifted equivalence. Since we found
examples of inequivalent but shifted equivalent negabent functions whose corresponding designs
are not isomorphic, parameters which are invariant under isomorphism of designs like the rank
of an incidence matrix are not good candidates for such invariants.

The situation is different for functions in 2m+1 variables. One may obtain negabent functions
from semibent functions, but in this case equivalent semibent functions give rise to equivalent

negabent functions.
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In the case of quadratic negabent functions in 4 variables give rise to isomorphic design.
Due to the large automorphism group of this design, it may be true that there is only one
isomorphism class of designs that can be described by all the negabent functions associated
with quadratic bent functions.

It would be also interesting to find infinite classes of shifted equivalent negabent functions

which are provable non isomorphic.
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